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This paper discusses the field stabilization control of the M5 unit under wind disturbances. The first part is a
literature survey of the spectral content of the wind disturbance. Next, a simplified model of a tip/tilt mirror
control system is used to analyze the conditions for control-structure interaction. The influence of the asymptotic
decay rate of the wind tilt disturbance on the magnitude and spectral content of the control torques is pointed out.
A full telescope model is developed to justify a decoupled tip/tilt control design and to analyze the response of the
primary mirror M1 to the disturbance generated by the control torques of the M5 unit. © 2019 Optical Society of

America

https://doi.org/10.1364/AO.58.001174

1. INTRODUCTION

Future extremely large telescopes require both improvements to
the imaging resolution and enhancements to the field of view
(FoV), which calls for complex multiple-mirror layouts and
advanced adaptive optic (AO) systems. The 39 m European
Extremely Large Telescope (E-ELT) proposes a novel five-mirror
configuration design [1,2] where the deformable mirror (DM)
M4 and the tip-tilt mirror (TTM) M5 are embedded within the
main structure (Fig. 1) to compensate for high temporal frequency
disturbances induced by atmospheric turbulence and wind buf-
feting. This built-in AO system exhibits more flexibility, simplifies
the instrument complexity, and can be operated with other post-
focal AO components (post-focal AO need to be duplicated at
all foci) [3]. Other examples of built-in AO components can be
found in the deformable secondary mirror of the Very Large
Telescope UT4 [4], the adaptive secondary mirror module in the
Large Binocular Telescope (LBT) [5], and in the adaptive secon-
dary mirrors of the Giant Magellan Telescope (GMT) [6].

Despite the known benefits of embedded AO systems, the
interaction between the AO control loop and the main struc-
tures should be a special concern, since the active components
with large inertia (DM M4 and TTM M5) are attached me-
chanically to the telescope structure (unlike traditional light-
weight AO mirrors in post-focal platforms), and the
resonance frequencies of the telescope structure are significantly
lower than those of smaller telescopes (the resonance frequen-
cies scale according to f 1 ∼ D−1 [7]). When compensating for
the external disturbances, the reactions of the control efforts

excite the main structure and may introduce parasitic vibration
sources that contaminate the wavefront. Figure 1 (right) gives a
schematic view of the tip/tilt control loop and how the reaction
torque is applied onto the main structure supporting M1.
Notice the mechanical amplification by Iω2.

Another distinctive feature of E-ELT as compared to other
smaller telescopes is that it will be a wind-limited telescope in-
stead of a seeing-limited telescope. According to [8], “the reason
is due to the fact that the wind facing the huge mechanical
structure of the telescope itself produces a tip/tilt mode that
is more than one order of magnitude larger than the atmos-
pheric tilt.” Figure 2 shows both the atmospheric and the wind
tilt power spectral density (PSD) given in Ref. [8]. The corre-
sponding root mean square (RMS) in arcsec on the sky are
1.003 arcsec for the wind and 0.0947 arcsec for the atmos-
pheric turbulence. The decay rate of the atmospheric turbu-
lence curve seems to agree with the results for the Z-tilt of
[9] between 0.1 Hz and 1 Hz (see Fig. 6 of [9]; the high fre-
quency decay rate is −17∕3 and the corner frequency f c �
0.3�n�1�V ∕D� 0.15 Hz with n � 1 (Z-tilt), V � 10 m∕s,
and D � 40 m), but the origin of the wind-shaking PSD is
unknown to the authors; the surprisingly fast decay at frequen-
cies above 1 Hz prompted the literature survey of the wind
response spectra reported in the following section.

2. WIND DISTURBANCE SPECTRA

It is not clear how the wind disturbance PSD of Fig. 2 was
obtained; the high frequency decay rate is of particular
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importance because of the mechanical amplification of the
reaction forces driving the high frequency components of
the angular correction. This justifies a quick survey of the lit-
erature on wind buffeting. The most popular PSD models de-
scribing the turbulent wind velocity at a point are the von
Karman spectrum, originally developed for airplane fatigue
analysis, and the Davenport spectrum, based on meteorological
data. The von Karman spectrum [10] assumes

Φu�f � � γ2U 2
m

4Lu∕Um

�1� 70.7�Luf ∕Um�2�5∕6
, (1)

where γ � urms∕Um is the turbulence intensity, ratio between
the RMS turbulent velocity urms, and the mean velocity Um,
and Lu is the turbulence eddy scale (average correlation length).

According to Davenport [11], the PSD of the turbulent
velocity in the direction of the mean wind at one site may
be represented by

Φu�f � �
4κU 2

m

f
�1200f ∕Um�2

�1� �1200f ∕Um�2�4∕3
, (2)

where κ is a constant depending on the ground roughness, and
Um is the mean wind reference velocity 10 meters above the

ground. The foregoing spectra are compared in Fig. 3, which
shows f Φu�f �∕U 2

m versus f in log scale [in this representa-
tion, the area of every frequency interval gives a fair image
of the energy contained in this interval, since
f Φu�f �d �log f � � Φu�f �df ]. The parameters used are as
follows: the mean wind speed Um � 10 m∕s for both, the
eddy scale Lu � 30 m (or 100 m), and the turbulence intensity
γ ≃ 0.2 for von Karman model, the ground roughness constant
κ � 0.005 for the Davenport model, which corresponds to the
situation with open, unobstructed fields. Notice that the eddy
size Lu strongly affects the power distribution in the von
Karman model. Both models have a high frequency decay rate
of −5∕3. The telescope enclosure and the porous wind screens
significantly reduce the mean wind velocity, but they tend to
break the incoming vortices in smaller ones and shift the wind
spectrum towards higher frequencies (reducing Lu). This wind
velocity model was used in Ref. [12] to evaluate the disturbance
torque on the elevation axis of radio telescopes.

The model above refers to the turbulent velocity at one
point. If the turbulent velocity is small with respect to the mean
wind u ≪ Um, the model can be used to describe the pressure
distribution. An asymptotic decay rate of −7∕3 instead of −5∕3
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has been suggested to account for the second-order term of the
velocity in the pressure distribution [13]. This frequency
dependency of the wind pressure at one point has been
confirmed by pressure measurements on the primary mirror
of the Gemini telescope with ventilation gates open [14].

The spatial coherence plays a crucial role in the wind re-
sponse of very large structures, because the forces acting on
the various parts of the structure are gradually uncorrelated
as the distance between these parts grows. To account for this,
the telescope literature [13,15–17] suggests (the origin of this
correction seems to be [18]) to multiply the wind velocity
spectrum by the function

χ2a�f � �
1

�1� �2f ffiffiffiffi
A

p
∕Um�4∕3�2

, (3)

where A is the area facing the wind and Um is the mean veloc-
ity. Thus, the overall asymptotic decay rate is −5∕3 − 8∕3 �
−13∕3 (instead of −17∕3 for the atmospheric tilt [9]).

Davenport [11] suggests the following expression for the co-
herence in the vertical direction:

Ψ�Δz, f � � exp

�
−
Cf
Um

Δz
�
, (4)

with C � 7;Δz is the vertical distance between the two points.
An analytical random vibration study on a one-dimensional
structure with various boundary conditions [19] shows that
the generalized forces acting on the structure (called acceptance
functions in the random vibration vocabulary) exhibit an addi-
tional decay rate of −1 above a corner frequency given approx-
imately by

CL
Um

· f > 10, (5)

where L is the characteristic length of the structure. Using
C � 7, L � 40 m, and Um � 10 m∕s leads to
f > 0.35 Hz. Thus, in the case of the wind response of a tall,
slender structure, the overall roll-off rate at high frequency be-
comes −5∕3 − 1 � −8∕3. We conducted numerical simula-
tions on large two-dimensional structures with a square
shape, assuming an isotropic coherence of the form of
Eq. (4), where Δz is now the distance separating two points;
the study is summarized in Appendix A, and the results indicate
that the asymptotic decay rate of the acceptance functions is the

same for all boundary conditions. For a rigid body mode, it can
be shown analytically that it converges asymptotically to −2;
this leads to an overall decay rate of −5∕3 − 2 � −11∕3.

Finally, it is worth mentioning the open-loop Natural Guide
Star (NGS) observations at the 8 m Gemini South [20], which
exhibit a roll-off rate between 2 and 3 in the frequency range
1–10 Hz (Fig. 4).

To summarize this section, there seems to be a significant
uncertainty on the asymptotic decay rate of the wind disturb-
ance, between f −2.2 (NGS, Gemini South, Fig. 4) and f −13∕3

[13,15–17]. Its impact on the disturbance torque applied to the
primary structure will be investigated below.

3. FEEDBACK CONTROL OF THE TIP-TILT
MIRROR

The block diagram of the field stabilization (TTM) loop is
shown in Fig. 5. Since the large TTM mirror is supported
by the telescope structure, its control actuators will act as a dis-
turbance to the main telescope structure, affecting the image
quality. Also, the flexibility of the telescope structure may have
a destabilizing effect on the TTM control loop.

A. Control-Structure Interaction Model
Consider the two-degree-of-freedom (d.o.f ) system of Fig. 6;
the subscript s refer to the structure, and the subscript a refers
to the active mirror (the TTM in this case). If the mirror is
actuated piezoelectrically, Fa � kaΔ, where Δ is the free piezo-
electric expansion of the actuator (proportional to the voltage
applied). Both mirrors affect the wavefront sensor (WFS) y
according to
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Fig. 4. PSD of the optical tilt measured by a natural guide star at the Gemini South 8 m telescope (from [20]). The tip/tilt PSDs exhibit a roll-off
rate of 3 and 2.2, respectively, in the frequency band 1–10 Hz.
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y � xs �
Da

Ds
xa � xs � δxa, (6)

where δ � Da∕Ds is the diameter ratio. If the mass ratio
ε � ma∕ms ≪ 1, the mode shapes are shown in Figs. 6(b)
and 6(c), with natural frequencies

f 1 ≈
f sffiffiffiffiffiffiffiffiffiffiffi
1� ε

p and f 2 ≈ f a

ffiffiffiffiffiffiffiffiffiffiffi
1� ε

p
,

where f s � 1
2π

ffiffiffiffiffiffiffiffiffiffiffi
ks∕ms

p
is the natural frequency of the structure

alone and f a � 1
2π

ffiffiffiffiffiffiffiffiffiffiffiffi
ka∕ma

p
is the natural frequency of the ac-

tive mirror. It is simple to establish that the open-loop transfer
function reads (see Appendix B)
y
F a

� y
kaΔ

� −mas2�δ�mss2�css�ks�
�mss2��cs�ca�s��ks�ka���mas2�cas�ka�−�cas�ka�2

:

(7)
Thus, the undamped open-loop imaginary zeros �jz1 are
solutions of

−mas2 � δ�mss2 � ks� � 0,
leading to

z21 �
δ

δ − ε
f 2
s �

δ�1� ε�
δ − ε

f 2
1: (8)

The frequency of the zeros is close and slightly higher than that
of the first poles; the relative spacing reads

Q � z1 − f 1

f 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ�1� ε�
δ − ε

r
− 1, (9)

where ε � ma∕ms is the mass ratio and δ � Da∕Ds is the
optical amplification. If δ � 1,

Q �
ffiffiffiffiffiffiffiffiffiffiffi
1� ε

1 − ε

r
− 1 ≈ ε: (10)

Thus, in absence of optical amplification, Q is simply the mass
ratio. If one takes into account the structural damping, there is
a closely spaced pole-zero pair in the vicinity of f 1 that is
responsible for a “notch” in the phase diagram (Fig. 7). The
phase lag in the frequency range between f 1 and z1 reads

θ � θp − θz � 180° − arctan
�
2ξf 1f
f 2 − f 2

1

�
− arctan

�
2ξz1f
z21 − f

2

�
,

(11)

where ξ � cs∕�2πf sms� is the fraction of critical damping of
the supporting mirror. The maximum phase lag occurs at f �ffiffiffiffiffiffiffiffiffiffi

f 1z1
p

and, after substituting in the foregoing equation,

θmax � θp − θz � 180° − 2 arctan

�
2ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Q � 1

p

Q

�

≈ 180° − 2 arctan

�
2ξ

Q

�
(12)

if Q is small.

B. Stability Analysis
Figure 7 shows the open-loop transfer function G�f �H �f � if
an integral compensator is assumed, H �f � � f c∕jf �
−jf c∕f , for a value of the crossover frequency f c below the
first mode at f 1. A value of Q � 0.007 and a damping ratio
of ξ � 0.01 have been assumed for illustration. The left side of
the figure shows the Bode plot, while the Nichols plot is shown
on the right side. Note that, when f c increases, the phase dia-
gram is unchanged, and the Nichols plot is simply translated
upwards along the amplitude axis. Two types of instability are
possible:

• The most classical one, associated with the actuator mode
at f 2. The stability condition is f 2∕f c > 1∕2ξ2, and the gain
margin is

GM � 20 log

�
2ξ2f 2

f c

�
: (13)

• The second one is associated with the structure mode f 1.
A phase margin larger than PM is guaranteed if the maximum
phase lag associated with the pole-zero pair satisfies

θmax � 180° − 2 arctan

�
2ξ1
Q

�
≤ 90° − PM: (14)

For example, assuming ξ1 � 0.01, a phase margin larger to
PM � 45° will always be guaranteed, irrespective of the band-
width (defined by f c) provided Q ≤ 8.3 × 10−3. Using E-ELT
data for M1 an M5 as order of magnitude, ms � 1.5 × 106 kg,
Ds � 40 m, ma � 500 kg, Da � 2.5 m, one gets Q �
2.8 × 10−3, well below the threshold. If a Butterworth filter
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For a piezoelectric actuator, Fa � kaΔ, where Δ is the free actuator
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with corner frequency f b is added to increase the roll-off rate at
high frequency, some phase shift depending on the ratio f 1∕f b
will be added to θmax.

C. Disturbance Rejection
Our objective is to study the uncertainty associated with the
roll-off rate of the wind tilt disturbance, rather than optimizing
the control law. Referring to Fig. 5, the WFS is assumed to have
perfect dynamics and be noiseless; the disturbance d assumes
one of the forms shown in Fig. 8 (all normalized to a RMS value
of 1 arcsec). The control objective is to reduce the RMS re-
sponse to 0.07 arcsec. The compensator is assumed to be an
integrator plus a second-order Butterworth filter with a corner
frequency ωb as follows:

H �s� � g
s
·

ω2
b

s2 � ffiffiffi
2

p
ωbs � ω2

b

: (15)

In order to use the simple model of Fig. 6 with angular coor-
dinates rather than translational ones, it is convenient to rewrite

Eq. (7) with the notations ω2
s � ks∕ms and ω2

a � ka∕ma as follows:

G�s� � y
Δ
� ω2

a �−εs2 � δ�s2 � 2ξsωs s � ω2
s ��

�s2 � 2ξsωs s � ω2
s � εω2

a ��s2 � 2ξaωas � ω2
a � − �ω2

a � 2ξaωas�2ε
: (16)

If the control-structure interaction is neglected, ε � 0; in this
case, G�s� reads

G�s� � y
Δ
� δ ·

ω2
a

s2 � 2ξaωas � ω2
a
: (17)

Thus, the crossover frequency of G�s�H �s� is ωc � gδ. In this
study, the corner frequency of the Butterworth filter has been
taken as ωb � 10gδ. For E-ELT, ma � 500 kg and
ms � 1.5 × 106 kg, ε � ma∕ms � 3.3 × 10−4; for this small
value of ε, the results are not affected by the control-structure
interaction.

According to feedback theory, the output y and the disturb-
ance d are related by the sensitivity function T as follows:

y � 1

1� GH
· d � T · d : (18)

The PSD of the residual tilt is obtained from the disturbance
PSD Φd �f � according to

Φy�f � � Φd �f � · jT �f �j2, (19)

and the RMS residual error reads

σe �
�Z

∞

0

Φd �f � · jT �f �j2df
�
1∕2

: (20)

Figure 9 shows the evolution of the residual RMS tilt error as a
function of the control bandwidth for the various PSDs as-
sumed in Fig. 8. One sees that the control bandwidth (mea-
sured here by the crossover frequency f c) necessary to
achieve the control objective of a residual tilt of σe � 0.07 arc-
sec with the compensator of Eq. (15) varies considerably, from

f c � 4.6 Hz if the asymptotic decay rate is −13∕3 to f c �
13.3 Hz if a decay rate of −8∕3 is assumed (notice that, in
all cases, f c > f 1 � 3 Hz).

For the three values of the asymptotic decay rate of respec-
tively −8∕3, −11∕3, and −13∕3 and the control bandwidth lead-
ing to a residual RMS wind tilt error of 0.07 arcsec, Fig. 10
shows the PSD of the control input Δ, the free expansion of
the piezoelectric actuator (proportional to the voltage applied) as

Δ � H �s� · y, (21)

where H �s� is the compensator, Eq. (15) in this case. Thus,
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ΦΔ�f � � Φy�f � · jH �f �j2: (22)

The total reaction force applied to the support structure is the
sum of the actuator force kaΔ and the forces transmitted by the
spring ka and the damper ca. Overall, with the notations of
Fig. 6, it is given by −maẍa. The transfer function between
xa and Δ is easily found to be

Ga�s� �
xa
Δ

� ω2
a�s2 � 2ξsωs s � ω2

s �
�s2 � 2ξsωs s � ω2

s � εω2
a ��s2 � 2ξaωas � ω2

a � − �ω2
a � 2ξaωas�2ε

: (23)

Thus, the disturbance torque Ms applied to the main structure
of the telescope is given by

Ms � −I as2Ga�s�H �s�y, (24)

where the moment of inertia I a of the TTM mirror is used
instead of the mass ma appearing in the model of Fig. 6.

Figure 11 shows, for the same three cases considered in Fig. 10,
the PSD of the TTM rotational acceleration ẍa.

Because the control variable is the tilt angle of the TTM
mirror, while the disturbance torque Ms applied to the tele-
scope structure depends on the angular acceleration, there is
a considerable amplification (∼f 4) of the high frequency com-
ponents in Φẍa�f �, as compared to the control itself, ΦΔ�f �.

Table 1 summarizes the results; it gives the control bandwidth
(the crossover frequency f c), the RMS tilt acceleration

σ0 �
�Z

∞

0

Φẍa�f �df
�
1∕2

, (25)

and the central frequency defined by the Rice formula

f 0 �
�R∞

0 f 2Φẍa�f �R∞
0 Φẍa�f �df

�
1∕2

(26)
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as a function of the assumed decay rate in the wind tilt exci-
tation (Fig. 8); in all cases, the wind tilt excitation is 1 arcsec
RMS and the control objective is a residual tilt of 0.07 arcsec
RMS. The decay rate −17∕3 of the atmospheric tilt has been
added to the table for completeness. One observes that, if one
sticks to the control objective of 0.07 arcsec, the RMS tilt ac-
celeration σ0 and the central frequency f 0 increase dramatically
when the asymptotic decay rate of the wind tilt disturbance
changes from −17∕3 to −8∕3.

The disturbance torque Ms applied to the telescope
structure is obtained by multiplying the tilt acceleration by
the moment of inertia I a of M5; assuming a disk of diam-
eter D � 2.5 m and mass ma � 500 kg, I a � maD2∕16 �
195 kgm2. The RMS value of Ms is given in the last column
of Table 1.

The problem may be examined in a slightly different way by
leaving the compensator unchanged with f c � 4.6 Hz(corre-
sponding to the most frequently quoted decay rate of −13∕3 )
and estimating the impact of the asymptotic decay rate (the
various disturbance PSDs of Fig. 8, all normalized to 1 arcsec
RMS). The results are presented in Table 2. The corresponding
PSDs of the angular acceleration are given in Fig. 12.

One sees that, for a given control bandwidth, a lower decay
rate of the wind disturbance will not only increase the residual
tilt, but it will also significantly increase the disturbance torque
applied to the telescope structure and broaden its frequency
content. Let us now examine the effect of the disturbance
torque generated by the wind compensation of the TTM con-
trol loop on the primary telescope structure.

4. RESPONSE OF THE TELESCOPE
STRUCTURE

A. Telescope Model
In order to estimate the impact of the reaction torque of the
TTM (M5) on the telescope structure, a finite element (FE)
model has been built based on the information available in
Ref. [21] (Fig. 13); although not accurate, this model may
be regarded as sufficiently representative of a 40 m telescope
such as the E-ELT for the purpose of this discussion. The
primary mirror consists of 714 independent segment units rep-
resented by a node array related to the upper surface of the truss
system by springs; every node holds a lumped mass of 300 kg
and has a single d.o.f. normal to the truss. The spring stiffness is
such that the piston mode of the segments is 60 Hz. No tilt of
the segments is allowed; they are considered as fully co-phased,
in such a way that the surface of M1 is the best fit of the node
displacements. The secondary mirror M2 is modeled as a
lumped mass (12 × 103 kg) supported by the spider structure
with only three degrees of freedom (piston, tip, tilt). The relay

Table 1. Control Bandwidth f c , RMS Tilt Acceleration σ0,
and Central Frequency f 0, RMS Disturbance Torque Ms

Applied to the Main Telescope Structure as a Function of
the High Frequency Decay Rate of theWind Tilt Excitation
Normalized to 1 arcsec RMSa

Decay
Rate f c �Hz�

σ0
�arcsec∕s2� f 0 �Hz�

RMS Torque
Ms (N·m)

−8/3 13.3 17973 229 17
−11/3 5.6 748 27.7 0.71
−13/3 4.6 295 10.2 0.28
−17/3 3.85 115 2.4 0.11

aIn all cases, the residual tilt is 0.07 arcsec RMS.

Table 2. RMS Residual Tilt Error σe, RMS Tilt
Acceleration σ0 , and Central Frequency f 0, RMS
Disturbance Torque Ms Applied to the Main Telescope
Structure for Various Values of the Asymptotic Decay
Rate of the Wind Tilt Excitation (Normalized to 1 arcsec
RMS)a

Decay
Rate

Resid. Error σe
(arcsec)

σ0
(arcsec∕s2)

f 0
(Hz)

RMS Torque
Ms �N ·m�

−8/3 0.146 3229 67.2 3.05
−11/3 0.084 651 20.7 0.62
−13/3 0.07 295 10.2 0.28

aIn all cases, the compensator has the same bandwidth, f c � 4.6 Hz.

fC = 4.6Hz
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1010

PSD [(arcsec/s ) /Hz]  ( )2 2 xa

10-1 100 101 102 10310-2

Frequency [Hz]

Disturbance Decay
Decay rate -8/3
Decay rate -11/3
Decay rate -13/3

Fig. 12. PSD of the TTM angular acceleration for the three cases
considered in Table 2. The compensator is the same in all cases
(f c � 4.6 Hz).
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Fig. 13. Structural model of a 40 m class ELT telescope.

1180 Vol. 58, No. 4 / 1 February 2019 / Applied Optics Research Article



mirror M3, the deformable mirror M4, and the TTM M5 are
modeled similarly with lumped masses of 12 × 103 kg,
2 × 103 kg, and 500 kg, respectively; they are mechanically
connected with the tower structure, which is modeled as a truss.
The altitude structure weighs 1500 × 103 kg and the center of
gravity. height is 21 m. In the FE model, the truss system is
modeled with beam elements with a tube cross section; the
Nasmyth platform is modeled using Mindlin shell elements,
and non-structural mass is added to obtain 95 × 103 kg on each
side. The rotor drive is locked in the zenithal position.

The material is steel, and the modal damping is assumed
to be 0.01 on all modes. The FE model has been developed
in SAMCEF; details are available in Ref. [22]. A Craig-
Bampton reduction has been performed to produce a reduced
model of 1623 d.o.f. (including the 714 vertical displacements
of the M1 segments). Figure 14 shows the first few global
modes; the results seem to be in line with those available in
Ref. [21]. The tip/tilt estimation requires only a few among
the 1623 modes of the model; since the excitation consists

of two torques applied at M5 and we are interested in the
tip/tilt responses of M2, M3, and M4, the mode selection is
based on the numerical values of the residues (known as modal
flexibility in structural dynamics) as follows:

ϕi�M 5�ϕi�Mk�
ω2
i

, (27)

where i is the index of the mode and ϕi is the mode shape
normalized to a unit modal mass (μi � 1). ϕi�M 5� and
ϕi�Mk� stand for the rotation d.o.f. of M5 and M2 to M4,
respectively; since one is interested into tip and tilt, 12 sets of
modes are considered, and for each set, the 20 modes with the
largest values of the modal flexibility are selected. This leads to a
final choice of 135 modes (because of duplication) to evaluate

z
y

z
x

Mode 1
(Cross elevation)

Mode 2
(Locked rotor)

Mode 3
(M2 spider rotation)

y
x

Mode 7
(Vertical pumping)

z
x

Fig. 14. Typical mode shapes: cross elevation modes
(f 1 � 3.04 Hz), locked rotor mode (f 2 � 3.17 Hz), spider rotation
mode (f 3 � 3.4 Hz), vertical pumping mode (f 7 � 5.42 Hz).
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Fig. 15. Eigen frequency distribution of the telescope model. Full
model, Craig-Bampton reduction, the modes selected for tip/tilt esti-
mation are indicated by Δ.
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Fig. 16. Block diagram of the field stabilization loop. The upper
branch G0�s� is the control of the TTM M5, while the lower branch
GR�s� is the residual response of the telescope structure to the control
torque of M5.

Table 3. Residual Tilt Error RMS Value σe (arcsec) and
Central Frequency f e (Hz)a

Decay
Rate a

Bandwidth
f c �Hz�

σe
(arcsec)

f e
�Hz�

σw
�nm�

f w
�Hz�

−8/3 13.3 0.068 27.03 25.9 50.8
−8/3 4.6 0.146 18.52 6.21 49.1
−11/3 5.6 0.070 0.87 0.95 48.8
−11/3 4.6 0.084 0.85 0.66 48.3
−13/3 4.6 0.070 0.39 0.158 47.7

aM1 RMS wavefront error σw (nm) and central frequency f w (Hz), for
various values of the high frequency decay rate a of the wind tilt excitation
(normalized to 1 arcsec) and various control bandwidth f c .
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Fig. 17. MIMO stability robustness test (multiplicative uncer-
tainty). A structural damping of 1% is assumed.
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the telescope response. Figure 15 shows the eigen frequency
distribution of the model. The modes involved in the tip/tilt
estimation are highlighted.

B. Stability Analysis
Figure 16 shows the block diagram of the field stabilization
loop. The M5 branch is 2 × 2, where the input Δ is the tip/
tilt angular command of M5 and y1 the contribution to the

wavefront sensor. G0�s� are the M5 dynamics, including the
optical amplification D4∕D1 to bring y1 to M1 level. The
residual dynamics loop GR�s� contains the telescope dynamics.
G1�s� relates the actuator command Δ to the disturbance
torque Ms applied to the telescope structure, Eq. (24),
G2�s� describes the dynamic response of the telescope (ob-
tained from the FE model) leading to the tip/tilt angles θ of
M1, M2, M3, and M4, and G3 is the optical amplification.
The overall tilt angle is obtained from the various components
according to

θ � θ1 − θ2
D2

D1

� �θ3 − θ4 � θ5�
D4

D1

, (28)

where D2 is the diameter of the image of M1 on M2 and D4 is
the useful diameter of M4. d is a vector of two independent
random processes distributed according to Fig. 8.

According to the stability theory of multi-input multi-out-
put (MIMO) systems [23–25], a sufficient condition for sta-
bility is that

σ�G−1
0 GR� < σ�I � �HG0�−1�, (29)

where σ and σ stand for the maximum and the minimum sin-
gular value, respectively. The result of this test is shown in
Fig. 17, where a uniform modal damping of 1% has been
assumed. One sees that there is a substantial stability margin.

Referring to Fig. 16, the closed-loop wind tilt response of
the full system where the telescope model in the GR�s� branch
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Fig. 18. Residual tilt error (iso lines, in arcsec) and M1 RMS wave-
front error [color map, in nanometers (nm)] as a function of the wind
tilt disturbance decay rate a and the control bandwidth f c .
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includes 135 modes differs by less than 1% from that of the
upper branch alone, when the dynamics of the telescope are ne-
glected. This provides a clear justification for a decoupled
design.

C. M1 Response to M5 Control Torques
According to the foregoing section, the telescope response can-
not destabilize the tip/tilt control loop. However, the control
torques Ms necessary to move M5 act as a disturbance to the
telescope, and, as we have seen earlier, the spectral content of
the disturbing torque depends strongly on the control band-
width (measured by f c) and on the high frequency attenuation
rate a of the wind-shaking disturbance. The dynamic response
of the primary mirror M1 may be estimated in two steps: (i) us-
ing the upper branch of Fig. 16 (M5) alone, the closed-loop
control input Δ is calculated; (ii) using the lower branch of
Fig. 16, the telescope response is computed in open loop, using
the full model of the telescope, including 1600 modes. The
surface figure of M1 is obtained by a least-squares fit of the
714 nodes representing the segments; the wavefront error is
twice the mirror surface figure RMS error. The results are sum-
marized in Table 3 for the set of values that have been consid-
ered earlier. Figure 18 displays the same information graphically
for a wider range of values. In all cases, it has been observed that
most of the energy in the signal is contained in the range of
30–100 Hz, as illustrated in Fig. 19 in the case (a � −11∕3,
f c � 5.6 Hz); the figure shows the PSD of a few Zernike
modes and the wavefront aberration (the representation
f Φ�f � versus log f is used to give a fair representation of
the energy content).

The foregoing analysis shows that if the target of a residual
tilt error of 0.07 arcsec is to be met and the decay rate of the
wind tilt disturbance is relatively low (a > −3), the wavefront
aberration induced on M1 by the field stabilization control
loop may become significant, with frequency components in
the range 30–100 Hz, which may not be easy to eliminate
by the adaptive optics control loop. In these circumstances,
the residual tilt error (to be compensated for by M4) will have
energy components at frequencies much higher than the atmos-
pheric tilt (Fig. 2). Notice that values between −2 and −3 have
been observed on Gemini South [20] (Fig. 4).

5. CONCLUSION

The analysis confirms the adequacy of a decoupled design of the
field stabilization (M5) control loop. The small mass ratio be-
tween the M5 unit and the rest of the telescope supporting it
makes the control-structure interaction unlikely, guaranteeing
stability. However, the reaction torques necessary to control the
tip/tilt mirror M5 have been found to depend critically on the
asymptotic decay rate of the wind tilt disturbance. These torques
act as a disturbance on the telescope structure, and, if the wind
disturbance does not decay fast enough with the frequency
(a > −3), it may generate significant wavefront errors in the pri-
mary mirror M1 in a frequency range (30–100 Hz) that may be
difficult to eliminate by AO. Furthermore, the residual tilt error
(to be compensated by M4) will have energy components at
frequencies much higher than the atmospheric tilt.

APPENDIX A: ACCEPTANCE FUNCTIONS OF A
2D STRUCTURE

According to random vibration theory [19,26], if a structure is
subject to a homogeneous random pressure field p�x, t�,
the PSD of the structural response w�x, t� at one point x is
given by

Φw�x, f � ≈
X
i
ϕ2
i �x� · jHi�f �j2:Φp�f � · Aii�f �, (A1)

where the sum extends to all the modes, ϕi�x� is the amplitude
of the mode shape at x, Hi�f � is the transfer function of a
single d.o.f. oscillator representing the modal amplification,
Φp�f � is the PSD of the pressure at one point, and Aii�f �
is the acceptance function of mode i

Aii �
Z
R

Z
R
Ψp�z1 − z2, f �ϕi�z1�ϕi�z2�dz1dz2, (A2)

where R is the entire structure area andΨp�z1 − z2, f � describes
the spatial coherence of the pressure field;Ψp�z1 − z2, f � � 1 if
it is fully correlated, Ψp�z1 − z2, f � � δ�z1 − z2� if it is com-
pletely spatially uncorrelated. If the coherence is isotropic, it
depends only on the distance between the two points
Δz � jz1 − z2j. Extending Davenport’s result, Eq. (4), in
two dimensions, the coherence is assumed to be

Ψp�z1 − z2, f � � exp

�
−
Cf
Um

· Δz
�
: (A3)

Figure 20 shows the acceptance functions Aii as a function of
the normalized frequency CLf ∕Um of various modes with dif-
ferent boundary conditions (free-free and clamped on one side)
of a square plate L × L. The estimation has been done numeri-
cally with C � 7, L � 40 m, and U � 10 m∕s. One sees that
all the curves have the same asymptotic decay rate. In the par-
ticular case of a rigid body mode, ϕi is a constant, and one
can write

Mode 1

102

10-2

100

10-2 10-1 100 101 102 103 104

Aii

Mode 1 Mode 2 Mode 3
10-4

Mode 3

Mode 2

Rigid body
mode

(Decay rate
-2)

Um

[/]
LfC

Fig. 20. Square plate subject to homogeneous, isotropic pressure
field of coherence exp�− Cf

Um
Δz�. Acceptance functions Aii of various

modes as a function of the normalized frequency CLf ∕Um. The
boundary conditions are rigid body and clamped on one side. All
the curves have an asymptotic decay rate of −2.
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Aii ≃
Z

1

0

Z
1

0

dx1dy1

Z
1

0

Z
1

0

× exp
�
−α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�x1 − x2�2 � �y1 − y2�2

q �
dx2dy2 (A4)

with the notation α � CLf ∕Um. When α is large, the decay of
the exponential is so fast that the second integral becomes in-
dependent of �x1, y1�, and the limits of integration may be
extended to infinity, leading toZ

∞

−∞

Z
∞

−∞
exp

�
−α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 � y22

q �
dx2dy2 (A5)

Upon performing a change of variables, x2 � r cos θ,
y2 � r sin θ, the integral may be transformed intoZ

2π

0

dθ

Z
∞

0

r exp�−αr�dr � 2π

α2
� 2π

�
Um

CLf

�
2

, (A6)

which shows that the asymptotic decay rate is −2.

APPENDIX B: TWO-DEGREE-OF-FREEDOM
MODEL

Referring to Fig. 6, the open-loop dynamics of the two-degree-of-
freedom systems is governed by Newton’s law as follows:

maẍa � Fa − ca�_xa − _xs� − ka�xa − xs�,
msẍs � −Fa − ca�_xs − _xa� − ka�xs − xa� − cs _xs − ksxs,

or in matrix form using the Laplace variable s as�
mas2 � cas � ka −�cas � ka�
−�cas � ka� mss2 � �ca � cs�s � �ka � ks�

�

×
�
xa
xs

�
�

�
Fa

−Fa

�
: (B1)

By solving Eq. (B1), one can obtain the transfer functions
between the mirror motions (xa and xs) and the actuation force
Fa as follows:

xa
F a

� mss2�css�ks
�mas2�cas�ka��mss2��ca�cs�s��ka�ks��−�cas�ka�2

,

xs
F a

� −mas2

�mas2�cas�ka��mss2��ca�cs�s��ka�ks��−�cas�ka�2
(B2)

From Eq. (6), it follows that the open-loop transfer function reads

y
Fa

� −mas2�δ�mss2�css�ks�
�mas2�cas�ka��mss2��ca�cs�s��ka�ks��−�cas�ka�2

(B3)
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