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ABSTRACT. This paper is concerned with nonlinear stability of viscous shock
profiles for the one-dimensional isentropic compressible Navier-Stokes equa-
tions. For the case when the diffusion wave introduced in [6, 7] is excluded,
such a problem has been studied in [5, 11] and local stability of weak viscous
shock profiles is well-established, but for the corresponding result with large
initial perturbation, fewer results have been obtained. Our main purpose is to
deduce the corresponding nonlinear stability result with large initial perturba-
tion by exploiting the elementary energy method. As a first step toward this
goal, we show in this paper that for certain class of “large” initial perturbation
which can allow the initial density to have large oscillation, similar stability
result still holds. Our analysis is based on the continuation argument and the
technique developed by Kanel’ in [4].

1. Introduction. This paper is concerned with the precise description of the large
time behaviors of global solutions of the Cauchy problem of the one-dimensional
isentropic compressible Navier-Stokes equations in Lagrangian coordinates

v — Uy = 0, t>0, zeR,

1
ur +pv)e = (p%),,  t>0, z€R, .

v

with prescribed initial data

(U(va)7 u(oa Q?)) = (U0<.’L‘),UO($)), lim (’Uo(%%’do(a)‘)) = (via ui) : (2)

z—+o0

Here v > 0, u, and p(v) denote, respectively, the specific volume, the velocity, and
the pressure of the gas, while v4 > 0, ux, and the viscosity coefficient p > 0 are
given constants. To simplify the presentation, we assume that the gas is polytropic
and in such a case

p(v) =av™7, (3)
where v > 1 is the adiabatic exponent and a is a positive constant.

It is well-known that the large time behavior of the global solutions (v(t,z),
u(t, z)) of the Cauchy problem (1)-(2) is determined by the structure of the unique
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global entropy solution (v"(z/t),u"(x/t)) of the resulting Riemann problem
vy — Uz =0, t>0, reR,
us +p(v)z =0, t>0, z€R,

(4)

{(v_,u_), x <0,

(U(Oa ), ’U,(O, x)) =

(vy,ug), x>0.

Throughout this paper, we assume that the unique global entropy solution (v (x/t),
u"(x/t)) to the Riemann problem (4) is a superposition of a shock wave (v (x/t),
u®1(z/t)) of the first family and a shock wave (v°2(z/t), u”? (x/t)) of the second fam-
ily. That is, (v4,u4) € S152(v—,u_), where S153(v_,u_) := {(v,u); u <u_—(v—
v_)s;(v,v_), i = 1,2} with the speed s;(v,v_) = (=1)*/(p(v) — p(v-))/(v— — v).
By the standard arguments (cf. [17]), we see that there is a unique (7,@) €
Si(v_,u_) so that (vy,us) € S2(v,a), where S;(v_,u_) = {(v,u); v = u_ —
(v —v_)s;(v,v_), u < u_} is the i-shock curve passing through (v_,u_).

For such a case, the large time behavior of solutions of the Cauchy problem (1)-
(2) is described by the superposition of the suitably shifted viscous shock waves of
different family of the one-dimensional compressible Navier-Stokes equations (1).
Recall that the viscous shock wave, which connects the states (v, ;) and (v, u,)
smoothly with the speed s, is a special solution of (1) which has the form

(”U(t, x)au(tvx)) = (V(f), U(ﬁ))a §=uxz—st, (5)

and satisfies
(V(=00),U(=00)) = (v, u),  (V(+00),U(+00)) = (vy, ur). (6)
Plugging (5) into (1) yields
—sVe —Ue =0, £eR,
—sUg +p(V)e = (u%)ga §ER. @
Integrating (7) over (£o00,&) under the Rankine-Hugoniot condition
—s(vp — ;) — (up —uy) =0,
{ =5 (up —w) +p(v;) —p(u) =0,
we can then reduce the problem (7) to

U=wu—s(V—-uv)=u—s(V—u), £ ER,

psVe/V = p(v) = p(V) +5? (v = V) (9)

=p () —p(V) +5° (v, = V), (ER
Since (vy,uy) € Sa2(0,a) for some (v, ) € S1(v—,u_) and p(v) is a convex function
of v, it is easy to see that (cf. [5]) the problem (1) admits a 1-viscous shock

wave (Vi(z — s1t),Ur(z — s1t)) connecting (v_,u_) with (7,4) and a 2-viscous
shock wave (Va(x — sat),Ua(x — sat)) connecting (0,4) with (v4,u4), and both
of them are unique up to a shift. Here s; = s1(v_,7) < 0, s2 = s3(vy,0) > 0
and the strengths of the 1-viscous shock wave (Vi(x — s1t),Ur(x — s1t)) and the

2-viscous shock wave (Va(z — sat), Us(z — sat)) are denoted by §; := |[v_ — @] and
09 := |0 —wv4], respectively. Moreover, if we set ¢ := |uy —u_|, we can easily deduce
that

614 02 < C4, (10)
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where C' is some positive constant depending only on v_ and v4.

In this manuscript, we are concerned with the case when ¢; (i = 1,2), the
strengths of the i—viscous shock waves (V;(x — s;t),U;(z — s;t)) (i = 1,2), are
of the same order and in such a case, if we assume that

A= /(vo(w) —Vi(z) — Va(z) + 0)de < +o0 (11)
R
and
B = /(uo(x) — Uv(2) = Us(z) + a)de < +oo, (12)
R
then we can uniquely determine two constants a; and as
s9A+ B s1A+ B
op=—- ag=—-" 13
! 51(51 - 52) ? 52(51 - 82) ( )
such that
/ (o(2) — Vi (2 + a1) — Va(@ + ag) +7) d = 0,
. (14)

/R(UO(SC) —Ui(z+a1) — Us(z+ ) + u)dz = 0.

From (14), it is expected that the large time behavior of global solutions of the
Cauchy problem (1)-(2) is described by the superposition of the 1-viscous shock
wave (V1,U;) (x — s1t + a1) and the 2-viscous shock wave (Va,Us) (z — sat + az):

(V,U)(t, x5 01, a0) := (V1,Ur)(x — s1t + a1) + (Va, Us) (x — sot + a2) — (7, @). (15)

Note that (V;,U;)(z — s;t + ;) (i = 1,2) are exact solutions of the compressible
Navier-Stokes equation (1), while (V,U)(t, z; a1, a) just satisfies (1) approximately
as in the following

Vi—U, =0, t>0, reR,
U (16)
Ur+p(V)2 = (45%), — G t>0, z €R,
where
Uy Uie Use ~
g=p—t — = — =22 — p(V) + p(V1) + p(Va) — p(B). (17)

SRR VR 7
To use the compressibility of the viscous shock profiles, we need to use the anti-
derivative technique as in [2, 3, 5, 7, 12]. In fact, the conservative form of (1) and
(16) together with (14) tell us that we can define (¢(t, ), ¥ (¢, x)) by

x

(¢(t7 J}), w(t’ .Z')) = / (U(ta y) - V<t’ Y aq, 042)7 U(t, y) - U(t7 y;aq, a?)) dy) (18)

—00

and from (1) and (16), the original problem can be reformulated as

¢t — Yz =0, t>0, z€R,
et p(V+0) —p(V) = (G - ) +g. t>0,2€R, (19)
(¢(0a1?)71/1(0,$)) = (¢0(x)37/10(x))’ z €R,

Here

€T

(do(),Yo(x)) = / (vo(y) = V(0,y; a1, a2),uo(y) — U(0,y; 1, 0)) d. (20)

—0o0
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Under the above preparation in hand, our original problem can be transferred
into a stability problem: If the initial data (vo(x),uo(x)) of the Cauchy prob-
lem (1)-(2) is a suitable perturbation of (V(0,z; a1, as2), U(0,x; a1, as)), does the
Cauchy problem (1)-(2) admit a unique global solution (v(t, z), u(t,x)) which tends
to (V(t,x;a1,00),U(t, ;0q,2)) as t — c0? Or equivalently, if (¢o(x),wo(x)) be-
longs to the Sobolev space H2(R), does the Cauchy problem (19) admit a unique
global solution (¢(t,x), (¢, z)) whose L3°(R)-norm tends to zero as t — co? Recall
that according to whether H?(R)—norm of the initial perturbation (¢o(z), (7))
and/or 0; (i = 1,2), the strengths of the viscous shock waves, are assumed to be
small or not, the stability results are classified into global (or local) stability of
strong (or weak) viscous shock waves.

To deduce the desired nonlinear stability result by the elementary energy method
as in [5, 10, 12], it is sufficient to deduce certain uniform (with respect to the time
variable t) energy type estimates on the solutions (¢(¢, x), 9 (¢, z)) and the main diffi-
culty to do so lies in how to control the possible growth of (¢(t, ), 1 (¢, x)) caused by
the nonlinearity of the equation (19)s. For general v > 1, the arguments employed
in [5, 10, 12] is to use the smallness of both N(T') := supy<,<r [[(¢(t), ¥(t))|| 2 (w)
and §; (i = 1,2) to overcome such a difficulty. One of the key points in such an
argument is that, based on the a priori assumption that N(7T') is sufficiently small,
one can deduce a uniform lower and upper positive bounds on the specific volume
v(t, ). With such a bound on v(¢, ) in hand, one can thus deduce certain a priori
H?(R) energy type estimates on (¢(t, ), 1 (¢,x)) in terms of the initial perturbation
(¢o(x),¥o(x)) provided that the strengths of the viscous shock waves are suitably
small. The combination of the above analysis with the standard continuation argu-
ment yields the local stability of weak viscous shock waves for the one-dimensional
compressible Navier-Stokes equations. It is easy to see that in such a result, for
all t € R, Osc v(t) 1= sup,cp v(t,z) — infyer v(t, x), the oscillation of the specific
volume v(t, z), should be sufficiently small.

For the global stability of viscous shock waves, the story is quite different and
as pointed out in [1, 13, 14, 16] where the global stability of rarefaction waves for
the one-dimensional compressible Navier-Stokes equations is investigated, the main
difficulty lies in how to deduce the uniform lower and upper bounds on the specific
volume v under large initial perturbation.

As a first step to achieve this goal, we will show that the weak viscous shock
waves are nonlinear stable for a class of large initial perturbation which can allow
the specific volume v(t, ) to have large oscillation. This type of result is motivated
by the special structure of the system (1), which suggests that the nonlinearities
involved are mainly caused by the specific volume v. Hence, when we deal with
such a problem by exploiting the energy method, the key step lies in how to deduce
a uniform positive lower bound and a uniform upper bound for the specific volume
v. It is worth pointing out that the argument developed by Kanel’ in [4] plays an
essential role in our analysis.

Now we turn to state our main result. First we list some assumptions on the
initial data (vg(z),uo(x)), the strengths of the viscous shock waves d1, 2, and the
shifts a1, as as in the folowing:

(Hp) there exist d—independent constants £ > 0 and C; > 0 such that
Oy 1" <wolz) < Ci(1+67); (21)

(H1) (v4,uy) € S152(v—,u_) and (7,a) € S1(v_,u_) such that (v, uy) € So(7, @);
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(Hz) v— and vy are positive constants independent of &;
(Hs3) the strengths of the viscous shock waves d1, d2, the shifts a1, ag defined by
(13) and the initial data (vo(z), ug(z)) are assumed to satisfy

(vo(z) — V(0,25 a1, ), up(x) — U(0, z; 1, a2)) € H(R) N L*(R), (22)

(¢o(), ¥o()) € L*(R), (23)
and for some positive constant Cy independent of 4,
00_152 < 51 < 0052, ag —aq < 00571, as 0 — 0+. (24)

Under the above assumptions, we have
Theorem 1.1. In addition to the assumptions (Hp)-(Hs), we assume further that
(@0, Yo)llmr(r) < C20%,  ||dowallp2®) < Co(l+ 57 (25)

hold for some d—independent positive constants Cs, a and B. If the parameters {, «
and B are assumed to satisfy

(3y +5)¢ < min{2, a},

min{a—%ﬂﬁ,i}ﬁf—kﬂ, (26)
2

Bt < g min{a - 355, 1},

then there exists a switably small 69 > 0 such that if 0 < § < &g, the Cauchy problem
(1)-(2) has a unique solution (v(t,x),u(t,x)) satisfying

(v(t,z) = V(t,z; a1, 9),u(t,z) — U(t,x;a1,0)) € C ([O, 00); Hl(]R)) ,
v(t,x) — V(t, 2500, a0) € L? (0,00;Hl(R)) ,
u(t,z) — U(t, z;01,a2) € L* (0, 00; H*(R)) ,

and
C;laﬁ(min{a—%ﬂé,i}—(ﬁ-‘rf)) < U(t,x) < Cg(]. +5min{2a7(7+1)f,%}72(['3«%)) (27)
for some positive constant Cs independent of §. Furthermore, it holds that

lim sup |(U(ta .I‘), U(t, 33)) - (V(t7 €T;an, d, U(tv T;ar, 052))| =0. (28)
t—o00 zER

Remark 1. Several remarks concerning Theorem 1.1 are listed below:

e It is easy to see that the set of the parameters a > 0, 8 > 0, £ > 0 which
satisfy the assumption (26) is not empty. In fact, let £ = 0, a < %, one can
deduce that (26) is equivalent to o < 8 < gziima, and the existence of
such o and g is easy to verify.

o If the parameter «, 3, ¢ satisfy min{2a — (y+ 1)¢,1/2} < 2(8 + ¢), then for
0 > 0 sufficiently small, we can deduce from (27) that for each fixed ¢ > 0,
Osc v(t) = sup,epv(t, ) — infyerv(t, x), the oscillation of v(t,z), can be
large.

e For the nonlinear stability of the superposition of viscous shock profiles of
different families, Theorem 1.1 asks that §; (i = 1,2), the strengths of the two
viscous shock profiles, are of the same order and ay — o, the difference of the
shifts of the two viscous shock profiles, is bounded from above by 67!, i.e.,

the assumption (24) holds. Such a condition is motivated by our study on the
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nonlinear stability of viscous shock profile to the impermeable wall problem
for the system (1) on the half line

vtfuz:(), reR,, teRy,

ug + p(v :(ﬂ%)x, re€Ry, teRy,
(v(0,2),u(0,2)) = (vo(x), uo(x)), z >0, (29)

Jim (vo(2), uo(x)) = (v4, us), vy >0, uyp <0,

u(t,0) =0, t>0.

For details, see Section 4.

e For the simplicity of presentation, we assume that v_ and v4, the far fields
of vg(x), are independent of §. For the case when the large time behavior of
the global solution of (1) is described by a single viscous shock profile, similar
result can also be obtained even when the far fields of vy(z) depend on §. An
outline of the result will be given in Section 4.

e Similar result for the non-isentropic but ideal polytropic one-dimensional com-
pressible Navier-Stokes equation holds provided that v, the adiabatic expo-
nent, is sufficiently close to 1.

e In our results, we only consider the cases when either the initial perturbation
is general but the asymptotics is described by the superposition of viscous
shock profiles of different families whose strengths are of the same order, or
the asymptotics is determined by a single viscous shock profile but with zero
mass condition. In both cases, the diffusion wave introduced by T.-P. Liu
in [6, 7] is excluded. For the corresponding nonlinear stability results with
general but small perturbation for the system (1), the interested readers are
referred to [3, 6, 7, 8, 18] and the references cited therein.

This paper is arranged as follows. After listing some notations in the rest of this
section, the properties of the viscous shock wave will be stated in Section 2, the
proof of Theorem 1.1 is given in Section 3 and some remarks concerning the third
and forth points listed in Remark 1 are given in Section 4.

Notations. Throughout this paper, ¢ and C' are used to denote some generic
positive constants which are independent of §, the strength of the viscous shock
wave. Note that these constants may vary from line to line. C(-,-) stand for some
generic constants depending only on the quantities listed in the parenthesis.

For function spaces, L2(Q2)(1 < ¢ < o0) denotes the usual Lebesgue space on Q C
R with norm ||-|| e (), while H4(€2) denotes the usual Sobolev space in the L? sense
with norm ||-|| a(q). To simplify the presentation, we use ||-|| and ||-||; to denote
[-lz2®) and ||-[| fra(r), respectively.

Finally, (V(t,x),U(t,z)) will be used to denote (V (¢, x; a1, a0),U(t, z; a1, z))
in the rest of this manuscript for notational simplicity.

2. Viscous shock waves. This section is devoted to collecting some basic proper-
ties of the viscous shock waves (V;(t,x), U;(t,z)) (i = 1,2) and their superposition
(V(t,x), U(t,x)).

The first result is concerned with the existence of the viscous shock profiles
(Vi(x — sit), Ui(x — sit)) (i = 1,2) together with their decay estimates as x — s;t —
+o0.
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Proposition 1. Assume that the assumptions (Hy)-(Hs) hold, then (1) admits a
viscous shock wave (Vi(x — s1t), Ur(x — sat)) of the first family connecting (v_,u_)
with (T, @) with speed s and a viscous shock wave (Va(x — sot), Ua(x — sat)) of the
second family connecting (0,a) with (vy,uy) with speed s, and both of them are
unique up to a shift. Moreover, there exist positive constants ¢ and C which depend
only on v— and vy, such that, fori=1,2,

|(V1(€) — 0, U1 (&) — u)| < Coe—cdrlél] VeSO,

[(Va(€) = 3,Us(€) — @)| < CdyemIel, vE<O,
VI < CVi(§) —v-[Vi(§) —v], VEER, (30)

V2] < CVa(§) —v|[Va(§) —v4|, VEER,

Ul(€) <0, V& eER,

[(U(6), V{'(€), U/ (€)] < C V] (&) < CoZemilel, VEeER.

Although in our case, vo(xz) may depend on 4, the assumption (Hs) implies
that v_ and v; are independent of § and hence the proof of Proposition 1 follows
essentially the argument used in [3]. We thus omit the details for brevity.

Our next lemma is concerned with an estimate on ¢(¢,z) which will play an
important role in performing the energy estimates.

Lemma 2.1. Under the assumption (24), we have that there exists a d-independent
constant C' > 0 such that

[ lsnaes et [T ool + o< st @
0 0

Proof. We only consider the case a1 < s in the following since the other case can
be treated similarly. We note that

lg(t,z)| < C|Vi(z — sit +a1) — 9] [Va(z — sat + ) — 7],

32
(g 920) (6, 2)] < C (81 + 82) [Vl — s1t + ) — 5] [ V(e — 5ot +a0) — 5. )

Then we divide the upper plane Ry x R into the following six regions

Y ={(t,r): 0<t<ty, < sat — g},

Qo ={(t,z): 0<t<ty, st —ap <w < 51t —aq},
Qs ={(t,x): 0<t<to, z>s1t—},
Qy={(t,x): t>tg, x <81t —aq},

Qs ={(t,z): t>tg, st — a1 <z < sot — g},

Q6 = {(t,z) : t >ty, x> sot — an},

with g = (a2 — a1)/(s2 — s1). With such a partition of the upper plane Ry x R
in hand, (31) can be verified easily by exploiting Proposition 1 and (32). This
completes the proof of Lemma 2.1. O
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3. The proof of Theorem 1.1. This section is devoted to proving Theorem 1.1.
To this end, we first define the function space in which we find the solutions

(6(t,2),9(t,2)) € C ([0, T]; H*(R))
¢o(t,z) € L* (0,T; H(R)),
Ve (t,z) € L2 (0,T; HA(R)) ,
m < V(t,x)+ ¢ (t,z) <M

XTVMM(O’T) = (¢(t,$),¢(f,$))

and the local solvability of the Cauchy problem (19) in such a function space can
be stated as in the following

Proposition 2. Let (¢o(z),v0(7)) be in H?(R) and assume that m < V(0,z) +
¢oz(x) < M holds for each © € R, then there exists to > 0 depending only on
m, M and ||(¢o,%0)|l2 such that (19) has a unique solution (¢(t,x),¥(t,x)) €
Xmy2,2m(0,t0) which satisfies for each 0 <t < to that

[ < 2[voll,  N¥2(®I < 2l[voall,  [1(#,9)(#)ll2 < 2[(o, o)ll2- (33)

Assume that the local solution (¢(¢,x),%(t,)) constructed in Proposition 2 has
been extended to the time step t = T > t3. In order to show that T = oo, we
now turn to deduce certain energy type a priori estimates on (¢(t, z), 1 (t, x)) based
on the a priori assumption that (é(t,z),¥(t, x)) € X1/m,a(0,T) for some positive
constants m and M and consequently

% <V(t,z)+ ¢ (t,x) =v(t,z) < M, V(t,z)€[0,T] xR. (34)

Before doing so, we first recall that throughout this manuscript ¢ and C are used
to denote some generic positive constants independent of T, m, M and §. Besides,
we will often use the notation (v,u) = (V + ¢5,U + 1), though the unknown
functions are ¢ and ¢. Moreover, we denote here Ny (T") := supyg 17 [[¢(t)| 2, or
by Ny for simplicity. Without loss of generality, we can assume that m > 1 and
M >1.

Our first result is concerned with the basic energy estimate, which is stated in
the following lemma.

Lemma 3.1. There exists a sufficiently small positive constant €1 independent of
& such that if 0 < § < €1, then it holds for each 0 <t < T,

II(¢,w)(t)||2+/ /(|W|¢2+w§)dxdrg c{||(¢0,¢0)||2+5%

2 ; (35)
o[ Bearar s oo o) [ouioar)
0
Proof. Firstly, rewrite (19)2 (second equation of (19)) as
e+ (V) — uw‘iz
(36)

== () =p(V) =9'(V)ds) = =7 = = n7

+g.
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Multiplying (19); and (36) by ¢ and —p/(V) "1, respectively and adding these two

equations, we discover

1, 1 51 ') 2 Mo s
{2¢ 2w ()" } I A {W PV
(n Y ooV ¥

- (p/(v)v> Vahihsy + (p( ) p(V) p (V)(bw) p/(v)

Vorber | V6V g
Ve Ve Ty vy
Integrating the above identity with respect to ¢ and x over [0,¢] x R yields

H(¢ W“’) (t)HQJr/ot/RV”(IWIw2+w§) dzdr

+

<CH(¢0’ (0,0 H +0/ /|V” "Waihtp, | dadr
I
o /Ot /R!V”“ (p(v) = p(V) =P (V)a) | dard

Iz

+C/t/ VY (Wdotbual +196:Uel) | o o /t/ VI gg|dadr .
0 JR —

v

I3 Iy
Noticing that C62 > -V, = —U, > 0 and

1 1
1p(v) = p(V) — P (V)| = 62 / / P (01050 + (1 — 0,05)V)d0d05
0 0
< Om72¢2,

we have from Cauchy’s and Holder’s inequalities and (31) that

t t
I <e / / VYp2drdr + C(€) / / V2V 2% dadr,
0 JR 0 JR

t
Iy <CNym ' +2 / / VIt 2 dadr,
t
I3 g/ mdszJre/ /V7|U [?dxdr
0
+ CNym / / V¥ ¢2dxdr + Cm? / / VU, |p2dxdr
0 JR 0 JR

t St .
1< [ VI, e [V 00| lallar

’Y+ 2
<V s +c/ V)| g

Here € > 0 is a sufficiently small positive constant.

(37)

(39)

Since v_ and vy are independent of § and d is assumed to be sufficiently small,
we can deduce that V(¢,2) can be bounded from both below and above by some
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positive constants independent of 4. With such an observation in hand, we can
deduce that, for some sufficiently small positive constant e€; > 0, if § is suitably
chosen such that the condition listed in Lemma 3.1 is satisfied, (35) can be proved
by substituting the above estimates on I (j = 1,2, 3,4) into (37) and by employing
the Gronwall inequality. This completes the proof of Lemma 3.1. O

Next, differentiating (19) with respect to z once and multiplying the two resulting
identities by (p(V) — p(v)) and ., respectively, we can get by adding the final
results that

2
{cb + ;wi} + e 4 {wm <p(v) (V) = p¥em HUff%)}
t x

v vV

(40)
ZM%V%‘T +Yeg: — Vi (p(v) = p(V) = ' (V)¢2)
where
& = 0(0.V) =)0 = V) - [ sy (41)
Tntegrating (40) over [0, ] x R, we have from (38) and Cauchy’s inequality that
|(v,v.) (t)H2 + /Ot i wf””dxdr

<c )| (V@) [+ [ [ wellnlasar (42

! U2 +2 2

with q)o = (I)|t:0- NOtil’lg that

1 1
®(v,V) = —qbi/ / 019" (1 — 0201)V + 020,0)dh1d0y > CM 12 (43)
0 0

and
t t t
t//wmmmws/w%ww%vWM+/n%mwn
0 R 0 0

we can deduce from (42), (31) and Gronwall’s inequality that

H (V& ve M5 0,) (t)H2 + /Ot i wf‘”dwdr

of| (Vi)

Since m > 1, a suitably linear combination of the above inequality with (35) yields

2 t
‘ + (m726% + mé*) / | pe(T)||2dT + 63} .
0

Lemma 3.2. If§ is suitably small, then it holds for each 0 <t < T that

2

(@ o) o + [ [ (4242 asar
SC{H(%,%, \/@J/m)

X | (44)
[+ ot 2 (Nw+52)/ ||¢x(r)||2d7-}.
0
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We now turn to deal with the term fg |l (7)||*d7. For this purpose, we have
from (19)2 that

(oo 92— 10205 g ().
1 2
_ / 2 :u‘Ur(ybac
_ /0 PV +600,)d057% — 2%

1
> / PV + 06,)d062 > CM 7162,
0

Here we have used the a priori assumption (34) and the fact that U,(t,x) < 0.
Integrating the above inequality with respect to ¢ and x over [0,¢] x R, we have
from Cauchy’s and Holder’s inequalities that

. t
e | |¢>I<T>||2dT<c{||¢x<t>|||w<t>||+||¢0x||||wo|+ JRCCIR:
0 0

t 2 t
s [ St dnar s sup oo [ |g<7>||d7},
o JR U 0<r<t 0

which implies from (31) and (44) that

/t [ (T)[|?dT <CmM>7+? {H <¢o,¢07 Vo, T/Jom)
0

(45)

‘2 + o3 }
. (46)
L OmTME (N + 62) /0 6 ()] 2.
And we have the following result
Lemma 3.3. There exists a §—independent positive constant e such that if
m M2 (N, 4+ 6%) < e (47)

holds true, then we have for each 0 <t < T that

/Ot l62(r)l2dr < Cmar®+ {H (0: 0. Vo, 0 )

2 1
|+ 52} (48)
and

(v o) o + [ [ (4242 aoar
<C{H(¢Oﬂ/’07\/¢70ﬂ/)0z) I +5%}.

To deduce a lower bound and an upper bound on v(t,z), as in [13], we set
9 :=v/V. Then ®(v, V) can be reformulated as

(49)

O, V)=aV P (0), ®0)=0-1+ % (o —1). (50)

Moreover we can rewrite (19)s as

(1% =) =000 =007, == G1)
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Multiplying (51) by 0, /9, we have

{g <1ZC>2_WQZE} _V2w@§+(<?_%)%>z (52)

Y oyl (V)Y - g, 4 Yo Uefeti
Noting that for any € > 0,
B 4 (o)o — i (V)V)
§€|p/f;v)|ﬁi + OV I (o = o' V)V (53)
<0l 1 ogvzarmn g,

we can get by integrating (52) with respect to t and = over [0, t] xR and by employing
Lemma 3.3, (53) and Gronwall’s inequality that

2 t {)2
+/0 /R 2 dadr
2 9 .
+C (1 + M37+2m27+354) {H <¢07¢07 V @0»1/1095) ‘ + 52} .
Since the assumption (47) implies that M372m27+3§% is bounded by some

generic positive constant independent of m, M, T, x and 0, we have from (54)
that

v

" ()

-z
v

5 (54)
oz

<C

Vo

Lemma 3.4. If § is suitably small such that (/7) holds, it follows that

2 t ~9 ~
’UI Vox
Jr/0 /]R m+2d$d7 <C {H <¢071/J07 V @0, Yo, 50)

Now we turn to deduce the desired lower and upper bounds on v(¢, ) in terms
of the initial perturbation. Following Kanel’ [4], we now have the key lemma.

% (1

2+5é}. (55)

Lemma 3.5. Under the assumption that (47) holds, we have for each (t,z) €
[0,7] x R that

C™'B; 7 <w(t,x) <CB} (56)
with

By = (H (¢07¢07 Vo, ¢0x)

Proof. Note that

’ +5%) <H (¢07¢05 \/@ﬂ/’o;ca {g)oz) H + 631) . (57)

. z z — 00
P(z) ~< ) ’ 58
(2) {z"YH, z — 0. (58)

v = [ oo (59)

We set

and it is easy to see that
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holds for all 0 <t < T and thus we have from (49) and (55) that

/_; 6\;;@ o

1}

= (t,2)de (61)

Having obtained (60), (61) and noticing that vy and uy are assumed to be indepen-
dent of § and min{v_,v,v;+} < V(t,2) < max{v_,7,v4}, (56) follows easily from
(49) and (54). O

For the second order energy type estimates, since

= = == 2
v v Vo ’ (6 )

we have from Lemmas 3.3-3.5 that

16aa (8)] +/0 [¢aa(T)|I2dT < C (8, [|(d0, to)l2) - (63)

It is worth to pointing out that, unlike the positive constants in Lemmas 3.3-3.5,
the constant C (6, ||(¢o,%0)]||2) here in the right hand side of (63) depends on ¢ and

(0, %0)|l2-
As to the estimate on ||¢..(t)||, we have by multiplying 9,(19)2 by —t);., that

2

1 2 TTT

K Vo Tt Vv (64)
¢m

Va:

Vo + ¢aa
TV V2
We only show how to estimate the term corresponding to the last one in (64) in the

following, since the rest is easier. To do so, by Sobolev’s inequality and Young’s
inequality with e, it holds that

)

§m2/ e (T2 o0 (7112 | G () 1 (65)

Poatons 22 |dodr
v

M 4 2
<517 | Wl + €m0 sup oDl [ oot P

where the last term on the right-hand side of (65) can be controlled by (44) and
(63).

Thus, integrating (64) with respect to ¢t and z over [0,t] x R, we have from
Lemmas 3.3-3.5 that

Lemma 3.6. If § is suitably small such that (/7) holds, it follows that

wﬁwW+An%mmes0@M%wmm. (66)
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With the above preparations in hand, we now turn to prove Theorem 1.1. Notic-
ing (62) and the fact ®g(z) < C(|V(0,2)| """ + |vo(z)| ") ¢2,, we first deduce
from (30) and the assumptions (Hp) and (Hs) that

| V& < 14670
Hence, if (25) and (26)2 hold, then for 0 < d < 1,

H (¢0,¢07 Vo, %x)

’DO$
U

< O ([ powa | + 8[| Poel)-

o+l

""5% S Camin{o&—T&i}

and

(¢07¢07 Vo, Yo, vf”) H 461 < 5B+,

Vo
Now we prove Theorem 1.1 by exploiting the continuation argument. Apply-
ing Proposition 2, we find a positive constant ¢;, which depends only on ¢ and
[l(¢0,%0)]||2, such that the Cauchy problem (19) admits a unique solution (¢, 1)) €
Xomo. o (0,11) with mg = 27107 16¢ and My = 2C; (1 +6~°), which satisfies (33) for
each 0 < ¢ < t;. Hence we have from (25) and Sobolev’s inequality that

Ny(tr) = sup [0 (1) cay < sup (DI sa ()] < 20:0°.

Consequently,
ma'y—3Mg’y+2 (Nw(tl) + 62) < C(smin{a,Q}—(3’y+5)€.

Thus if (26); holds, we can choose a sufficiently small constant 6; < 1 such that if
0 < 6 < 41, the assumptions imposed in Lemmas 3.1-3.6 hold with T' = ¢, m = mgl
and M = Mj. Thus we have from (56) that

Cﬁ;lé%(min{a—%ﬂé,%}—(ﬁ+€)) < v(t,x) < C452(min{a77T+1f,i}*(,3+€)) (67)
holds for each 0 < ¢ < ¢y, and from (48), (49), (63) and (66) that
infa_afly 1
loll, < Cgminle—5 04 (68)

and

(6, %) (#)ll3 +/0 (Io2(M1E + [l ()3) dr < C (3, [[(¢0s o)) (69)

hold for each 0 < ¢t < t;. Next if we take (¢(t1,x),%(t1,2)) as the initial data,
we can deduce by employing Proposition 2 again that the unique local solution
(p(t,x), 9 (t, x)) constructed above can be extended to the time internal [0,¢; + t2]
and satisfies
nlin{a—”—“l,l}
1Y)l L@ < Y@l < 2[¢(t1)ll < 2C50 =
and
41

2—101:16&(min{af%ﬂf,%}f(ﬁ+€)) < ’U(t,.’lﬁ) < 20462(min{a—727i}—(ﬁ+€))
for each t; <t < t; +to. Thus,

a1

Ny (t1 + t2) < max {Nw(tl), 2055“““{“*”7“4%}} < Ogomin{a—TE04}
Set

y+1

my — 215 L (minfa= 24204} =(540)

and
y+1

M, = 20462(min{a—72,%}—(6+€))_
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Then one can easily deduce that if the parameters o > 0, 8 and £ satisfy (26)s,
then there exists a sufficiently small §, > 0 such that if 0 < § < s, the assumptions
listed in Lemmas 3.1-3.6 are satisfied with T" = ¢; + t3, m = mfl and M =
M;. Consequently, (67), (68) and (69) hold for each 0 < t < t1 + t5. If we take
(p(t1 + ta, x), (1 + t2,x)) as the initial data and employ Proposition 2 again, we
can then extend the above solution (¢(¢,x),v (¢, x)) to the time step ¢t = ¢; + 2ts.
Repeating the above procedure, we thus extend (¢(¢, x), 1 (t, x)) step by step to the
unique global solution and (67), (68) and (69) hold for all £ > 0. This completes
the proof of Theorem 1.1.

4. Some remarks. This section is concerned with two remarks on Theorem 1.1.
The first is an application of Theorem 1.1 to the initial-boundary value prob-
lem of the one-dimensional compressible Navier-Stokes equations with impermeable
boundary condition and the second is concerned with the nonlinear stability of a
single viscous shock profile for the case when the far fields of the initial data may
depend on the strength of the viscous shock wave.

To make the presentation easy to read, we divide this section into two subsections
and the first one is devoted to the initial-boundary value problem (29).

4.1. An application to the impermeable wall problem. For the impermeable
wall problem (29), since u4 < 0, there exists a unique v,, > 0 such that (vy,uy) €
S2(vm, 0) and the large time behavior of its global solutions (v(t, z), u(t, x)) can be
described by the viscous shock wave of the second family. Such an expectation is
justified rigorously by Matsumura and Mei in [10] and it is shown in [10] that the
solution tends to the 2-viscous shock wave connecting (vy,,0) with (vi,uy) as t
goes to infinity, where the constant v,, is uniquely determined by the Rankine-
Hugoniot condition (8) so that (vpm,0) is located on the 2-shock curve passing
through (v, uy ), provided that the viscous shock wave is initially far away from the
boundary and both the H2(R, )—norm of the initial perturbation and the strength
of the viscous shock wave are sufficiently small. The main purpose of this subsection
is to show that our main result Theorem 1.1 can be applied to this problem and we
can deduce a similar nonlinear stability result without assuming that the viscous
shock wave is initially far away from the boundary and for a class of large initial
perturbation which allow that specific volume v(t, z) to have large oscillation.

To this end, as in [15], we reformulate the half space problem (29) into a spe-
cial case of the initial value problem (1)-(2) with (v(0,x),u(0,z)) = (vo(), To(x)),
(v—,u_) = (vy, —u4) and (0,4) = (v, 0). Here

vo(x), x>0, ug(x), x>0,
00(90):{ ) UO(CC):{ ) (70)

vo(—x), x <0, —ug(—x), x<0.

Since (v4, u4) € Sa(vm,0) implies (vy,,0) € S1(v4, —uy ), the system (1) admits
a viscous shock wave (V;(z — s;t),U;(x — s;t)) of the i—family, which connects
(v—, —uy) with (vs,,0) for ¢ = 1 and (vy,,0) with (v4,uq) for i = 2, respectively.
The strengths of these two viscous shock waves satisfy 01 = da = |vy, — v4| with
speeds

i U4 i U+ — Um .
= T Y e ey TR

It is easy to see that if vy is independent of § = |u,|, one can easily deduce that

C™16 <6 =6, <C6 (71)
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holds for some §—independent positive constant C.
Noticing that

Vi(€) = Va(=€), Ui(§) = —Ua(=¢), VEER, (72)
we have
A= /R (2) - Va(@) + vn) da
= [ Go(o) = Vo) = Va(o) + 0 o (73)
= / (50() — Va(—2) — V() + vn) di,
Bi= | (wo(a) - Ua(o) - Ua(a)) da
R
- / )+ Un(—2) — Us(x)) da (74)
R
— 0.
If we choose the shifts a; (i =1,2) as
A
(5] —Qp = _2751 (75)

and define
{ V(t, 00, 00) = Vi(x — s1t + aq) + Va(x — sat + ag) — U,

Ult,z; 1, a0) = Ur(z — s1t + a1) + Ua(x — sot + aw),

we can deduce that
/ ((@(),ﬂo)(l’) — (V, U)(07£E, O[l,OZQ)) dQIJ = 0 (77)
R

(77) together with the conservative form of the equations for both (v(¢, x), U(t, x))
and (V (¢, z; a1, a2), U(t, x; a1, a)) imply that we can define the anti-derivative of
the perturbation

(@(t,2),9(t,x)) = —/OO (v, u)(t, 2) = (V,U)(E, 25 01, ) ds (78)

and set
(¢0($),¢0($)) = ((b(O,ZE), 77[}(0"1:))7 Vel (79)
Then if we assume that
(H}) There exists a d—independent constant C' > 0 such that |A| < C' and conse-
quently the shifts a; (i = 1,2) and J;, the strengths of the i—viscous shock
profiles satisfy
A
071§51:52§O5, ag—a1:5—§05*1 (80)
1
for some d—independent constant C,

(Do () — V(0,25 a1, a), tio () — U(0, 2501, 0)) € HY(R) N L(R), (81)

(do(@), ¥o(2)) € L*(R); (82)
(HS) There exist d—independent constants £ > 0 and C' > 0 such that
O~ <Tp(x) <O +675); (83)

(H%) vy is a positive constant independent of §;
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(H}) There exists d—independent positive constants C, «, and S such that

(B0, o)l mr @) < C20%,  ||Gouall 2@y < Co (1+ 55 (84)
(Hf) The parameters «, 3, and ¢ satisfies (26).

Then from Theorem 1.1, we can deduce that there exists a sufficiently small pos-
itive constant dyp > 0 such that if 0 < § < §p, the system (1) with initial data
(v(0,2),u(0,z)) = (Vo(x),up(x)) admits a unique global solution (o(t,x), u(t,x))
which satisfies

o(t,x) =0(t,—x), alt,r)=—u(t,—z), VreR (85)
and
tlim sup |(6(ta .18) - V(tv €T;au, 012), ’L_l,(t, gj) - U(tv T;au, a2))| =0. (86)
o zeR
Setting
’U(t, .Z‘) = @(t7 x)'(t,x)e]R?H u(ta .Z‘) = ﬂ(tv x)'(t,w)E]Ria (87)

it is easy to see that (v(t,z),u(t,x)) is a solution of the initial-boundary value
problem of (29) and the only thing left is to show that such a solution tends to
(Va(x — sat + aa), Uz (z — sat + @2)) time asymptotically.

In fact, we have from (86) and the fact

|(V1 — Um, Ul)(x —s1t+ O‘l)‘ < |(V1 — Um, U1)(—81t + a1)| (88)
that

sup |(v,u)(t,x) — (Va, Uz)(x — sat + )]
rER

< sup [(v,u)(t,z) — (V,U)(t, 301, a2)|
CCE]R+
+ sup |(Vi — v, Ur)(x — s1t + aq)] (89)

zER4

< sup [(v,u)(t,z) — (V,U)(t, 301, 2)|

IE]R+

+ (Vi — v, Ur)(—s1t + 1)] = 0, as t — oo,
which gives the desired stability result.

Remark 2. Although the assumptions (H})-(H}) are imposed on the initial data
(Up(x), wo(x)), it can be translated into similar conditions on (vg(x), ug(x)) which
are only defined on z € R;.

4.2. Nonlinear stability of single viscous shock wave. This subsection is de-
voted to the nonlinear stability of a single viscous shock wave whose far fields may
depend on its strength. To deal with this case, we need a careful analysis of the
viscous shock waves. In fact, by mimicking the argument used in [11], we have

Lemma 4.1. Suppose that v_ ~ vy ~ 6 (6 < 1) (6 := vy —v_|) and (vy,uy) €
Si(v_,u_), then there exists a viscous shock wave (V(x — s;t),U(xz — s;t)) of (7)
which satisfies (V(£00), U(£o0)) = (v4,ut) and is unique up to a shift. Moreover,
it holds that

si] < CS™F 0 |Ve(6)] < O8> F 0, |Ue(€)] < 08> 0D (90)

Here C' > 0 is some positive constant independent of 6 and throughout this paper,
a ~ b means that there exists some d—independent positive constant C' > 0 such
that C~b<a<Cbh as d — O4.



666 TAO WANG, HUIJIANG ZHAO AND QINGYANG ZOU

We assume without loss of generality that
(eraqu) € SQ(”*)“*)?
(vo(z) — V(2 — sat), ug(x) — U(x — sat)) € HY(R) N L(R),
[ (00(2) = V@), o) - Ula))do =
R

my' <wo(x) <mg, mo~ 62, |4 < b

(Ha)

Remark 3. The assumption (Hy)s is nothing but the zero mass assumption.

Setting
(6(t.).0t2) = [ (0lts) = Viy st ult.p) = Uy = sat)
(Gnle).n(o) = [ (uls) = V() uals) ~ V) o
it is casy to see that (6(t,2),b(t,z)) solves
¢t — e = 0, t>0, r€R,
br +p(V + ¢) —p(V) = u(%—%) £>0, z€R, (92)
(6(0,),6(0,)) = (o(x), vola)), zeR.

Before giving our main result, we first list some assumptions in the following:

(Hs) In addition to the above assumptions, we assume further that the initial per-
turbation (¢o, o) € H*(R) satisfy

(60, %)l .y < C116%, N Gosell 2y < Cra(1+677) (93)

for some d-independent positive constants Cq1,  and S;
(Hg) (1, L2, o and 3 satisfy

|£1| < 62, fl < ].,
—(3v+5)fz + minfa + (v + 1)61,2 = (v + 1)l } > 0,
o+ 50 — 120y — B < min{(y — 1)1, 41},

at+ G0 - 1 — B>

y ; _ o+l =1 _
a7z min {oz 5l + 0,2 231} .

' (94)

Our main result can be stated as in the following
Theorem 4.2. Assume that the conditions (Hy)-(Hg) hold, then there exists a
sufficiently small 5o > 0 such that if 0 < 6 < &y, the Cauchy problem (1), (2) has a
unique global solution (v(t,x),u(t,z)) which satisfies
(v(t,z) — V(z — sat),u(t,z) — Uz — sat)) € C ([0,00); H'(R)) ,
v(t,z) — V(x — syt) € L*(0, 00; HY(R)),
u(t,z) — U(z — sot) € L? (0,00; H*(R)) ,
and there exists a positive constant Cia, which is independent of §, such that for
each (t,z) € Ry xR,

2a—(y+3)£a—28

CRlo™ T S ulta) < Cig (14 % OHnm2) (95)
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Furthermore it holds that

lim sup |(v(t, z), u(t,x)) — (V(z — sat),U(x — saot))| = 0. (96)

t—o00 z€R

Now we outline the main steps to prove Theorem 4.2. Since in this case (V(z —
sot), U(x — sat)) is an exact solution of (16), (¢(t,x), (¢, z)) solves (19) with g = 0.
Assume that such a Cauchy problem has a solution (¢(t, ), (t,z)) € Xq/m am(0,T)
for some T > 0. Without loss of generality, we assume that m, M > C§~ 1], To
use the continuation argument to extend it to a global one, we now turn to deduce
certain energy type a priori estimates on (¢(¢, ), ¥ (t, z)).

The key steps to prove Theorem 4.2 is to deduce certain estimates similar to
those obtained in Lemmas 3.1-3.6. Since the arguments to deduce these estimates
are completely similar to those used to derive Lemmas 3.1-3.6, we just outline the
main differences. Firstly, we have from |V, | = s5'|Vi| and (90) that V7 ~2V24? <
C8?720 V7|V, |?. Hence if £; < 1 and if § > 0 is sufficiently small, the second term
on the right-hand side of (39); can be controlled by the terms on the left-hand side
of (37). Then noting here g = 0 and the fact that m, M > C5~14! implies (38) and
(43), similar to the proof of Lemma 3.1, we have the following lemma.

Lemma 4.3. Ifl; < land if 0 < § < €3 for some d—independent positive constant
€3, it holds that for each 0 <t < T,

H( vy H //v7 (Vo2 + ¢2) dadr
C{H(%, 1%0 H //¢’$dxdr (97)

+ (m'H'QNw(S(”H)él + m2(52_e1 / ||¢I(T)|2d7'} .
0

Next, we have from (42), (90) and (43) that

H(x/@,wm,M—*qsx / / Vie gydr

C{H(V@%w)\ +m 220 Ih /0 |¢w(7>||2d7},

which together with (97) and m > §~141 yields

(o st a ol « [ [ (e ) asr

<C {H (¢0, 573 (g, /By, wom) ‘2

t
+m7+? (NM(”H)ZI + 52_(”“)[1) / ||¢z(7)2d7} -
0
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Secondly, similar to the proof of (46), we can get that
t
JRCEGIR
0
<CmM ¥ | (90,575 40, v/ o, v )

‘ 2

t
b amTagE2 (Vg0 4 gron ) [ o)
0

Consequently, we have the following lemma.
Lemma 4.4. There is a positive constant €4 independent of § such that if

m T3 M2 (Nwé('yﬂ)[l + (52_(7“)@1) < ey, (98)
then it follows that

t . 5
[ 16aoPdr < Cnda® [ (60,6 4 VB ) [ (99)
0
1 ~+1 2 t 2
|6V vosevmar o) @+ [ [ (vioz+ ) asar
, o JR v (100)
< CH<¢0,5WTH£1¢07 V ‘I’o,%z) ,
and
PN o2 + Bo. \ ||*
x 2 x g, T
(@ +/0 /RV m+2dxdTSCH<¢oy5 2 %,\/‘1)07%;“@0) (101)
Noticing that (50) implies that
~ =1 (y=1)¢y
Va0 < WIE G |VE@I| < 05°F |Va@]|. aoy

the above three estimates together with the argument of Kanel’ [4], the proof of
Lemma 3.5, yield the following desired lower and upper bounds on v in terms of the
initial perturbation.

Lemma 4.5. If (98) holds, we have

(s > (e )5
V(z — sat) V(x — sat) ) (103)
S 05%7161 (d)Oa 677“211/)07 \/(}TO’ 11[}027) ’ H (¢Oa 5%1211/’07 \/(}TO’ 11[}033’ IU..OT) H .

Vo
With the above results in hand, we now prove Theorem 4.2. Firstly note that if

3 1
7; b —ly > —ly — B, CY—W;—

and [¢1| < £, then we have from (62) and (90) that

H(%ﬁ%ﬂelwm Vo, %w)

(v+3)

< 057£2||¢0xx‘| +527 . E17£2||¢0x” < 057&*57

a+2—

62 Z _62 - ﬁ7 (104)

_afly
| < cone,

Vozx

and

ok U T —l—
H(%,é;h@/io,\/q’ioﬂﬁom,%)H < Qs 8,



COMPRESSIBLE NAVIER-STOKES EQUATIONS 669

Applying Proposition 2, we can find ¢y > 0 such that (92) has a unique solution
(¢,v) € X4 /mo,m,(0,%0), which satisfies that mg, My< C6~ %, and

Ny (to) < sup [[o(6)]| 2 |[w=(t)]|F < 2]t *||vho]| 2 < CE°.

O,t()
So we have
mg+3M§7+2 (N¢(t0)5(7+1)£1 4 52—('y+1)€1) < C5~BrH8)atmin{ot (v +1)6,2=(y+1)}

Thus, if ¢ is sufficiently small, (94)5 implies (98) with T = to, m = my and M = M.
We have from (100) and (103) that
o+l

W (to) ||z < [[¢(to)]|? |[vha(to)[|F < G52 2= 0

and

0715ﬁ<a+%71€1—%+3£2—,3)+f1 S'U( )S 052(a+777121*77+352*5)+€1 .

to,x

By applying Proposition 2 again, there exists ¢; > 0 such that (19) has a unique
solution (¢, %) € X1y, 01(0,t0 + 1), which satisfies

y+3

m< O (et =120 —5) 0 M< 052(a+%161—7e2—5)+61’

)

and

Ny(to + 1)< C6*~ = =",
Thus (94)3 implies m, M > 6111, Here, we deduce from (94), and (94)3 that (104)
holds. Hence, it is easy to check that if (94) holds, we can choose § > 0 so small
that (98) holds with T' = ¢y + t;. Therefore, the standard continuation argument

can be applied and our theorem will be proved.
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