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Abstract. This paper is concerned with nonlinear stability of viscous shock

profiles for the one-dimensional isentropic compressible Navier-Stokes equa-
tions. For the case when the diffusion wave introduced in [6, 7] is excluded,

such a problem has been studied in [5, 11] and local stability of weak viscous

shock profiles is well-established, but for the corresponding result with large
initial perturbation, fewer results have been obtained. Our main purpose is to

deduce the corresponding nonlinear stability result with large initial perturba-
tion by exploiting the elementary energy method. As a first step toward this

goal, we show in this paper that for certain class of “large” initial perturbation

which can allow the initial density to have large oscillation, similar stability
result still holds. Our analysis is based on the continuation argument and the

technique developed by Kanel’ in [4].

1. Introduction. This paper is concerned with the precise description of the large
time behaviors of global solutions of the Cauchy problem of the one-dimensional
isentropic compressible Navier-Stokes equations in Lagrangian coordinates{

vt − ux = 0, t > 0, x ∈ R,

ut + p(v)x =
(
µuxv

)
x
, t > 0, x ∈ R,

(1)

with prescribed initial data

(v(0, x), u(0, x)) = (v0(x), u0(x)) , lim
x→±∞

(v0(x), u0(x)) = (v±, u±) . (2)

Here v > 0, u, and p(v) denote, respectively, the specific volume, the velocity, and
the pressure of the gas, while v± > 0, u±, and the viscosity coefficient µ > 0 are
given constants. To simplify the presentation, we assume that the gas is polytropic
and in such a case

p(v) = av−γ , (3)

where γ > 1 is the adiabatic exponent and a is a positive constant.
It is well-known that the large time behavior of the global solutions (v(t, x),

u(t, x)) of the Cauchy problem (1)-(2) is determined by the structure of the unique
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global entropy solution (vr(x/t), ur(x/t)) of the resulting Riemann problem

vt − ux = 0, t > 0, x ∈ R,

ut + p(v)x = 0, t > 0, x ∈ R,

(v(0, x), u(0, x)) =

{
(v−, u−), x < 0,

(v+, u+), x > 0.

(4)

Throughout this paper, we assume that the unique global entropy solution (vr(x/t),
ur(x/t)) to the Riemann problem (4) is a superposition of a shock wave (vS1(x/t),
uS1(x/t)) of the first family and a shock wave (vS2(x/t), uS2(x/t)) of the second fam-
ily. That is, (v+, u+) ∈ S1S2(v−, u−), where S1S2(v−, u−) := {(v, u); u < u−−(v−
v−)si(v, v−), i = 1, 2} with the speed si(v, v−) = (−1)i

√
(p(v)− p(v−))/(v− − v).

By the standard arguments (cf. [17]), we see that there is a unique (v̄, ū) ∈
S1(v−, u−) so that (v+, u+) ∈ S2(v̄, ū), where Si(v−, u−) := {(v, u); u = u− −
(v − v−)si(v, v−), u < u−} is the i-shock curve passing through (v−, u−).

For such a case, the large time behavior of solutions of the Cauchy problem (1)-
(2) is described by the superposition of the suitably shifted viscous shock waves of
different family of the one-dimensional compressible Navier-Stokes equations (1).
Recall that the viscous shock wave, which connects the states (vl, ul) and (vr, ur)
smoothly with the speed s, is a special solution of (1) which has the form

(v(t, x), u(t, x)) := (V (ξ), U(ξ)), ξ = x− st, (5)

and satisfies

(V (−∞), U(−∞)) = (vl, ul) , (V (+∞), U(+∞)) = (vr, ur) . (6)

Plugging (5) into (1) yields
−sVξ − Uξ = 0, ξ ∈ R,

−sUξ + p(V )ξ =
(
µ
Uξ
V

)
ξ
, ξ ∈ R.

(7)

Integrating (7) over (±∞, ξ) under the Rankine-Hugoniot condition{
−s (vr − vl)− (ur − ul) = 0,

−s (ur − ul) + p (vr)− p (vl) = 0,
(8)

we can then reduce the problem (7) to
U = ul − s(V − vl) ≡ ur − s(V − vr), ξ ∈ R,

µsVξ/V = p (vl)− p(V ) + s2 (vl − V )

≡ p (vr)− p(V ) + s2 (vr − V ) , ξ ∈ R.

(9)

Since (v+, u+) ∈ S2(v̄, ū) for some (v̄, ū) ∈ S1(v−, u−) and p(v) is a convex function
of v, it is easy to see that (cf. [5]) the problem (1) admits a 1-viscous shock
wave (V1(x− s1t), U1(x− s1t)) connecting (v−, u−) with (v̄, ū) and a 2-viscous
shock wave (V2(x− s2t), U2(x− s2t)) connecting (v̄, ū) with (v+, u+), and both
of them are unique up to a shift. Here s1 = s1(v−, v̄) < 0, s2 = s2(v+, v̄) > 0
and the strengths of the 1-viscous shock wave (V1(x− s1t), U1(x− s1t)) and the
2-viscous shock wave (V2(x− s2t), U2(x− s2t)) are denoted by δ1 := |v− − v̄| and
δ2 := |v̄−v+|, respectively. Moreover, if we set δ := |u+−u−|, we can easily deduce
that

δ1 + δ2 ≤ Cδ, (10)



COMPRESSIBLE NAVIER-STOKES EQUATIONS 651

where C is some positive constant depending only on v− and v+.
In this manuscript, we are concerned with the case when δi (i = 1, 2), the

strengths of the i−viscous shock waves (Vi(x − sit), Ui(x − sit)) (i = 1, 2), are
of the same order and in such a case, if we assume that

A :=

∫
R
(v0(x)− V1(x)− V2(x) + v̄)dx < +∞ (11)

and

B :=

∫
R

(u0(x)− U1(x)− U2(x) + ū)dx < +∞, (12)

then we can uniquely determine two constants α1 and α2

α1 =
s2A+B

δ1(s1 − s2)
, α2 =

s1A+B

δ2(s1 − s2)
(13)

such that 
∫
R

(v0(x)− V1(x+ α1)− V2(x+ α2) + v̄) dx = 0,∫
R

(u0(x)− U1(x+ α1)− U2(x+ α2) + ū) dx = 0.

(14)

From (14), it is expected that the large time behavior of global solutions of the
Cauchy problem (1)-(2) is described by the superposition of the 1-viscous shock
wave (V1, U1) (x− s1t+ α1) and the 2-viscous shock wave (V2, U2) (x− s2t+ α2):

(V,U)(t, x;α1, α2) := (V1, U1)(x− s1t+ α1) + (V2, U2)(x− s2t+ α2)− (v̄, ū). (15)

Note that (Vi, Ui)(x− sit+ αi) (i = 1, 2) are exact solutions of the compressible
Navier-Stokes equation (1), while (V,U)(t, x;α1, α2) just satisfies (1) approximately
as in the following{

Vt − Ux = 0, t > 0, x ∈ R,

Ut + p(V )x =
(
µUxV

)
x
− gx, t > 0, x ∈ R,

(16)

where

g = µ
Ux
V
− µU1x

V1
− µU2x

V2
− p(V ) + p(V1) + p(V2)− p(v̄). (17)

To use the compressibility of the viscous shock profiles, we need to use the anti-
derivative technique as in [2, 3, 5, 7, 12]. In fact, the conservative form of (1) and
(16) together with (14) tell us that we can define (φ(t, x), ψ(t, x)) by

(φ(t, x), ψ(t, x)) :=

∫ x

−∞
(v(t, y)− V (t, y;α1, α2), u(t, y)− U(t, y;α1, α2)) dy, (18)

and from (1) and (16), the original problem can be reformulated as
φt − ψx = 0, t > 0, x ∈ R,

ψt + p(V + φx)− p(V ) = µ
(
ψxx+Ux
φx+V −

Ux
V

)
+ g, t > 0, x ∈ R,

(φ(0, x), ψ(0, x)) = (φ0(x), ψ0(x)), x ∈ R,

(19)

Here

(φ0(x), ψ0(x)) =

∫ x

−∞
(v0(y)− V (0, y;α1, α2), u0(y)− U(0, y;α1, α2)) dx. (20)
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Under the above preparation in hand, our original problem can be transferred
into a stability problem: If the initial data (v0(x), u0(x)) of the Cauchy prob-
lem (1)-(2) is a suitable perturbation of (V (0, x;α1, α2), U(0, x;α1, α2)), does the
Cauchy problem (1)-(2) admit a unique global solution (v(t, x), u(t, x)) which tends
to (V (t, x;α1, α2), U(t, x;α1, α2)) as t → ∞? Or equivalently, if (φ0(x), ψ0(x)) be-
longs to the Sobolev space H2(R), does the Cauchy problem (19) admit a unique
global solution (φ(t, x), ψ(t, x)) whose L∞x (R)-norm tends to zero as t→∞? Recall
that according to whether H2(R)−norm of the initial perturbation (φ0(x), ψ0(x))
and/or δi (i = 1, 2), the strengths of the viscous shock waves, are assumed to be
small or not, the stability results are classified into global (or local) stability of
strong (or weak) viscous shock waves.

To deduce the desired nonlinear stability result by the elementary energy method
as in [5, 10, 12], it is sufficient to deduce certain uniform (with respect to the time
variable t) energy type estimates on the solutions (φ(t, x), ψ(t, x)) and the main diffi-
culty to do so lies in how to control the possible growth of (φ(t, x), ψ(t, x)) caused by
the nonlinearity of the equation (19)2. For general γ > 1, the arguments employed
in [5, 10, 12] is to use the smallness of both N(T ) := sup0≤t≤T ‖(φ(t), ψ(t))‖H2(R)

and δi (i = 1, 2) to overcome such a difficulty. One of the key points in such an
argument is that, based on the a priori assumption that N(T ) is sufficiently small,
one can deduce a uniform lower and upper positive bounds on the specific volume
v(t, x). With such a bound on v(t, x) in hand, one can thus deduce certain a priori
H2(R) energy type estimates on (φ(t, x), ψ(t, x)) in terms of the initial perturbation
(φ0(x), ψ0(x)) provided that the strengths of the viscous shock waves are suitably
small. The combination of the above analysis with the standard continuation argu-
ment yields the local stability of weak viscous shock waves for the one-dimensional
compressible Navier-Stokes equations. It is easy to see that in such a result, for
all t ∈ R, Osc v(t) := supx∈R v(t, x) − infx∈R v(t, x), the oscillation of the specific
volume v(t, x), should be sufficiently small.

For the global stability of viscous shock waves, the story is quite different and
as pointed out in [1, 13, 14, 16] where the global stability of rarefaction waves for
the one-dimensional compressible Navier-Stokes equations is investigated, the main
difficulty lies in how to deduce the uniform lower and upper bounds on the specific
volume v under large initial perturbation.

As a first step to achieve this goal, we will show that the weak viscous shock
waves are nonlinear stable for a class of large initial perturbation which can allow
the specific volume v(t, x) to have large oscillation. This type of result is motivated
by the special structure of the system (1), which suggests that the nonlinearities
involved are mainly caused by the specific volume v. Hence, when we deal with
such a problem by exploiting the energy method, the key step lies in how to deduce
a uniform positive lower bound and a uniform upper bound for the specific volume
v. It is worth pointing out that the argument developed by Kanel’ in [4] plays an
essential role in our analysis.

Now we turn to state our main result. First we list some assumptions on the
initial data (v0(x), u0(x)), the strengths of the viscous shock waves δ1, δ2, and the
shifts α1, α2 as in the folowing:

(H0) there exist δ−independent constants ` ≥ 0 and C1 > 0 such that

C−1
1 δ` ≤ v0(x) ≤ C1(1 + δ−`); (21)

(H1) (v+, u+) ∈ S1S2(v−, u−) and (v̄, ū) ∈ S1(v−, u−) such that (v+, u+) ∈ S2(v̄, ū);
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(H2) v− and v+ are positive constants independent of δ;
(H3) the strengths of the viscous shock waves δ1, δ2, the shifts α1, α2 defined by

(13) and the initial data (v0(x), u0(x)) are assumed to satisfy

(v0(x)− V (0, x;α1, α2), u0(x)− U(0, x;α1, α2)) ∈ H1(R) ∩ L1(R), (22)

(φ0(x), ψ0(x)) ∈ L2(R), (23)

and for some positive constant C0 independent of δ,

C−1
0 δ2 ≤ δ1 ≤ C0δ2, α2 − α1 ≤ C0δ

−1, as δ → 0+. (24)

Under the above assumptions, we have

Theorem 1.1. In addition to the assumptions (H0)-(H3), we assume further that

‖(φ0, ψ0)‖H1(R) ≤ C2δ
α, ‖φ0xx‖L2(R) ≤ C2(1 + δ−β) (25)

hold for some δ−independent positive constants C2, α and β. If the parameters `, α
and β are assumed to satisfy

(3γ + 5)` < min{2, α},

min
{
α− γ+1

2 `, 1
4

}
≤ `+ β,

β + ` < 4γ2+3γ+1
4γ2+2γ+2 min

{
α− γ+1

2 `, 1
4

}
,

(26)

then there exists a suitably small δ0 > 0 such that if 0 < δ ≤ δ0, the Cauchy problem
(1)-(2) has a unique solution (v(t, x), u(t, x)) satisfying

(v(t, x)− V (t, x;α1, α2), u(t, x)− U(t, x;α1, α2)) ∈ C
(
[0,∞);H1(R)

)
,

v(t, x)− V (t, x;α1, α2) ∈ L2
(
0,∞;H1(R)

)
,

u(t, x)− U(t, x;α1, α2) ∈ L2
(
0,∞;H2(R)

)
,

and

C−1
3 δ

2
1−γ (min{α− γ+1

2 `, 14}−(β+`)) ≤ v(t, x) ≤ C3(1 + δmin{2α−(γ+1)`, 12}−2(β+`)) (27)

for some positive constant C3 independent of δ. Furthermore, it holds that

lim
t→∞

sup
x∈R
|(v(t, x), u(t, x))− (V (t, x;α1, α2, U(t, x;α1, α2))| = 0. (28)

Remark 1. Several remarks concerning Theorem 1.1 are listed below:

• It is easy to see that the set of the parameters α > 0, β > 0, ` ≥ 0 which
satisfy the assumption (26) is not empty. In fact, let ` = 0, α ≤ 1

4 , one can

deduce that (26) is equivalent to α ≤ β < 4γ2+3γ+1
4γ2+2γ+2α, and the existence of

such α and β is easy to verify.
• If the parameter α, β, ` satisfy min {2α− (γ + 1)`, 1/2} < 2(β + `), then for
δ > 0 sufficiently small, we can deduce from (27) that for each fixed t ≥ 0,
Osc v(t) = supx∈R v(t, x) − infx∈R v(t, x), the oscillation of v(t, x), can be
large.

• For the nonlinear stability of the superposition of viscous shock profiles of
different families, Theorem 1.1 asks that δi (i = 1, 2), the strengths of the two
viscous shock profiles, are of the same order and α2−α1, the difference of the
shifts of the two viscous shock profiles, is bounded from above by δ−1, i.e.,
the assumption (24) holds. Such a condition is motivated by our study on the
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nonlinear stability of viscous shock profile to the impermeable wall problem
for the system (1) on the half line

vt − ux = 0, x ∈ R+, t ∈ R+,

ut + p(v)x =
(
µuxv

)
x
, x ∈ R+, t ∈ R+,

(v(0, x), u(0, x)) = (v0(x), u0(x)), x ≥ 0,

lim
x→∞

(v0(x), u0(x)) = (v+, u+), v+ > 0, u+ < 0,

u(t, 0) = 0, t ≥ 0.

(29)

For details, see Section 4.
• For the simplicity of presentation, we assume that v− and v+, the far fields

of v0(x), are independent of δ. For the case when the large time behavior of
the global solution of (1) is described by a single viscous shock profile, similar
result can also be obtained even when the far fields of v0(x) depend on δ. An
outline of the result will be given in Section 4.

• Similar result for the non-isentropic but ideal polytropic one-dimensional com-
pressible Navier-Stokes equation holds provided that γ, the adiabatic expo-
nent, is sufficiently close to 1.

• In our results, we only consider the cases when either the initial perturbation
is general but the asymptotics is described by the superposition of viscous
shock profiles of different families whose strengths are of the same order, or
the asymptotics is determined by a single viscous shock profile but with zero
mass condition. In both cases, the diffusion wave introduced by T.-P. Liu
in [6, 7] is excluded. For the corresponding nonlinear stability results with
general but small perturbation for the system (1), the interested readers are
referred to [3, 6, 7, 8, 18] and the references cited therein.

This paper is arranged as follows. After listing some notations in the rest of this
section, the properties of the viscous shock wave will be stated in Section 2, the
proof of Theorem 1.1 is given in Section 3 and some remarks concerning the third
and forth points listed in Remark 1 are given in Section 4.

Notations. Throughout this paper, c and C are used to denote some generic
positive constants which are independent of δ, the strength of the viscous shock
wave. Note that these constants may vary from line to line. C(·, ·) stand for some
generic constants depending only on the quantities listed in the parenthesis.

For function spaces, Lq(Ω)(1 ≤ q ≤ ∞) denotes the usual Lebesgue space on Ω ⊂
R with norm ‖·‖Lq(Ω), while Hq(Ω) denotes the usual Sobolev space in the L2 sense
with norm ‖·‖Hq(Ω). To simplify the presentation, we use ‖·‖ and ‖·‖q to denote
‖·‖L2(R) and ‖·‖Hq(R), respectively.

Finally, (V (t, x), U(t, x)) will be used to denote (V (t, x;α1, α2), U(t, x;α1, α2))
in the rest of this manuscript for notational simplicity.

2. Viscous shock waves. This section is devoted to collecting some basic proper-
ties of the viscous shock waves (Vi(t, x), Ui(t, x)) (i = 1, 2) and their superposition
(V (t, x), U(t, x)).

The first result is concerned with the existence of the viscous shock profiles
(Vi(x− sit), Ui(x− sit)) (i = 1, 2) together with their decay estimates as x− sit→
±∞.
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Proposition 1. Assume that the assumptions (H0)-(H3) hold, then (1) admits a
viscous shock wave (V1(x− s1t), U1(x− s2t)) of the first family connecting (v−, u−)
with (v̄, ū) with speed s1 and a viscous shock wave (V2(x− s2t), U2(x− s2t)) of the
second family connecting (v̄, ū) with (v+, u+) with speed s2, and both of them are
unique up to a shift. Moreover, there exist positive constants c and C which depend
only on v− and v+, such that, for i = 1, 2,

|(V1(ξ)− v̄, U1(ξ)− ū)| ≤ Cδ1e−cδ1|ξ|, ∀ ξ > 0,

|(V2(ξ)− v̄, U2(ξ)− ū)| ≤ Cδ2e−cδ2|ξ|, ∀ ξ < 0,

|V ′1(ξ)| ≤ C |V1(ξ)− v−| |V1(ξ)− v̄| , ∀ ξ ∈ R,

|V ′2(ξ)| ≤ C |V2(ξ)− v̄| |V2(ξ)− v+| , ∀ ξ ∈ R,

U ′i(ξ) < 0, ∀ ξ ∈ R,

|(U ′i(ξ), V ′′i (ξ), U ′′i (ξ))| ≤ C |V ′i (ξ)| ≤ Cδ2
i e
−cδi|ξ|, ∀ ξ ∈ R.

(30)

Although in our case, v0(x) may depend on δ, the assumption (H2) implies
that v− and v+ are independent of δ and hence the proof of Proposition 1 follows
essentially the argument used in [3]. We thus omit the details for brevity.

Our next lemma is concerned with an estimate on g(t, x) which will play an
important role in performing the energy estimates.

Lemma 2.1. Under the assumption (24), we have that there exists a δ-independent
constant C > 0 such that∫ ∞

0

‖g(t)‖dt ≤ Cδ 1
2 ,

∫ ∞
0

(‖gx(t)‖+ ‖gxx(t)‖) dt ≤ Cδ 3
2 . (31)

Proof. We only consider the case α1 < α2 in the following since the other case can
be treated similarly. We note that

|g(t, x)| ≤ C |V1(x− s1t+ α1)− v̄| |V2(x− s2t+ α2)− v̄| ,
|(gx, gxx)(t, x)| ≤ C (δ1 + δ2) |V1(x− s1t+ α1)− v̄| |V2(x− s2t+ α2)− v̄| .

(32)

Then we divide the upper plane R+ × R into the following six regions

Ω1 = {(t, x) : 0 ≤ t ≤ t0, x ≤ s2t− α2},

Ω2 = {(t, x) : 0 ≤ t ≤ t0, s2t− α2 < x ≤ s1t− α1},

Ω3 = {(t, x) : 0 ≤ t ≤ t0, x ≥ s1t− α1},

Ω4 = {(t, x) : t > t0, x ≤ s1t− α1},

Ω5 = {(t, x) : t > t0, s1t− α1 < x ≤ s2t− α2},

Ω6 = {(t, x) : t > t0, x ≥ s2t− α2},

with t0 = (α2 − α1)/(s2 − s1). With such a partition of the upper plane R+ × R
in hand, (31) can be verified easily by exploiting Proposition 1 and (32). This
completes the proof of Lemma 2.1.
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3. The proof of Theorem 1.1. This section is devoted to proving Theorem 1.1.
To this end, we first define the function space in which we find the solutions

Xm,M (0, T ) =


(φ(t, x), ψ(t, x))

∣∣∣∣∣∣∣∣∣∣∣

(φ(t, x), ψ(t, x)) ∈ C
(
[0, T ];H2(R)

)
,

φx(t, x) ∈ L2
(
0, T ;H1(R)

)
,

ψx(t, x) ∈ L2
(
0, T ;H2(R)

)
,

m ≤ V (t, x) + φx(t, x) ≤M


,

and the local solvability of the Cauchy problem (19) in such a function space can
be stated as in the following

Proposition 2. Let (φ0(x), ψ0(x)) be in H2(R) and assume that m ≤ V (0, x) +
φ0x(x) ≤ M holds for each x ∈ R, then there exists t0 > 0 depending only on
m, M and ‖(φ0, ψ0)‖2 such that (19) has a unique solution (φ(t, x), ψ(t, x)) ∈
Xm/2,2M (0, t0) which satisfies for each 0 ≤ t ≤ t0 that

‖ψ(t)‖ ≤ 2‖ψ0‖, ‖ψx(t)‖ ≤ 2‖ψ0x‖, ‖(φ, ψ)(t)‖2 ≤ 2‖(φ0, ψ0)‖2. (33)

Assume that the local solution (φ(t, x), ψ(t, x)) constructed in Proposition 2 has
been extended to the time step t = T ≥ t0. In order to show that T = ∞, we
now turn to deduce certain energy type a priori estimates on (φ(t, x), ψ(t, x)) based
on the a priori assumption that (φ(t, x), ψ(t, x)) ∈ X1/m,M (0, T ) for some positive
constants m and M and consequently

1

m
≤ V (t, x) + φx(t, x) = v(t, x) ≤M, ∀ (t, x) ∈ [0, T ]× R. (34)

Before doing so, we first recall that throughout this manuscript c and C are used
to denote some generic positive constants independent of T , m, M and δ. Besides,
we will often use the notation (v, u) = (V + φx, U + ψx), though the unknown
functions are φ and ψ. Moreover, we denote here Nψ(T ) := sup[0,T ] ‖ψ(t)‖L∞ , or
by Nψ for simplicity. Without loss of generality, we can assume that m ≥ 1 and
M ≥ 1.

Our first result is concerned with the basic energy estimate, which is stated in
the following lemma.

Lemma 3.1. There exists a sufficiently small positive constant ε1 independent of
δ such that if 0 < δ ≤ ε1, then it holds for each 0 ≤ t ≤ T ,

‖(φ, ψ)(t)‖2 +

∫ t

0

∫
R

(
|Vt|ψ2 + ψ2

x

)
dxdτ ≤ C

{
‖(φ0, ψ0)‖2 + δ

1
2

+

∫ t

0

∫
R

ψ2
xx

v
dxdτ +

(
mγ+2Nψ +m2δ2

) ∫ t

0

‖φx(τ)‖2dτ
}
.

(35)

Proof. Firstly, rewrite (19)2 (second equation of (19)) as

ψt + p′(V )φx − µ
ψxx
V

=− (p(v)− p(V )− p′(V )φx)− µφxψxx
V v

− µφxUx
V v

+ g.

(36)
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Multiplying (19)1 and (36) by φ and −p′(V )−1ψ, respectively and adding these two
equations, we discover{

1

2
φ2 − 1

2p′(V )
ψ2

}
t

− p′′(V )

2p′(V )2
Vtψ

2 − µ

p′(V )V
ψ2
x −

{
φψ − µψψx

p′(V )V

}
x

=

(
µ

p′(V )V

)′
Vxψψx + (p(v)− p(V )− p′(V )φx)

ψ

p′(V )

+ µ
ψφxψxx
p′(V )V v

+ µ
ψφxUx
p′(V )V v

− ψg

p′(V )
.

Integrating the above identity with respect to t and x over [0, t]× R yields∥∥∥(φ, V γ+1
2 ψ

)
(t)
∥∥∥2

+

∫ t

0

∫
R
V γ
(
|Vt|ψ2 + ψ2

x

)
dxdτ

≤C
∥∥∥(φ0, V

γ+1
2 (0, ·)ψ0

)∥∥∥2

+ C

∫ t

0

∫
R

∣∣V γ−1Vxψψx
∣∣ dxdτ︸ ︷︷ ︸

I1

+ C

∫ t

0

∫
R

∣∣V γ+1 (p(v)− p(V )− p′(V )φx)ψ
∣∣ dxdτ︸ ︷︷ ︸

I2

+ C

∫ t

0

∫
R

V γ (|ψφxψxx|+ |ψφxUx|)
v

dxdτ︸ ︷︷ ︸
I3

+C

∫ t

0

∫
R
V γ+1|ψg|dxdτ︸ ︷︷ ︸

I4

.

(37)

Noticing that Cδ2 ≥ −Vt = −Ux > 0 and

|p(v)− p(V )− p′(V )φx| = φ2
x

∫ 1

0

∫ 1

0

p′′(θ1θ2v + (1− θ1θ2)V )dθ1dθ2

≤ Cmγ+2φ2
x,

(38)

we have from Cauchy’s and Hölder’s inequalities and (31) that

I1 ≤ε
∫ t

0

∫
R
V γψ2

xdxdτ + C(ε)

∫ t

0

∫
R
V γ−2V 2

x ψ
2dxdτ,

I2 ≤CNψmγ+2

∫ t

0

∫
R
V γ+1φ2

xdxdτ,

I3 ≤
∫ t

0

∫
R

ψ2
xx

v
dxdτ + ε

∫ t

0

∫
R
V γ |Ux|ψ2dxdτ

+ CNψm

∫ t

0

∫
R
V 2γφ2

xdxdτ + Cm2

∫ t

0

∫
R
V γ |Ux|φ2

xdxdτ

I4 ≤
∫ t

0

‖V ‖
γ+1
2

L∞(R+×R)

∥∥∥V γ+1
2 ψ(τ)

∥∥∥ ‖g(τ)‖dτ

≤δ1/2‖V ‖γ+1
L∞(R+×R) + C

∫ t

0

∥∥∥V γ+1
2 ψ(τ)

∥∥∥2

‖g(τ)‖dτ.

(39)

Here ε > 0 is a sufficiently small positive constant.
Since v− and v+ are independent of δ and δ is assumed to be sufficiently small,

we can deduce that V (t, x) can be bounded from both below and above by some
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positive constants independent of δ. With such an observation in hand, we can
deduce that, for some sufficiently small positive constant ε1 > 0, if δ is suitably
chosen such that the condition listed in Lemma 3.1 is satisfied, (35) can be proved
by substituting the above estimates on Ij (j = 1, 2, 3, 4) into (37) and by employing
the Gronwall inequality. This completes the proof of Lemma 3.1.

Next, differentiating (19) with respect to x once and multiplying the two resulting
identities by (p(V )− p(v)) and ψx, respectively, we can get by adding the final
results that{

Φ +
1

2
ψ2
x

}
t

+ µ
ψ2
xx

v
+

{
ψx

(
p(v)− p(V )− µψxx

v
+ µ

Uxφx
vV

)}
x

=µ
Uxφxψxx
vV

+ ψxgx − Vt (p(v)− p(V )− p′(V )φx) ,

(40)

where

Φ = Φ(v, V ) = p(V )(v − V )−
∫ v

V

p(η)dη. (41)

Integrating (40) over [0, t]× R, we have from (38) and Cauchy’s inequality that∥∥∥(√Φ, ψx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

ψ2
xx

v
dxdτ

≤C
{∥∥∥(√Φ0, ψ0x

)∥∥∥2

+

∫ t

0

∫
R
|ψx||gx|dxdτ

+

∫ t

0

∫
R

(
U2
x

vV 2
+ |Vt|mγ+2

)
φ2
xdxdτ

} (42)

with Φ0 = Φ|t=0. Noting that

Φ(v, V ) = −φ2
x

∫ 1

0

∫ 1

0

θ1p
′((1− θ2θ1)V + θ2θ1v)dθ1dθ2 ≥ CM−γ−1φ2

x (43)

and ∫ t

0

∫
R
|ψx||gx|dxdτ ≤

∫ t

0

‖gx(τ)‖‖ψx(τ)‖2dτ +

∫ t

0

‖gx(τ)‖dτ,

we can deduce from (42), (31) and Gronwall’s inequality that∥∥∥(√Φ, ψx,M
− γ+1

2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

ψ2
xx

v
dxdτ

≤C
{∥∥∥(√Φ0, ψ0x

)∥∥∥2

+
(
mγ+2δ2 +mδ4

) ∫ t

0

‖φx(τ)‖2dτ + δ
3
2

}
.

Since m ≥ 1, a suitably linear combination of the above inequality with (35) yields

Lemma 3.2. If δ is suitably small, then it holds for each 0 ≤ t ≤ T that∥∥∥(φ, ψ, ψx,√Φ,M−
γ+1
2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

(
ψ2
x +

ψ2
xx

v

)
dxdτ

≤C
{∥∥∥(φ0, ψ0,

√
Φ0, ψ0x

)∥∥∥2

+ δ
1
2 +mγ+2

(
Nψ + δ2

) ∫ t

0

‖φx(τ)‖2dτ

}
.

(44)



COMPRESSIBLE NAVIER-STOKES EQUATIONS 659

We now turn to deal with the term
∫ t

0
‖φx(τ)‖2dτ . For this purpose, we have

from (19)2 that

(φxψ)t + ψ2
x −

µφxψxx
v

− φxg − (ψφt)x

=−
∫ 1

0

p′(V + θφx)dθφ2
x −

µUxφ
2
x

V v

≥−
∫ 1

0

p′(V + θφx)dθφ2
x ≥ CM−γ−1φ2

x.

Here we have used the a priori assumption (34) and the fact that Ux(t, x) < 0.
Integrating the above inequality with respect to t and x over [0, t]× R, we have

from Cauchy’s and Hölder’s inequalities that

M−γ−1

∫ t

0

‖φx(τ)‖2dτ ≤ C
{
‖φx(t)‖‖ψ(t)‖+ ‖φ0x‖‖ψ0‖+

∫ t

0

‖ψx(τ)‖2dτ

+mMγ+1

∫ t

0

∫
R

ψ2
xx

v
dxdτ + sup

0≤τ≤t
‖φx(τ)‖

∫ t

0

‖g(τ)‖dτ
}
,

(45)

which implies from (31) and (44) that∫ t

0

‖φx(τ)‖2dτ ≤CmM2γ+2

{∥∥∥(φ0, ψ0,
√

Φ0, ψ0x

)∥∥∥2

+ δ
1
2

}
+ Cmγ+3M2γ+2

(
Nψ + δ2

) ∫ t

0

‖φx(τ)‖2dτ.

(46)

And we have the following result

Lemma 3.3. There exists a δ−independent positive constant ε2 such that if

mγ+3M2γ+2
(
Nψ + δ2

)
≤ ε2 (47)

holds true, then we have for each 0 ≤ t ≤ T that∫ t

0

‖φx(τ)‖2dτ ≤ CmM2γ+2

{∥∥∥(φ0, ψ0,
√

Φ0, ψ0x

)∥∥∥2

+ δ
1
2

}
(48)

and ∥∥∥(φ, ψ, ψx,√Φ,M−
γ+1
2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

(
ψ2
x +

ψ2
xx

v

)
dxdτ

≤C
{∥∥∥(φ0, ψ0,

√
Φ0, ψ0x

)∥∥∥2

+ δ
1
2

}
.

(49)

To deduce a lower bound and an upper bound on v(t, x), as in [13], we set
ṽ := v/V . Then Φ(v, V ) can be reformulated as

Φ(v, V ) = aV −γ+1Φ̃ (ṽ) , Φ̃(ṽ) = ṽ − 1 +
1

γ − 1

(
ṽ−γ+1 − 1

)
. (50)

Moreover we can rewrite (19)2 as(
µ
ṽx
ṽ
− ψx

)
t

− (p(v)− p(V ))x = −gx. (51)



660 TAO WANG, HUIJIANG ZHAO AND QINGYANG ZOU

Multiplying (51) by ṽx/ṽ, we have{
µ

2

(
ṽx
ṽ

)2

− ψx
ṽx
ṽ

}
t

− V 2 p
′(v)

v
ṽ2
x +

((
ux
v
− Ux

V

)
ψx

)
x

=
Vxṽx
v

(p′(v)v − p′(V )V )− ṽx
ṽ
gx +

ψ2
xx

v
− Uxφxψxx

vV
.

(52)

Noting that for any ε > 0,

Vxṽx
v

(p′(v)v − p′(V )V )

≤ε |p
′(v)|
v

ṽ2
x + C(ε)V 2

x v
γ |p′(v)v − p′(V )V |2

≤ε |p
′(v)|
v

ṽ2
x + C(ε)V 2

xM
γm2γ+2φ2

x,

(53)

we can get by integrating (52) with respect to t and x over [0, t]×R and by employing
Lemma 3.3, (53) and Gronwall’s inequality that∥∥∥∥ ṽxṽ (t)

∥∥∥∥2

+

∫ t

0

∫
R

ṽ2
x

vγ+2
dxdτ

≤C
∥∥∥∥ ṽ0x

ṽ0

∥∥∥∥2

+ C
(
1 +M3γ+2m2γ+3δ4

){∥∥∥(φ0, ψ0,
√

Φ0, ψ0x

)∥∥∥2

+ δ
1
2

}
.

(54)

Since the assumption (47) implies that M3γ+2m2γ+3δ4 is bounded by some
generic positive constant independent of m, M , T , x and δ, we have from (54)
that

Lemma 3.4. If δ is suitably small such that (47) holds, it follows that∥∥∥∥ ṽxṽ (t)

∥∥∥∥2

+

∫ t

0

∫
R

ṽ2
x

vγ+2
dxdτ ≤ C

{∥∥∥∥(φ0, ψ0,
√

Φ0, ψ0x,
ṽ0x

ṽ0

)∥∥∥∥2

+ δ
1
2

}
. (55)

Now we turn to deduce the desired lower and upper bounds on v(t, x) in terms
of the initial perturbation. Following Kanel’ [4], we now have the key lemma.

Lemma 3.5. Under the assumption that (47) holds, we have for each (t, x) ∈
[0, T ]× R that

C−1B
2

1−γ
0 ≤ v(t, x) ≤ CB2

0 (56)

with

B0 =
(∥∥∥(φ0, ψ0,

√
Φ0, ψ0x

)∥∥∥+ δ
1
4

)(∥∥∥∥(φ0, ψ0,
√

Φ0, ψ0x,
ṽ0x

ṽ0

)∥∥∥∥+ δ
1
4

)
. (57)

Proof. Note that

Φ̃(z) ∼

{
z, z →∞,
z−γ+1, z → 0.

(58)

We set

Ψ(ṽ) :=

∫ ṽ

1

√
Φ̃(z)

dz

z
(59)

and it is easy to see that

|Ψ(ṽ)| ≥ C
(
ṽ

1
2 + ṽ

1−γ
2 − 1

)
(60)
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holds for all 0 ≤ t ≤ T and thus we have from (49) and (55) that

|Ψ(ṽ(t, x))| =
∣∣∣∣∫ x

−∞

∂Ψ(ṽ)

∂y
(t, y)dy

∣∣∣∣
≤
∫
R

√
Φ̃(ṽ)

∣∣∣∣ ṽxṽ
∣∣∣∣ (t, x)dx

≤
∥∥∥∥√Φ̃(ṽ)(t)

∥∥∥∥∥∥∥∥ ṽxṽ (t)

∥∥∥∥ .
(61)

Having obtained (60), (61) and noticing that v± and u± are assumed to be indepen-
dent of δ and min{v−, v̄, v+} ≤ V (t, x) ≤ max{v−, v̄, v+}, (56) follows easily from
(49) and (54).

For the second order energy type estimates, since

ṽx
ṽ

=
φxx
v
− Vxφx

V v
, (62)

we have from Lemmas 3.3-3.5 that

‖φxx(t)‖2 +

∫ t

0

‖φxx(τ)‖2dτ ≤ C (δ, ‖(φ0, ψ0)‖2) . (63)

It is worth to pointing out that, unlike the positive constants in Lemmas 3.3-3.5,
the constant C (δ, ‖(φ0, ψ0)‖2) here in the right hand side of (63) depends on δ and
‖(φ0, ψ0)‖2.

As to the estimate on ‖ψxx(t)‖, we have by multiplying ∂x(19)2 by −ψxxx that{
1

2
ψ2
xx

}
t

+ {ψxxgx − ψxxψxt}x + µ
ψ2
xxx

v

=ψxxx (p(v)− p(V ))x + µψxxxψxx
Vx
v2

+ µ
ψxxxUxxφx

V v
+ µ

ψxxxUxφxx
V v

− µψxxxUxφx
(
Vx + φxx
V v2

+
Vx
V 2v

)
+ ψxxgxx + µψxxxψxx

φxx
v2

.

(64)

We only show how to estimate the term corresponding to the last one in (64) in the
following, since the rest is easier. To do so, by Sobolev’s inequality and Young’s
inequality with ε, it holds that∫ t

0

∫
R

∣∣∣ψxxψxxxφxx
v2

∣∣∣dxdτ

≤m2

∫ t

0

‖ψxxx(τ)‖ 3
2 ‖ψxx(τ)‖ 1

2 ‖φxx(τ)‖dτ

≤ 1

2M

∫ t

0

‖ψxxx(τ)‖2dτ + C(m,M, δ) sup
0≤τ≤t

‖φxx(τ)‖4
∫ t

0

‖ψxx(τ)‖2dτ,

(65)

where the last term on the right-hand side of (65) can be controlled by (44) and
(63).

Thus, integrating (64) with respect to t and x over [0, t] × R, we have from
Lemmas 3.3-3.5 that

Lemma 3.6. If δ is suitably small such that (47) holds, it follows that

‖ψxx(t)‖2 +

∫ t

0

‖ψxxx(τ)‖2dτ ≤ C (δ, ‖(φ0, ψ0)‖2) . (66)
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With the above preparations in hand, we now turn to prove Theorem 1.1. Notic-
ing (62) and the fact Φ0(x) ≤ C(|V (0, x)|−γ−1

+ |v0(x)|−γ−1
)φ2

0x, we first deduce
from (30) and the assumptions (H0) and (H2) that∥∥∥√Φ0

∥∥∥ ≤ C(1 + δ−(γ+1)`/2)‖φ0x‖,
∥∥∥∥ ṽ0x

ṽ0

∥∥∥∥ ≤ Cδ−`(‖φ0xx‖+ δ2‖φ0x‖).

Hence, if (25) and (26)2 hold, then for 0 < δ < 1,∥∥∥(φ0, ψ0,
√

Φ0, ψ0x

)∥∥∥+ δ
1
4 ≤ Cδmin{α− γ+1

2 `, 14}

and ∥∥∥∥(φ0, ψ0,
√

Φ0, ψ0x,
ṽ0x

ṽ0

)∥∥∥∥+ δ
1
4 ≤ Cδ−(β+`).

Now we prove Theorem 1.1 by exploiting the continuation argument. Apply-
ing Proposition 2, we find a positive constant t1, which depends only on δ and
‖(φ0, ψ0)‖2, such that the Cauchy problem (19) admits a unique solution (φ, ψ) ∈
Xm0,M0

(0, t1) with m0 = 2−1C−1
1 δ` and M0 = 2C1(1 + δ−`), which satisfies (33) for

each 0 ≤ t ≤ t1. Hence we have from (25) and Sobolev’s inequality that

Nψ(t1) = sup
[0,t1]

‖ψ(t)‖L∞(R) ≤ sup
[0,t1]

‖ψ(t)‖ 1
2 ‖ψx(t)‖ 1

2 ≤ 2C2δ
α.

Consequently,

m−γ−3
0 M2γ+2

0

(
Nψ(t1) + δ2

)
≤ Cδmin{α,2}−(3γ+5)`.

Thus if (26)1 holds, we can choose a sufficiently small constant δ1 < 1 such that if
0 < δ ≤ δ1, the assumptions imposed in Lemmas 3.1-3.6 hold with T = t1, m = m−1

0

and M = M0. Thus we have from (56) that

C−1
4 δ

2
1−γ (min{α− γ+1

2 `, 14}−(β+`)) ≤ v(t, x) ≤ C4δ
2(min{α− γ+1

2 `, 14}−(β+`)) (67)

holds for each 0 ≤ t ≤ t1, and from (48), (49), (63) and (66) that

‖ψ(t)‖1 ≤ C5δ
min{α− γ+1

2 `, 14} (68)

and

‖(φ, ψ)(t)‖22 +

∫ t

0

(
‖φx(τ)‖21 + ‖ψx(τ)‖22

)
dτ ≤ C (δ, ‖(φ0, ψ0)‖2) (69)

hold for each 0 ≤ t ≤ t1. Next if we take (φ(t1, x), ψ(t1, x)) as the initial data,
we can deduce by employing Proposition 2 again that the unique local solution
(φ(t, x), ψ(t, x)) constructed above can be extended to the time internal [0, t1 + t2]
and satisfies

‖ψ(t)‖L∞(R) ≤ ‖ψ(t)‖1 ≤ 2‖ψ(t1)‖1 ≤ 2C5δ
min{α− γ+1

2 `, 14}

and

2−1C−1
4 δ

2
1−γ (min{α− γ+1

2 `, 14}−(β+`)) ≤ v(t, x) ≤ 2C4δ
2(min{α− γ+1

2 `, 14}−(β+`))

for each t1 ≤ t ≤ t1 + t2. Thus,

Nψ(t1 + t2) ≤ max
{
Nψ(t1), 2C5δ

min{α− γ+1
2 `, 14}

}
≤ C6δ

min{α− γ+1
2 `, 14}.

Set

m1 = 2−1C−1
4 δ

2
1−γ (min{α− γ+1

2 `, 14}−(β+`))

and

M1 = 2C4δ
2(min{α− γ+1

2 `, 14}−(β+`)).
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Then one can easily deduce that if the parameters α > 0, β and ` satisfy (26)3,
then there exists a sufficiently small δ2 > 0 such that if 0 < δ ≤ δ2, the assumptions
listed in Lemmas 3.1-3.6 are satisfied with T = t1 + t2, m = m−1

1 and M =
M1. Consequently, (67), (68) and (69) hold for each 0 ≤ t ≤ t1 + t2. If we take
(φ(t1 + t2, x), ψ(t1 + t2, x)) as the initial data and employ Proposition 2 again, we
can then extend the above solution (φ(t, x), ψ(t, x)) to the time step t = t1 + 2t2.
Repeating the above procedure, we thus extend (φ(t, x), ψ(t, x)) step by step to the
unique global solution and (67), (68) and (69) hold for all t ≥ 0. This completes
the proof of Theorem 1.1.

4. Some remarks. This section is concerned with two remarks on Theorem 1.1.
The first is an application of Theorem 1.1 to the initial-boundary value prob-
lem of the one-dimensional compressible Navier-Stokes equations with impermeable
boundary condition and the second is concerned with the nonlinear stability of a
single viscous shock profile for the case when the far fields of the initial data may
depend on the strength of the viscous shock wave.

To make the presentation easy to read, we divide this section into two subsections
and the first one is devoted to the initial-boundary value problem (29).

4.1. An application to the impermeable wall problem. For the impermeable
wall problem (29), since u+ < 0, there exists a unique vm > 0 such that (v+, u+) ∈
S2(vm, 0) and the large time behavior of its global solutions (v(t, x), u(t, x)) can be
described by the viscous shock wave of the second family. Such an expectation is
justified rigorously by Matsumura and Mei in [10] and it is shown in [10] that the
solution tends to the 2-viscous shock wave connecting (vm, 0) with (v+, u+) as t
goes to infinity, where the constant vm is uniquely determined by the Rankine-
Hugoniot condition (8) so that (vm, 0) is located on the 2-shock curve passing
through (v+, u+), provided that the viscous shock wave is initially far away from the
boundary and both the H2(R+)−norm of the initial perturbation and the strength
of the viscous shock wave are sufficiently small. The main purpose of this subsection
is to show that our main result Theorem 1.1 can be applied to this problem and we
can deduce a similar nonlinear stability result without assuming that the viscous
shock wave is initially far away from the boundary and for a class of large initial
perturbation which allow that specific volume v(t, x) to have large oscillation.

To this end, as in [15], we reformulate the half space problem (29) into a spe-
cial case of the initial value problem (1)-(2) with (v(0, x), u(0, x)) = (v̄0(x), ū0(x)),
(v−, u−) = (v+,−u+) and (v̄, ū) = (vm, 0). Here

v̄0(x) =

{
v0(x), x ≥ 0,

v0(−x), x ≤ 0,
ū0(x) =

{
u0(x), x ≥ 0,

−u0(−x), x ≤ 0.
(70)

Since (v+, u+) ∈ S2(vm, 0) implies (vm, 0) ∈ S1(v+,−u+), the system (1) admits
a viscous shock wave (Vi(x − sit), Ui(x − sit)) of the i−family, which connects
(v−,−u+) with (vm, 0) for i = 1 and (vm, 0) with (v+, u+) for i = 2, respectively.
The strengths of these two viscous shock waves satisfy δ1 = δ2 = |vm − v+| with
speeds

si = (−1)i
u+

vm − v+
= (−1)i

√
v+ − vm

p(vm)− p(v+)
, i = 1, 2.

It is easy to see that if v+ is independent of δ = |u+|, one can easily deduce that

C−1δ ≤ δ1 = δ2 ≤ Cδ (71)
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holds for some δ−independent positive constant C.
Noticing that

V1(ξ) = V2(−ξ), U1(ξ) = −U2(−ξ), ∀ ξ ∈ R, (72)

we have

A :=

∫
R

(v̄0(x)− V1(x)− V2(x) + vm) dx

=

∫
R

(v̄0(x)− V2(−x)− V2(x) + vm) dx

= 2

∫
R+

(v̄0(x)− V2(−x)− V2(x) + vm) dx,

(73)

B :=

∫
R

(ū0(x)− U1(x)− U2(x)) dx

=

∫
R

(ū0(x) + U2(−x)− U2(x)) dx

= 0.

(74)

If we choose the shifts αi (i = 1, 2) as

α1 = −α2 = − A

2δ1
(75)

and define{
V (t, x;α1, α2) = V1(x− s1t+ α1) + V2(x− s2t+ α2)− vm,

U(t, x;α1, α2) = U1(x− s1t+ α1) + U2(x− s2t+ α2),
(76)

we can deduce that∫
R

((v̄0, ū0)(x)− (V,U)(0, x;α1, α2)) dx = 0. (77)

(77) together with the conservative form of the equations for both (v(t, x), U(t, x))
and (V (t, x;α1, α2), U(t, x;α1, α2)) imply that we can define the anti-derivative of
the perturbation

(φ(t, x), ψ(t, x)) = −
∫ ∞
x

((v, u)(t, x)− (V,U)(t, x;α1, α2)) dx, (78)

and set
(φ0(x), ψ0(x)) = (φ(0, x), ψ(0, x)), ∀ x ∈ R. (79)

Then if we assume that

(H′1) There exists a δ−independent constant C > 0 such that |A| ≤ C and conse-
quently the shifts αi (i = 1, 2) and δi, the strengths of the i−viscous shock
profiles satisfy

C−1 ≤ δ1 = δ2 ≤ Cδ, α2 − α1 =
A

δ1
≤ Cδ−1 (80)

for some δ−independent constant C,

(v̄0(x)− V (0, x;α1, α2), ū0(x)− U(0, x;α1, α2)) ∈ H1(R) ∩ L1(R), (81)

(φ0(x), ψ0(x)) ∈ L2(R); (82)

(H′2) There exist δ−independent constants ` ≥ 0 and C > 0 such that

C−1δ` ≤ v̄0(x) ≤ C(1 + δ−`); (83)

(H′3) v+ is a positive constant independent of δ;
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(H′4) There exists δ−independent positive constants C, α, and β such that

‖(φ0, ψ0)‖H1(R) ≤ C2δ
α, ‖φ0xx‖L2(R) ≤ C2

(
1 + δ−β

)
; (84)

(H′5) The parameters α, β, and ` satisfies (26).

Then from Theorem 1.1, we can deduce that there exists a sufficiently small pos-
itive constant δ0 > 0 such that if 0 < δ ≤ δ0, the system (1) with initial data
(v(0, x), u(0, x)) = (v̄0(x), ū0(x)) admits a unique global solution (v̄(t, x), ū(t, x))
which satisfies

v̄(t, x) = v̄(t,−x), ū(t, x) = −ū(t,−x), ∀x ∈ R (85)

and

lim
t→∞

sup
x∈R
|(v̄(t, x)− V (t, x;α1, α2), ū(t, x)− U(t, x;α1, α2))| = 0. (86)

Setting

v(t, x) = v̄(t, x)|(t,x)∈R2
+
, u(t, x) = ū(t, x)|(t,x)∈R2

+
, (87)

it is easy to see that (v(t, x), u(t, x)) is a solution of the initial-boundary value
problem of (29) and the only thing left is to show that such a solution tends to
(V2(x− s2t+ α2), U2(x− s2t+ α2)) time asymptotically.

In fact, we have from (86) and the fact

|(V1 − vm, U1)(x− s1t+ α1)| ≤ |(V1 − vm, U1)(−s1t+ α1)| (88)

that
sup
x∈R+

|(v, u)(t, x)− (V2, U2)(x− s2t+ α2)|

≤ sup
x∈R+

|(v, u)(t, x)− (V,U)(t, x;α1, α2)|

+ sup
x∈R+

|(V1 − vm, U1)(x− s1t+ α1)|

≤ sup
x∈R+

|(v, u)(t, x)− (V,U)(t, x;α1, α2)|

+ |(V1 − vm, U1)(−s1t+ α1)| → 0, as t→∞,

(89)

which gives the desired stability result.

Remark 2. Although the assumptions (H′1)-(H′4) are imposed on the initial data
(v̄0(x), ū0(x)), it can be translated into similar conditions on (v0(x), u0(x)) which
are only defined on x ∈ R+.

4.2. Nonlinear stability of single viscous shock wave. This subsection is de-
voted to the nonlinear stability of a single viscous shock wave whose far fields may
depend on its strength. To deal with this case, we need a careful analysis of the
viscous shock waves. In fact, by mimicking the argument used in [11], we have

Lemma 4.1. Suppose that v− ∼ v+ ∼ δ`1 (`1 ≤ 1) (δ := |v+− v−|) and (v+, u+) ∈
Si(v−, u−), then there exists a viscous shock wave (V (x − sit), U(x − sit)) of (7)
which satisfies (V (±∞), U(±∞)) = (v±, u±) and is unique up to a shift. Moreover,
it holds that

|si| ≤ Cδ−
γ+1
2 `1 , |Vξ(ξ)| ≤ Cδ2− γ+1

2 `1 , |Uξ(ξ)| ≤ Cδ2−(γ+1)`1 . (90)

Here C > 0 is some positive constant independent of δ and throughout this paper,
a ∼ b means that there exists some δ−independent positive constant C > 0 such
that C−1b ≤ a ≤ Cb as δ → 0+.
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We assume without loss of generality that

(H4)



(v+, u+) ∈ S2(v−, u−),

(v0(x)− V (x− s2t), u0(x)− U(x− s2t)) ∈ H1(R) ∩ L1(R),∫
R
(v0(x)− V (x), u0(x)− U(x))dx = 0,

m−1
0 ≤ v0(x) ≤ m0, m0 ∼ δ−`2 , |`1| ≤ `2.

Remark 3. The assumption (H4)3 is nothing but the zero mass assumption.

Setting
(φ(t, x), ψ(t, x)) =

∫ x

−∞
(v(t, y)− V (y − s2t), u(t, y)− U(y − s2t)) dy,

(φ0(x), ψ0(x)) =

∫ x

−∞
(v0(y)− V (y), u0(y)− U(y)) dy,

(91)

it is easy to see that (φ(t, x), ψ(t, x)) solves
φt − ψx = 0, t > 0, x ∈ R,

ψt + p(V + φx)− p(V ) = µ
(
ψxx+Ux
φx+V −

Ux
V

)
, t > 0, x ∈ R,

(φ(0, x), ψ(0, x)) = (φ0(x), ψ0(x)), x ∈ R.

(92)

Before giving our main result, we first list some assumptions in the following:

(H5) In addition to the above assumptions, we assume further that the initial per-
turbation (φ0, ψ0) ∈ H2(R) satisfy

‖(φ0, ψ0)‖H1(R) ≤ C11δ
α, ‖φ0xx‖L2(R) ≤ C11(1 + δ−β) (93)

for some δ-independent positive constants C11, α and β;
(H6) `1, `2, α and β satisfy

|`1| ≤ `2, `1 < 1,

−(3γ + 5)`2 + min{α+ (γ + 1)`1, 2− (γ + 1)`1} > 0,

α+ γ−1
2 `1 − γ+3

2 `2 − β ≤ min{(γ − 1)`1,−`1},

α+ γ−1
2 `1 − γ+3

2 `2 − β > 1−γ
4γ2+2γ+2 min

{
α− γ+1

2 `2 + 7γ−1
4 `1, 2− 2`1

}
.

(94)

Our main result can be stated as in the following

Theorem 4.2. Assume that the conditions (H4)-(H6) hold, then there exists a
sufficiently small δ0 > 0 such that if 0 < δ ≤ δ0, the Cauchy problem (1), (2) has a
unique global solution (v(t, x), u(t, x)) which satisfies

(v(t, x)− V (x− s2t), u(t, x)− U(x− s2t)) ∈ C
(
[0,∞);H1(R)

)
,

v(t, x)− V (x− s2t) ∈ L2(0,∞;H1(R)),

u(t, x)− U(x− s2t) ∈ L2
(
0,∞;H2(R)

)
,

and there exists a positive constant C12, which is independent of δ, such that for
each (t, x) ∈ R+ × R,

C−1
12 δ

2α−(γ+3)`2−2β
1−γ ≤ v(t, x) ≤ C12

(
1 + δ2α−(γ+3)`2+γ`1−2β

)
. (95)
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Furthermore it holds that

lim
t→∞

sup
x∈R
|(v(t, x), u(t, x))− (V (x− s2t), U(x− s2t))| = 0. (96)

Now we outline the main steps to prove Theorem 4.2. Since in this case (V (x−
s2t), U(x−s2t)) is an exact solution of (16), (φ(t, x), ψ(t, x)) solves (19) with g ≡ 0.
Assume that such a Cauchy problem has a solution (φ(t, x), ψ(t, x)) ∈ X1/m,M (0, T )

for some T > 0. Without loss of generality, we assume that m, M ≥ Cδ−|`1|. To
use the continuation argument to extend it to a global one, we now turn to deduce
certain energy type a priori estimates on (φ(t, x), ψ(t, x)).

The key steps to prove Theorem 4.2 is to deduce certain estimates similar to
those obtained in Lemmas 3.1-3.6. Since the arguments to deduce these estimates
are completely similar to those used to derive Lemmas 3.1-3.6, we just outline the
main differences. Firstly, we have from |Vx| = s−1

2 |Vt| and (90) that V γ−2V 2
x ψ

2 ≤
Cδ2−2`1V γ |Vt|ψ2. Hence if `1 < 1 and if δ > 0 is sufficiently small, the second term
on the right-hand side of (39)1 can be controlled by the terms on the left-hand side
of (37). Then noting here g ≡ 0 and the fact that m,M ≥ Cδ−|`1| implies (38) and
(43), similar to the proof of Lemma 3.1, we have the following lemma.

Lemma 4.3. If l1 < 1and if 0 < δ < ε3 for some δ−independent positive constant
ε3, it holds that for each 0 ≤ t ≤ T ,

∥∥∥(φ, V γ+1
2 ψ

)
(t)
∥∥∥2

+

∫ t

0

∫
R
V γ
(
|Vt|ψ2 + ψ2

x

)
dxdτ

≤ C

{∥∥∥(φ0, δ
γ+1
2 `1ψ0

)∥∥∥2

+

∫ t

0

∫
R

ψ2
xx

v
dxdτ

+
(
mγ+2Nψδ

(γ+1)`1 +m2δ2−`1
)∫ t

0

‖φx(τ)‖2dτ
}
.

(97)

Next, we have from (42), (90) and (43) that

∥∥∥(√Φ, ψx,M
− γ+1

2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

ψ2
xx

v
dxdτ

≤ C

{∥∥∥(√Φ0, ψ0x

)∥∥∥2

+mγ+2δ2−(γ+1)`1

∫ t

0

‖φx(τ)‖2dτ
}
,

which together with (97) and m ≥ δ−|`1| yields

∥∥∥(φ, V γ+1
2 ψ,ψx,

√
Φ,M−

γ+1
2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

(
V γψ2

x +
ψ2
xx

v

)
dxdτ

≤C
{∥∥∥(φ0, δ

γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥2

+mγ+2
(
Nψδ

(γ+1)`1 + δ2−(γ+1)`1
)∫ t

0

‖φx(τ)‖2dτ

}
.
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Secondly, similar to the proof of (46), we can get that∫ t

0

‖φx(τ)‖2dτ

≤CmM2γ+2
∥∥∥(φ0, δ

γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥2

+ Cmγ+3M2γ+2
(
Nψδ

(γ+1)`1 + δ2−(γ+1)`1
)∫ t

0

‖φx(τ)‖2dτ.

Consequently, we have the following lemma.

Lemma 4.4. There is a positive constant ε4 independent of δ such that if

mγ+3M2γ+2
(
Nψδ

(γ+1)`1 + δ2−(γ+1)`1
)
≤ ε4, (98)

then it follows that∫ t

0

‖φx(τ)‖2dτ ≤ CmM2γ+2
∥∥∥(φ0, δ

γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥2

, (99)∥∥∥(φ, V γ+1
2 ψ,ψx,

√
Φ,M−

γ+1
2 φx

)
(t)
∥∥∥2

+

∫ t

0

∫
R

(
V γψ2

x +
ψ2
xx

v

)
dxdτ

≤ C
∥∥∥(φ0, δ

γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥2

,

(100)

and∥∥∥∥ ṽxṽ (t)

∥∥∥∥2

+

∫ t

0

∫
R
V 2 ṽ2

x

vγ+2
dxdτ ≤ C

∥∥∥∥(φ0, δ
γ+1
2 `1ψ0,

√
Φ0, ψ0x,

ṽ0x

ṽ0

)∥∥∥∥2

. (101)

Noticing that (50) implies that∥∥∥∥√Φ̃(ṽ)

∥∥∥∥ ≤ ‖V ‖ γ−1
2

L∞(R+×R)

∥∥∥√Φ(v)
∥∥∥ ≤ Cδ (γ−1)`1

2

∥∥∥√Φ(v)
∥∥∥ , (102)

the above three estimates together with the argument of Kanel’ [4], the proof of
Lemma 3.5, yield the following desired lower and upper bounds on v in terms of the
initial perturbation.

Lemma 4.5. If (98) holds, we have(
v(t, x)

V (x− s2t)

) 1−γ
2

+

(
v(t, x)

V (x− s2t)

) 1
2

≤ Cδ
γ−1
2 `1

∥∥∥(φ0, δ
γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥∥∥∥∥(φ0, δ
γ+1
2 `1ψ0,

√
Φ0, ψ0x,

ṽ0x

ṽ0

)∥∥∥∥ .
(103)

With the above results in hand, we now prove Theorem 4.2. Firstly note that if

α+ 2− γ + 3

2
`1 − `2 ≥ −`2 − β, α− γ + 1

2
`2 ≥ −`2 − β, (104)

and |`1| ≤ `2, then we have from (62) and (90) that∥∥∥(φ0, δ
γ+1
2 `1ψ0,

√
Φ0, ψ0x

)∥∥∥ ≤ Cδα− γ+1
2 `2 ,∥∥∥∥ ṽ0x

ṽ0

∥∥∥∥ ≤ Cδ−`2‖φ0xx‖+ δ2− (γ+3)
2 `1−`2‖φ0x‖ ≤ Cδ−`2−β ,

and ∥∥∥∥(φ0, δ
γ+1
2 `1ψ0,

√
Φ0, ψ0x,

ṽ0x

ṽ0

)∥∥∥∥ ≤ Cδ−`2−β .
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Applying Proposition 2, we can find t0 > 0 such that (92) has a unique solution
(φ, ψ) ∈ X1/m0,M0

(0, t0), which satisfies that m0,M0≤ Cδ−`2 , and

Nψ(t0) ≤ sup
[0,t0]

‖ψ(t)‖ 1
2 ‖ψx(t)‖ 1

2 ≤ 2‖ψ0‖
1
2 ‖ψ0x‖

1
2≤ Cδα.

So we have

mγ+3
0 M2γ+2

0

(
Nψ(t0)δ(γ+1)`1 + δ2−(γ+1)`1

)
≤ Cδ−(3γ+5)`2+min{α+(γ+1)`1,2−(γ+1)`1}.

Thus, if δ is sufficiently small, (94)2 implies (98) with T = t0, m = m0 and M = M0.
We have from (100) and (103) that

‖ψ(t0)‖L∞ ≤ ‖ψ(t0)‖ 1
2 ‖ψx(t0)‖ 1

2≤ Cδα−
γ+1
2 `2− γ+1

4 `1

and

C−1δ
2

1−γ (α+ γ−1
2 `1− γ+3

2 `2−β)+`1≤v(t0, x)≤ Cδ2(α+ γ−1
2 `1− γ+3

2 `2−β)+`1 .

By applying Proposition 2 again, there exists t1 > 0 such that (19) has a unique
solution (φ, ψ) ∈ X1/m,M (0, t0 + t1), which satisfies

m≤ Cδ
2

γ−1 (α+ γ−1
2 `1− γ+3

2 `2−β)−`1 , M≤ Cδ2(α+ γ−1
2 `1− γ+3

2 `2−β)+`1 ,

and
Nψ(t0 + t1)≤ Cδα−

γ+1
2 `2− γ+1

4 `1 .

Thus (94)3 implies m,M ≥ δ−|`1|. Here, we deduce from (94)2 and (94)3 that (104)
holds. Hence, it is easy to check that if (94) holds, we can choose δ > 0 so small
that (98) holds with T = t0 + t1. Therefore, the standard continuation argument
can be applied and our theorem will be proved.
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