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Abstract This paper is concerned with the construction of global, large amplitude solu-
tions to the Cauchy problem of the one-dimensional compressible Navier—Stokes system for
a viscous radiative gas when the viscosity and heat conductivity coefficients depend on both
specific volume and absolute temperature. The data are assumed to be without vacuum,
mass concentrations, or vanishing temperatures, and the same is shown to be hold for the
global solution constructed. The proof is based on some detailed analysis on uniform positive

lower and upper bounds of the specific volume and absolute temperature.
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1 Introduction
The dynamics of one-dimensional compressible viscous and heat-conducting flow can be
described in the Lagrangian coordinates by the compressible Navier—Stokes system:

Ve — Uy =0,

u +p(v,0), = <M>m, (1.1)

v

(e(v,o) + u;>t + (up(v,0)), = <M)m + (%)m :
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Here ¢t > 0 and = € R are the time and Lagrangian spatial variables, respectively. The specific

volume v, velocity u, and absolute temperature # are unknown functions of ¢ and x. The

pressure p, internal energy e, viscosity coefficient p > 0, and heat conductivity coefficient x > 0

are prescribed through constitutive relations as functions of v and 6. The thermodynamic

variables are related through Gibbs’ equation de = 6ds — pdv with s being the specific entropy.
This paper concerns system (1.1) with prescribed initial data

(v(t, ), u(t,z),0(t, z))|t=0 = (vo(x),up(x),bo(x)), =z €R, (1.2)
which are assumed to satisfy the far-field condition:

lim (vo(x),uo(x),0(x)) =(1,0,1). (1.3)

z—oo
Our main purpose is devoted to the construction of global, smooth, large amplitude,
non-vacuum solution (v(t,z), u(t,x),0(t,x)) to Cauchy problem (1.1)—(1.3) with temperature-
dependent transport coefficients p and x when the thermodynamic variables v, p, e, 6, and s do
not satisfy the equations of state for ideal polytropic gases. In fact, our choice of constitutive
relations are motivated by the following system describing the motion of compressible radiative

and reactive gas:
Ve — Uy =0,

w+p (), = (52)

<6 + u—2)t + (up(v.6)), = (F=2) + ('ﬁ (”’f) 9I> + A, (1.4)

2 v N

dz,
2t = (?>m — gf)Z,

where z = z (¢, x) represents the reactant mass fraction. The positive constants d and A are the

species diffusion coefficient and the difference in the heat between the reactant and the product,
respectively. The reaction rate function ¢ = ¢ (6) is defined by the first-order Arrhenius law
(cf. [11]):

b (0) = K6° exp (-?) , (1.5)

where positive constants K and A are the coefficients of the rate of the reactant and the
activation energy, respectively, and ( is a non-negative number.

When the radiation is treated as a continuous field and both the wave and photonic effect
are considered, the high-temperature radiation is at thermal equilibrium with the fluid. Then
pressure p consists of a linear term in 6 corresponding to the perfect polytropic contribution and
a fourth-order radiative part due to the Stefan—Boltzmann radiative law (see [36] for instance)

so that 0 i
R a

p— 6 = — —_—

p=p(,0)=-—+ 3

where positive constants R, c,, and a are the perfect gas constant, the specific heat, and the

e=ce(v,0) = c,0 + avh*, (1.6)

Stefan—Boltzmann constant, respectively.

Since the energy producing process inside the medium is taken into account in system (1.4),
where the gas consists of a reacting mixture and the combustion process is current at the high
temperature stage, the experimental results for gases at high temperatures in [54] show that
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both p and k may depend on the specific volume v and/or the absolute temperature 6. In this

paper, we focus on the case when the heat conductivity & takes the following form (cf. [7])
K= K1 + Kovh® (1.7)

for some positive constants k1, k2, and b. As for the viscosity coefficient u, motivated by the

work [52] for the one-dimensional viscous, heat-conducting ideal polytropic gas, we assume that

v*f% v — O+,

=1 (0,6) = h(0) 6%, h(v) ~ o) < Ch ), (18)

Lo

v,

v — 00,

where h(v) is a smooth function of v for v > 0, and «, ¢1, {2, and C are positive constants.
Here and in the rest of this paper, f(z) ~ g(z) (x — zp) means that there exists a constant
C > 1 such that C~1g(x) < f(x) < Cg(x) holds in a neighborhood of z.

Before stating our main result, it is worth to pointing out that the study on the global
solvability and large time behaviors of the global solutions to the initial value problem and/or the
initial-boundary value problems of the one-dimensional compressible Navier—Stokes equations
(1.1) is one of the hottest topics in the field of nonlinear partial differential equations and many
results have been obtained up to now. To go to the theme of this paper, we will only review some
results on the compressible Navier—Stokes type equations (1.4)—(1.7) describing the motion of
compressible radiative and reactive gas as follows:

When the viscosity coefficient p is a positive constant, the results obtained can be summa-
rized as in the following.

For the initial-boundary value problem of (1.4)—(1.7) in the bounded interval (0,1) with
the free boundary conditions

o(t,0) =0(t,1) = —p. <0, o=—-p(v,0)+ ay

on the stress o(t, ) and homogeneous Neumann condition
(05(t,0), 24 (¢,0)) = (05(t,1), 22 (¢,1)) = (0,0)

on both 6(¢,z) and z(¢,x), Umehara—Tani [46] proved the global existence, uniqueness of a
classical solutions under the assumptions 4 < b < 16 and 0 < 8 < 13/2. Later on, they
improved the results in [47] to the case of b > 3 and 0 < f < b+ 9. Qin-Hu-Wang [42]
strengthened the results to the case (b, §) € E1 |J B2 with

By ={(b,8)eR*: 2<b<3,0<B<2b+6},
Ey ={(b,8)€R*: 3<b,0<3<b+9}.
See also the result by Jiang—Zheng [17] for more general assumptions on «;
For the initial-boundary value problem of (1.4)—(1.7) in (0, 1) with homogeneous Dirichlet
boundary condition u(t,0) = u(t,1) = 0 and homogeneous Neumann condition
(ex(ta 0)7 Zz(ta O)) = (ex(tv 1)5 Zl‘(ta 1)) = (Oa O)

on 6(t,z) and z(t,z), Documet [7] established the global existence and exponential decay in
H'(0,1) of solutions for b > 4 and 8 > 0. Recently, Jiang—Zheng [18] improved this result to
the case of b > 2 and 0 < 3 < b+ 9. We also refer the readers to [5, 8-10] and the references
therein for related studies;
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For the Cauchy problem of (1.4)—(1.7), results on the global solvability and the precise
description of large time behavior of the global solution constructed were established very
recently by Liao—Zhao in [33] for b > 11/3 and 0 < 3 < b+ 9;

For sphericallty symmetric motions of compressible radiative and reactive gases, the global
existence, uniqueness and exponential stability of spherically symmetric solutions in the bounded
annular domain Q@ = {z € R" : 0 < a < |z|] < b} were obtained in [43], while the correspond-
ing result concerning the global solvability and large time behavior in an exterior domain
Q= {z eR":|z| > 1} was showed by Liao-Wang—Zhao in [29].

For the case when the viscosity coefficient p is a smooth, possible degenerate function of
the specific volume v for positive v, the two types of initial-boundary value problems of (1.4)-
(1.7) in the bounded interval (0, 1) mentioned above were studied in [31, 32], while the Cauchy
problem was treated in Liao—Xu-Zhao [30]. It is worth to pointing out that all the estimates
obtained in [30-32] depend on the time variable ¢, and thus the problem on the large time
behavior of global solutions constructed in [30-32] remains unsolved.

Even so, to the best of our knowledge, no result is available for the case when the viscosity
coefficient u depends on the absolute temperature up to now. As pointed out before, since
the physical phenomena described by system (1.4) involve high temperature process and the
experimental results for gases at high temperatures in [54] show that the viscosity coefficient
w1 may also depend on the specific volume v and/or the absolute temperature 6, a natural and
interesting question is: Whether can we obtain a global solvability result for the Cauchy problem
(1.4)—(1.7) with large initial data or not for a class of density and temperature dependent
viscosity coefficient p satisfying (1.8)? The main goal of this paper is devoted to such a problem.
Since the appearance of the reaction equation, i.e., the fourth one in (1.4), does not cause any
essential difficulty in our analysis, we will focus on the Cauchy problem of (1.1), (1.6)—(1.8)
with prescribed large initial data (1.2) satisfying the far field condition (1.3) in the rest of this
paper.

Now we are in a position to state our main result. To do so, for each given positive constant
0 < w < 1, we first introduce the notation

H(w):= sup |[(h(o),I'(0),h" (o), 1" (o))l (1.9)
w<o<w—1

and then our result can be stated as follows.

Theorem 1.1 Suppose that
(i) The viscosity coefficient p satisfies (1.8);

(ii) The parameters b, 1, and ¢5 are assumed to satisfy:
b>7, h>1, fh>1, (1.10)

6 — b+ 18 — + 3 + 12 — 36 + 8
/1 2f2 +1 f 4[2 (202 + 1)2 200+1 £ (2[2 +1)
(

ili) The initial data (vo(z),ug(x),00(x)) satisfy

>0; (1.11)

(’Uo(x) — 1,UO(£L'),6‘Q($) — 1) (S H3 (R) R H('UQ —1 UQ,GO — 1)HH3 < HQ, (112)
Vo<wo(z) <Vt Oo(x)>Vy, VaeR, (1.13)

where IIy and V) < 1 are given positive constants.
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Then there exists eg > 0, which depends only on Ily, Vy and H(Cp), such that if

the

|| < e,

Cauchy problem (1.1)—(1.3), (1.6)—(1.8) admits a unique solution (v(t,z), u(t,x), 6(t, z))

satisfying

and

(v(t,x) — 1,u(t,z),0(t,x — 1) € C([0,00), H* (R)),
va(t, ) € L2([0,00); H* (R)),  (ua(t, 2),02(t,2)) € L*([0,00); H® (R)),

inf {v(t,x),0(t,x)} >0, sup {v(t,x),0(t,z)} < +oo.
(t,z)€[0,00) xR (t,x)€[0,00) xR

In addition, we have the following large time behavior

lim sup|(v(t,z) — 1,u(t, z),0(t,2) — 1)] = 0.
t—+00 1R

Remark 1.2 Several remarks concerning our main result are listed below:

(i) Tt is easy to see that for each b > 7, one can easily find ¢; > 1 and ¢ > 1 sufficiently

large such that the assumption (1.11) holds. Since our main purpose is to show that we
can indeed obtain a global solvability result for the Cauchy problem (1.1)—(1.3), (1.6)—
(1.7) for a class of density and temperature dependent viscosity p which satisfies (1.8),
assumptions (1.10) and (1.11) that we imposed on the parameters b, ¢1, and {2 are far

from being optimal;

(i) If we take o = 0, then our main result Theorem 1.1 tells us that one can obtain a result on

the global solvability together with the precise description of the large time behaviors of
solutions to the Cauchy problem (1.1)—(1.3), (1.6)—(1.7) for a class of density dependent
viscosity p which satisfies
—¢
U )P < i),

v — 00,

Here C' > 0, {1 and {3 are some positive constants satisfying (1.10) and (1.11). Recall
that for the case when the viscosity coefficient p is a degenerate function of v (cf. p =
v % a € [1/3,1/2)), although a global solvability result is obtained in [30], we do not
know how to deduce the desired large time behaviors of the global solutions constructed
there due to the lack of uniform-in-time estimates. We note, however, that our main
result, i.e., Theorem 1.1, yields the large time behaviors of the global solutions for a class

of nondegenerate density dependent viscosity coeflicient .

Now we outline the main difficulties encountered in the proof of Theorem 1.1. As is well

known, the key point to deduce the global solvability result of the Cauchy problem (1.1)—(1.3),

(1.6)—(1.8) is to derive the desired positive lower and upper bounds on the specific volume

v(t,x) and the absolute temperature 6(t, ).

For the case when the viscosity coeflicient u is a positive constant, motivated by the work

of Jiang [19-21] for the viscous, heat-conducting ideal polytropic gas, Liao—Zhao [33] have used
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the following cut-off function

1, r<k+1,
p@)=qk+2—2z, k+l<az<k+2,
0, z>k+2

to derive the following explicit expression of the specific volume v(t, x)

oo L [ BENQM ()
v(t,x) = B(t,z)Q (t) + . /0 B0 dr,

r€Qy, t>0, (1.14)

where

B(t,x) = o (x )exp{l/Oo(uO(y)—U(hy))w(y)dy},

Q (t) —exp{ //:Jr? (r,y dydT}

o= —p—I—MZI, Q

pi=(—k—1,k+1),k€Z.

By virtue of (1.14), one can deduce the uniform-in-time positive lower and upper bound of
u(t, ).

As for the uniform positive lower and upper estimate on (¢, z), motivated by the work of
[25] for the initial-boundary value problem of the one-dimensional compressible Navier—Stokes
equation in bounded interval for general gas, the following auxiliary functions

X(t)::/ /(1+9b+3 x)) 0% (7, z)dadr,

- 20 2
Y(t): = 01232(15{ A (1+6%°(r,z)) 03(r, a:)dx} ,

Z(t):—max{ u? T:de}
7€[0,1] R

W(t): = /O t /R w2, (7, z)dzdr

are introduced in [33] to derive the uniform upper bound of the absolute temperature 6(t, ).
It is worth to emphasizing that the argument used in [33] to deduce the desired upper bound
estimate on (¢, z) relies highly on the uniform bounds on v(¢,2) obtained before.

When the viscosity coefficient  is not a positive constant but depends only on the specific
volume v, the above argument can not be used any longer. In fact, for such case we can not
deduce a similar explicit repression for v(¢,z) and consequently we can not deduce the desired

positive lower and upper bounds on v(¢, ) first. The main ideas used in [30] are the following:

(i) Based on the following identity

o

) =u+p(v,0),, (1.15)
v t

which is observed first by Kanel’” in [24] for isentropic viscous flow, one can deduce an
estimate on the lower and upper bounds of the specific volume v in terms of ||0|| o< ([0, 7] xr)

by employing Kanel’s argument provided that p satisfies suitable growth conditions as
v — 07 and v — +oo;
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(ii) Noticing that h(t,z) = 1/0(t, z) satisfies

eo(0,0) — (M)

v
2 2 2 2
_opg(v,0) | 2k(v,0)hy | ph? ~ upp(v,0) 5
- ot e g ) e (1.16)
with R 4
eo(v,0) = ¢, + 4avd®, py(v,0) = > + §a93, (1.17)

one can employ the standard maximum principle to yield an estimate on the lower bound

of the absolute temperature in terms of [|1/v| o, 7)xr) 20d [[v][L(0,77xR);

(iii) By utilizing the argument used in [44] and [4, 25, 33], one can then deduce an estimate on
101 Lo ([0,7]x®)- From which and the estimates on the lower and upper bounds on v(t, x),
the lower estimate on (¢, x), one can then deduce the desired positive lower and upper
estimates on both v(¢,2) and 0(¢,x) provided that the parameter b appearing in (1.7)
and growth rates of the viscosity coefficient p as v — 07 and v — 400 satisfy certain

conditions and then the desired global solvability result follows immediately.

For the case considered in this paper, the viscosity coefficient y depends on both the specific
volume v and the absolute temperature 6. For such a case, the identity corresponding to (1.15)

<u (v,0) ve

becomes

0
> = uy + pg + M (V0 — O uy) . (1.18)
v . v

Since the last term in (1.18) is a highly nonlinear term, the temperature dependence of the
viscosity p has a strong influence on the solution and leads to difficulties in mathematical
analysis for global solvability with large data, and as pointed out in [16], such a dependence
has turned out to be especially problematic and challenging.

A natural way to go on is to use certain smallness mechanism induced by the structure of
the system to control the last term in (1.18) suitably. It was to do so that we need to ask the
viscosity coefficient p to take the form (1.8) and our main idea is to the smallness of |a] to control
the last highly nonlinear term in (1.18). We note, however, that to close the analysis, or in other
words to determine the upper bound of || in terms of the initial data (vo(x), uo(x),0o(x)), one
had to deduce the uniform positive lower and upper bounds on the absolute temperature 6
which are independent of the time variable ¢. It is worth to pointing out that such a problem is
considered by Wang—Zhao in [52] for the one-dimensional, compressible Navier—Stokes system
for a viscous and heat conducting ideal polytropic gas for a class of density and temperature
dependent viscosity coefficient u satisfying (1.8). We recall, however, that the argument of
Wang—Zhao in [52] is first to use Kanel’s method [24] to obtain the lower and the upper bound
of v(t, ) in terms of || o (j0,7)xr) (see Lemma 2.3 in [52]), then to employ the technique used
in Li-Liang in [27] to derive the uniform upper bound of (¢, ). Note that the method used by
Wang—Zhao in [52] to deduce the uniform upper bound of 8(¢, x) relies on the following Sobolev
inequality (see also (2.72) in Wang-Zhao [52])

16(¢) — 1H2Loo(R) < CN0) = Ul Loy 1020l L2ry < C (1 + ||9HL°°([O,T]><R)) :
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For our problem ||6(t) — 1[| ;2 is bounded due to Lemma 2.1, but the method employed in [52]
to deduce the estimate on |[0(t)|| 2 (g, loses its power in our case which is caused by the fourth-
order radiative part in both p(v, ) and e(v, ), cf. (1.6); Besides, one can see the assumption
1 = & also plays an important role in the process of deriving the upper bound of (¢, z) in their
discussion. Thus the story is different since p # x in our case.

To overcome the above difficulties, we introduce some new auxiliary functions X (¢), W(t),
Z(t) and W(t) (see (3.1) in section 3) to deduce the uniform-in-time upper bound of 6 (¢, x).
More precisely, our strategy to prove Theorem 1.1 can be stated as follows:

(i) We first apply Kanel’s method [24] to deduce the lower and the upper bounds of v(¢, x) in
terms of ||0|| ([0, 7]xr) simultaneously in Lemma 2.3. Notice that the assumption (1.10)
plays an important role in our discussion. To control the last term in (1.18), we will use

the smallness of |a|;

(ii) Due to (3.12) and (3.13), we introduce the auxiliary functions X (¢), Y(t), Z(t) and W (¢)
(see (3.1)) to deduce the upper bound of 6(t, ) in Lemmas 3.1-3.4. Thus the lower and
the upper bound of v(¢,z) follows from Lemma 2.3. We should emphasize that all the
bounds obtained above are independent of the time variable t; We then adopt the method
in Liao—Zhao [33] to deduce the positive local-in-time lower bound of (¢, z) and notice

that such a bound depends on the time variable t;

(iii) By using the dedicated energy method, we can derive energy type estimates of higher-
order derivatives in Section 4 and Section 5; Then by using the continuation argument

designed in Wang—Zhao [52], we can then prove Theorem 1.1.

Before concluding this section, we recall that there are also many results on the construction
of global, smooth, large amplitude, non-vacuum solutions and on the precise description of
the large time behaviors of the global solutions constructed to compressible Navier—Stokes
system for a viscous and heat conducting ideal polytropic gas, cf. [1-3, 16, 26, 40] for the
one-dimensional initial-boundary value problem in bounded interval, [1, 6, 12-15, 20-22, 27,
34, 38, 39, 41, 44, 45, 50-53] for the corresponding one-dimensional problem in unbounded
domain and [19, 28, 37, 48, 49] for global symmetric flows of multi-dimensional compressible
Navier—Stokes equations. For compressible Navier—Stokes equations with general constitutive
relations and other related compressible Navier—Stokes type equations, see [4, 25, 35, 55] and
the references therein.

The rest of the paper is organized as follows. We derive pointwise bounds on the specific
volume in Section 2. Then pointwise bounds on the absolute temperature will be derived in
Section 3. Some second-order and third-order energy type estimates and the proof of our main
result will be given in Section 4 and Section 5, respectively.

Notations Throughout this paper, C > 1or C; > 1 (: = 1,2,---) is used to denote a
generic positive constant which may depend only on Iy, Vp and H(Vy), where Iy, Vy and H
are given by (1.12), (1.13) and (1.9), respectively. Note that these constants may vary from
line to line. C(-,-) stands for some generic constant depending only on the quantities listed in

the parenthesis. € < 1 represents some small positive constant.
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For function spaces, L7 (R) (1 < ¢ < 0o0) denotes the usual Lebesgue space on R with norm
| - llLa(r), while H9 (R) denotes the usual Sobolev space in the L? sense with norm ||| gra(w)-
We denote by C(I; H? (R)) the space of continuous functions on the internal I with values in
HY(R) and L?(I; HY (R)) stands for the space of L2-functions on I with values in H? (R). For

simplicity, we use || - || to denote the norm in L* ([0,T] x R) with 7" > 0 being some given
positive constant, || - || and || - ||; are used to denote the norm || - || z2(r) and the norm [|-|| ga(r),
respecitively.

Finally, A < B (or B 2 A) means that A < CB holds uniformly for some generic positive

constant C.

2 Pointwise Bounds for the Specific Volume

We define the set

X (s,t;my,ma, N)

(v(r,2) — Lu(r,z),0(1,2) — 1) € C([s, t]; H*(R)),
ve (7, 7) € L%(s,t; H?(R)),

=< (v(r, ), u(r,z),0(r,2)) : (uz(7,2),0,(7,2)) € L2(s,t; H3(R)),

E(s,t) < N2,

v(t,z) > mq, O(1,2) > ma V(1,2) € [s,t] X R

for some positive constants N, m;, s, and t (i = 1,2, t > s), where

E(s,8) = sup {||(v—1,u,9—1)(T)H§}+/ oa ()2 + | (s 02)(7) 2] dr.

¢
s<T<t s

Since the existence and uniqueness of solution (v(t, z), u(t, ), 6(t, x)) to the Cauchy problem
(1.1)—(1.3) with constitutive relations (1.6), (1.7) and (1.8) in the set of functions X (0, t1;
mq,ma, N) for some sufficiently small t; > 0 and certain positive constants mq,ms and N is
guaranteed by the well-established local existence result for hyperbolic-parabolic system, cf.
[23], suppose that the local solution (v(t,x),u(t,x),8(t, z)) to the Cauchy problem (1.1)—(1.3)
with constitutive relations (1.6)—(1.8) has been extended to the time step ¢ = T for some positive
constant T' > 0 and (v(t,z),u(t,z),0(t,z)) € X(0,T;m1,me, N) for some positive constants
T,m; <1 (i=1,2) and N > 1, then in order to prove Theorem 1.1, we only need to derive
certain a priori estimates on the solution (v(t,z),u(t,x),0(t,z)) in terms of the initial data
(vo(x), up(x), 0o (z)) but independent of the constants m; <1 (i =1,2) and N > 1.

Applying Sobolev’s inequality yields
m1 <wv(t,x) <AN, mo <0(t,x) <4AN, V (t,z)e[0,T] x R. (2.1)
This section is devoted to deducing lower and upper bounds on the specific volume v(¢, )

in terms of ||0]|oo. In the next lemma, we present the basic energy estimate.

Lemma 2.1 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

¢ 2 2
puy KO
/Rn(v,u,ﬁ)(t,x)dx—i—/o /R [ 2 + v@Q] dzdr <1, (2.2)
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where
2

(v, u,0) = Rp(v) + “7 +cod(0) + %v(@ —1)2(362 + 20 + 1) (2.3)
with ¢(2) ==z —Inz — 1.
Proof According to [38], the function 5 is nothing but the normalized entropy around
(v,u,0) = (1,0,1) for system (1.1), (1.6), (1.7) and (1.8) (see [33] for the derivation).
Multiply (1.1), and (1.1), with u and (1 — 6'), respectively, add the resulting identities,

and use (1.1); to discover

2 2
puy KO a PUU g KO
"0 T veR [(R+3 p)“ v (1 9) v L

The lemma follows by integrating the above identity over [0,¢] x R. O

The derivation of pointwise bounds for v(¢, ) relies on the following lemma.
Lemma 2.2 Suppose that the conditions listed in Theorem 1.1 hold. Then there is a
constant 0 < €1 < 1, depending only on Iy and Vj, such that if
m;‘od <2, NIl <2 E(my,me,N)a| <e, (2.4)

where

800
2(mi,me, N) = {ml_l—l—mz_l—i-N—i- sup h(a)—l—l] ,
my1<o<4N

then we can get for 0 <t¢ < 7T that

l1+1
/ / B0V e <14 (0] + [0]) 2 + (2.5)
Proof We use the chain rule to get
Vg v
(1) = (), 0000 oo
which combined with (1.1); and (1.1), imply
(&) =uUt +pg + @ (Umet - emum) . (27)
v /i v

Multiply this last equation with pv, /v and use (2.6) to find

1 2\ 2 Rubv? x z
()] - g (1) - ()
2 v . v v T v t
u? Ruv,.0, 4a Hsvmem
S 5 + a + ﬁ(uvm — uv)(vebr — Ozus).
v v 3v U

Integrating the above identity over [0,t] x R, we obtain from Cauchy’s inequality and (2.2)

“””” / /R = ””d dr Z H;, (2.8)

Hq :—/ /N —Zdxdr,
R
Ho —// ,uv95 02dadr,

the following estimate:

where



No.5 L. He et al: VISCOUS RADIATIVE GAS WITH TEMPERATURE DEPENDENT VISCOSITY 1525

L 02 (uvy — uv)(vy0; — Oyug)dedr| .
It follows from (2.2) that
t 2
Ho< ol [ [ Brdedr < 6] (2:9)
0 R v0
and
0 297 6‘2 297
s WV L e
RV oo
The a priori assumptions (2.1) and (2.4) yield
0 + 07|, < max {m; !, NleT} <1 (2.11)
Since b > 7, we have
10 < h(v)o < h(v) if 9 <1,
KT 140 ™ h(v)v~! ifg>1,
which combined with (1.8) implies
9 l1+1
H“—H §1+|v||f;g+H— (2.12)
K o0 v o0
Similarly, we infer that
267 < h(v)v? ifo <1,
& 7 h(v)w if g > 1,
and consequently,
297 1=+ 1|1t
e ISR N I
1 l1—1
S1+vf2" + H— : (2.13)
v o0
From (1.1),, we get
et:_[(ﬁ “2)Um+f€9m+l€_+&_HPOUm:|7 (2'14)
€g v v v v v
where
Ky = H29b, kg = Kobvf® !
(2.15)

4
eo(v,0) = c, +4avd®, py(v,0) = R + §a93.
v

Hence we have
(v — wv) (V40 — Opuy) = wvbyuy, + Rivy + Rgvi,

where

U
Ry = —pubpuy, — o [/@99320 4+ KOy + ,uui —(p+ a94)vuz} ,

Ro := uby — X (mvﬁm - ,%91) .
€p v
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Similar to the proof of Lemma 2.2 in [52], we can obtain

Hs < //R“G“Idd +O(e {1+|0¢|// ”d:vd} (2.16)

under the a priori assumption (2.4). Multiplying (2.14) by 60, yields

92 92 911 v 19;3 9;3 T 92 2
(%) 0, o = o il tf )
t

2 veg ep v2 v v

We integrate this last identity over [0,¢] x R and employ Cauchy’s inequality to infer
10,(8)]2 + / / et iy <14 Z(ma,ma, N
Plugging (2.17) into (2.16) and using (2.4), we obtain

//R U3xdd 4 Cle). (2.18)

Then (2.5) follows by inserting (2.9)—(2.13) and (2.18) into (2.8). O
By applying the Kanel’ technique (cf. [24]), we obtain pointwise bounds for the specific

ool=

(2.17)

volume v(t, z) in the following lemma.

Lemma 2.3 Assume that the conditions listed in Lemma 2.2 hold. Then

L s ol s 1 o (2.19)
where
1 1
9= g 2= g (2.20)
Proof Set
9 \/%
) :/1 ———h(z)d
In light of (1.8), we have
e 1" ~
e || s s et (2:21)
oo (t.2)€[0,T]xE

Estimates (2.11) and (2.2) imply

<0~ oY h T T
)l = | [ 5ama] < |Vaeo)| M| <] 2 o).
As a consequence, we have
£y
|| |go”2+H1 S1+ s [ (2.22)
t€[0,T]

In view of ¢; > 1 and ¢» > 1, we plug (2.5) into (2.22) and utilize Young’s inequality to
conclude the estimates (2.19). O

A direct corollary follows from Lemmas 2.2 and 2.3.

Corollary 2.4 Assume that the conditions listed in Lemma 2.2 hold. Then for any

0 <t<T, we have
// HOV: vdr <1+ 10 (2.23)
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3 Pointwise Bounds for the Absolute Temperature

In this section, we will obtain a uniform-in-time upper bound and a local-in-time lower

bound for the absolute temperature #. For this purpose, we set

¢ 1 9b+3(7 I)
A= ) 62(7, x)dad
" /0 /]R<1+||9|gé+ 1+||9|gg) 2(7, x)dadr,

(t) == /R (¥ +92b(t,x)) 02(t,z)dz, Y(t):= sup {Y(7)},

1+ 63 0<r<t

)-<

(3.1)
Z(t) ;== sup /}Ruix(ﬂx)dx,

0<r<t

Ai@u@ﬁw%ﬁﬂxnﬁdﬂ@dﬂh

T, )

—~
~

~—
|

We first employ the basic energy estimate (2.2) to derive the following lemma.

Lemma 3.1 Assume that the conditions listed in Theorem 1.1 hold, then we can get that
1Bllc S 14 V(7)o (3.2)

Proof Noticing from (2.2) that ¢(6)(t,-) € L'(R), one can employ Jensen’s inequality to
find £(t) € [0, 1] such that 0(¢,£(¢)) ~ 1. Then

(0 — 1)246(¢ 2) = (0(t,£(t)) — 1) + / j)(% +6)(6 — 1)2150,(t, z)dz
£(t

<1 +/ 10 —11°%% 16, |dx
R

1
2 2
STl oIk [ [ oo - 1tad] | [ 0= 0]
R R
Combining this last estimate with (2.2) and (2.19) yields
1
16— 120 S 14116 — 157 (1+ 16 — 122 F) F Y(1)2.

Since 2b+ 6 > ¢ + 262, we deduce (3.2) from Young’s inequality. This completes the proof
of Lemma 3.1. 0

The next lemma follows directly from Gagliardo—Nirenberg and Sobolev’s inequalities.

Lemma 3.2 Assume that the conditions listed in Theorem 1.1 hold. Then one can get
for each 0 <t < T that

sup {ua(1)|} ST+ 204, |luelloo S 1+ Z(T)5. (3.3)
0<r<t

With the above preparations in hand, our next result is to show that X (T") and Y (T) can
be controlled by Z(T') and W (T).

Lemma 3.3 Under the assumptions listed in Theorem 1.1, we have

W(T)+ Z(T)*, (3.4)

€

L+ [0l + ll6]]se2

X(T)+Y(T) <1+

where

{ 2046 —¢ —2¢ 2046 —¢1 —2¢
A = max ,
2b4+5—-20—61 (/1 +2)]"2[b+5 -1 — 2 (f2 4+ 1)]

} O<A<).
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Proof In the same manner as in [25] an [46], if we set

0
k(w0 = [ g (3.5)
0 U
then it is easy to verify that
0)6
K, = Kyuy + 2000 (3.6)
v
O
Kzt - |:I$ :| + Kvuzz + Kv'uvxux + (E) vzet; (37)
vy V/w
K60 -+ K@0S 5 [(5) ]2 (3.8)
We first rewrite (1.1)5 in the following form
2 0
899,5 + 9p9ux = /LZ’I + </§Uz> . (39)

Then multiplying (3.9) by K; and integrating the resulting identity over (0,¢) x R, we arrive at

//(609t+9p0u1

Combining (3.6)—(3.10), we have

t
//e‘metd dr +/ /“—ew(“—ew) dz dT<1+ZHk, (3.11)
R v v

k=4

) Kdzdr + / / 20, Kpdadr = 0. (3.10)

where the definition of Hy (4 < k < 9) will be given below.

We now turn to control Hy (k = 4,5,---,9) term by term. To do so, we can infer from
(2.19) that
! 2 Cr(T4060%) (14 00°) 67
//—eeﬂotdxdT Z//( v )( a ) L dzdr
o Jr Y 0 JR v

t
z/ / (1+9b+93+v9b+3) 02 dzdr
o Jr \V
t 1 go+3 )
> + 62dzdr
N/o /R<1+Il9lé% 1+lef )
= X()

(3.12)

and

=Y(t) - 1. (3.13)
For the term Hy,

¢
|Hy| = egl; Kyu dxdr
R
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/ / (9|’U/19t 94|um9t|)dxdT

Sxm e+ [ [

1
(W + ,u_) dadr

< EX ) (1 2b+r ;1 % 4 Y 2b+(‘ q 2§2)
<e(X ( ) Y(T)) + ( ) (3.14)
where we have used (1.8), (1.10), (3.8) and Young’s inequality.

Next, by virtue of (1.8), (1.10), (2.2) and (3.8), we can conclude

|Hs| = Gpgux Kyuzdzdr

2 6
L
(5 D
<14 Y(T)FF a2
< eY(T) +C (e). (3.15)

As for the term Hg, it follows from (1.8), (1.10), (2.2), (2.15) and (3.14) that

0 0) u,0
|H6|: peli(’l}, )'LL t

dxdT‘

4 b+1
/ / (9|uw9t 0% |04 " 07" uaby| +9b+4|u19t|> dzdr
(%

(T)) C(e) 1+ 0l + 191152)

0 b—1 b+6
(L4071 w140 )]dwdT
po p

< e(X(T)+Y(T)) +C(e) L+ 10115 + 191152) (1 + 1161125°)
< e(X(T) + Y(T)) +C () (14 V(1)o7 4+ /(1) 7557 )
< (X(T)+Y(T) +C(6). (3.16)

Now we deal with the term H7. For this purpose, we have by integration by parts that

t 2
|H7|=//ded7’
2 S=
:/““K //< I)KdIdT
R
2
/de’—i— /(M> (0, z)dx
R Y R v
t 3 2
2 T T
+//(7“uut—“—?+—“t“z>f<dxd7.
0 R v v v

For the first term on the right-hand side of (3.17), it follows from (1.8), (1.10) and (2.19)

that
2 2 b+1,,2
/uqudw} 5/ (h(v)fum N h(v)6 u””)d:v
R v R v v

IN

(3.17)
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1 1
swmﬁwa +wb2wmuwwﬁﬂh

< (1 + Z(T)%) (1 + ||9H(()€1+1)<1+b+1 + ||9H<(>€271)<2+b+1)

£1+2 £1+1

+ Ivllf%l) [

o0

(£1+1)s7 +b+1 (e21);2+b+1>

< (1 +Z(T)%) <1 + Y(T)2¥o-a—22 4 Y (T)2+0-1-22

2b+6—51 —259 )

< eY(T) 4 C (e) (1 + Z(T)m + Z(T) TGl (3.18)

It is worth to pointing out that we can deduce from (1.10) and (2.20) that

204+ 6 —¢1 — 252 2046 —¢1 — 262
0< <1, 0< < 1.
2[b45—2¢ —q (£1 +2)] 2[0+5—¢1 —c (f2 +1)]

Moreover, the combination of (1.10), (2.2), (3.8) and Holder’s inequality gives

t
20U U K
/ / 2puatuar (o
o JR v
t
5/ /Lumum| <€+9b+1> dadr
0 R v v

3 t 2 2 2
<// ”dxd) (//&9(9 9b+1> dxd7’>
R 0 R 'Ue v
€

W(T) +C (o) (141015 + 1012) (1 + 16112+ + 191357)

A

= S1 262
L+ [16]l5 + (1015
€

= S1 262
1+ [16]15 + (1015
€

< 1 gl g112s2
+ 11011 + 10115
Furthermore, (1.10), (3.3) and (3.8) tell us that

< ||uz|\oo/ / - = ( 9b+1> dzdr
R

s (1+2m)F) (1+ Y(T)%)

2b+3+¢; 2b+43+2¢o )

W(T) + C (e) (1 +Y(T) T a-ma 4 Y (T) P-4

W (T) + €Y (T) + C (). (3.19)

3| K
“'“' ] i O

3(2b+6—¢1 —2¢9)
< EY(T) —+ C (6) (1 —+ Z(T) 8(b+42512s2)> . (320)

For the last term on the right-hand side of (3.17), one can get that

/t/ peluz K o
o JR v

t

<L

0 JR

t 2 /

puzg | (

S+l [ [ B B

<14 (1 +Z(T)%) W) ’
(65—1

h(v)
3 N I D1 N __(ta-D)sp _ bt2
(4 2m0) (1 YO ) (i)

o by Y u?

(0)0%uy

)
-z (— + ob“) dzdr
v v
o)l (Q T 9b+1> gdzdr
v

92
v

9b+2

oo

oolw

2(b4+2)+ (1 +1)s1 2(b+2)+ (L2 —1)s2
S (14 2)R) (14 v SRy HEEER )
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3(2b4+6—c1 —2¢p) 3(2b4+6—c5 —2¢p)
< EY(T) +C (6) (1 4+ Z(T)m 4+ Z(T)<1[217+82<1(’f2+3)<2]> (3_21)
where we have used (1.8), (2.4), (2.19), (3.2), (3.3) and the fact that
KW [h)
h(v) |~ v
£q+1
17 P
§1+H— + ol
v o0
(L1415 (2 —1)s3
ST+ 0l ® + 10l
(L1 +1)sg (L3 —=1)sg
5 1+ Y(T) 2(2b+6-c1—252) 4 Y(T) 2(204+6—c1 —252) | (322)
Then it follows from (3.17)—(3.21) that
€
Hr| < eY(T)+ W(T)+C (e
) < ¥ (1) e s W) +0(0)
2b+6—¢1 —259 2b4+6—51 —259 3(2b+6—51 —259)
(1 + Z(T)2+-2z-ai2] + Z(T)2BF—s1-2 D] 4+ 7Z(T)80Fi-21-22)
3(2b46—c5 —2¢p) 3(2b46—c1 —2¢3)

+Z(T) A[26+8— (1 +3)s1 —4s2] L 7, A[2b+8—2¢1 — (€2 +3)s2] ) (323)

Now we are in a position to control the term Hgs. Noticing that

t t
/ / Eemeu:mdwdT = _/ / (K/em) Kyumdxd”r
0o JRY o JR\ YV /g,
t K K
_ /0 /R Z6,u, (Kovvs + (;)U 0.) ddr, (3.24)

thus
Hg = 9 (Kypztiy + Kyptig,) daedr
RV
2 Ii@m
9 udeJdT + — | K,uzdzdr
R v
6‘2
< |uz oo L ':92 —d:vdT + ( ) — Uy | dzdT

< (1 +Z(T)3) (1 +Y(T)m)

A L) (355

3(2b+6—571 —259)

2 3
) dxd7>
< V(T) +C (e) <1 + Z(T)m)

t 6‘3 2 %
+ [/ /W( 202 1 0%p2u2 + L I)dxdT] : (3.25)
0 JR

Hy
where we have used (1.1)5, (2.2), (3.2), (3.3), (3.8) and Holder’s inequality. Consequently, to
yield an estimate on Hs, it suffices to bound the term Hj. To this end, we can get that

g3 O\ , 2 [ 66 012 208 3
s { LG+ )% 5 (e s = 5 )| e}
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ez + (1 n Z<T>i) (1 " ||9|g;1+4)]

+s2

3< 2
< [1 + X(T) + X(T)Y (T)™—1=72 4 X (T)Y(T) %172

96

< [ pos 1o x + |5

1
2

_ 12 3 __datd 3 S
+Y(T) 2bF6—s1 252 4 Z(T)4 + Y(T) 26+6-51 262 | Z(T)4Y(T) 26F6—<1 — 242

<1+ X(T)} + X(T)Y(T) T === 4 X (T)3Y (T) =520
261+2

+y(T)m + Z(T)% + y(ﬂ% + Z(T)sym
3(2b+6—571 —259)
< e(X(T)+Y(T) +C(e) (1 + Z(T)78<2b+43<12s2>) , (3.26)

where we have used (1.8), (1.10), (2.2), (2.19), (2.20), (3.2), (3.3) and Young’s inequality. Thus
we can deduce from (3.25) and (3.26) that

3(2b+6—51 —259)
Hg <e€ (X(T) + Y(T)) +C (6) (1 + Z(T) 8(2bb4:r43<1252)) . (327)

As for the term Hy, we can deduce from (1.1)5, (2.2), (2.23), (3.8), Hélder’s inequality and

the following fact
K0, KOy
v x

K0, 2
sup(— | ()< | |—
zeR v R

v
t
|Ho| = ’/ /n_@m E UwﬁtdxdT
R
b
/ / (|’Um9 9t 0 |'Um§m9t|) daedr
v

Nl k6, |2 w1
<eX(M)+CO 62 [
L~ JrR U pv

0 v
K8, | ( b
v x
bl ok6? 6>
([ [ (][5

2 3
( ) dxdT>
< eX(T)+C(0) (14 Y(T)m)

U /( +9b+2>< 207 + 0%p3u? 2, 1 i)dxdr]%. (3.28)

H

dx

that

<ex+ce o [ f dadr

< X(0)+C (0 (14 Y1) T

Similar to the term H, the term H$ can be bounded as follows

2 95 911 9b+5 9b+11
{//( + v6® + 9b+2+v29b+8>9?+uuz (_2+_+_+v )
v \ p % pv %

3 b+3
uum( ()6, hw)9 )|um|2dxd7}
v

v0 v?2

[V
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< { (L4 ]2+ 4 0]52+5) X(T) + o]

Nl=

+ (14 2EF) (14 oI 75 4 ojzes0e0rs) |

s1+2s2+5

< [1 + (1+y()=Hite + Y(T)H%) X(T) + Y/(T) 757

=

+Z(T)iY (T) 22 + Z(T)1Y ro—-22

S1(£1+1)+b+3 s2<e21>+b+3]

1 1 s1+2<2+5 1 3s2+5
<1+ X(T)2 + X(T)3Y(T)2@+0--22) + X(T)2Y (T)2@F6-1-72)
(£14+1)+b+3 So(Lg—1)+b+3

LY (T) ST 4 Z(T) Y (T) "oa 29 4 Z(T) Y (T) 20 a2, (3.29)
Plugging (3.29) into (3.28), we find that

s1+2s2+5

so+1 1 1 __~1T252719
ol < eX(T) +C () (1+ V()= ) (1 + X(T)? + X(T)3Y (T) 7= =)

1 3s2+5 b+11 3 s1(£1+1)+b+3
+X(T) 2 Y(T) 2(W+6—<1 —252) | Y(T) 2(2F6—<1 —252) + Z(T) g Y(T) 2(26F6—<c1 —2<5)
<o (—1)+b+3

+Z(T)§y(T)m)

<e(X(T)+Y(T))

3(2b46—51 —2¢7) 3(2b16—¢; ~2;)
+C (e) (1 + Z(T) = F5s =62 +7 4 Z(T)m> (3.30)
Finally, if we set
)\:max{ 2046 —¢1 — 26 2046 —¢1 — 26 3(2b4+6 —¢1 — 2¢2)
2b4+5—-20—¢ (01 +2)]"2b+5—¢ —2(la+1)]"8(b+4—2¢1 —25)’
3(2b+6—§1 —2(2) 3(2b+6—§1 —2(2) 3(2b+6—§1 —2(2)
4120+ 8 — (01 + 3)s1 — 4] 4[2b+ 8 — 261 — (L2 + 3)<2]  8(2b+ 4 — 3¢1 — 2¢2)
3(20+ 6 — 1 — 2¢2) 3(2b+ 6 — 61 — 2¢2)
4[3b — (61 + 3)s1 — 662 + 7] 4[3b — (b2 + 5)sa — 261 + 7] }
_ max{ 2b+6 — ¢ — 26 20+6 — ¢ — 26 } (3.31)
2[b+5—2§2—§1(€1+2)]72[b+5—§1—§2(€2+1)] ’

then combining all the above estimates and choosing € > 0 small enough, we can complete the
proof of our lemma. O

Our next result in this section is to show that Z(T) can be bounded by X (7T') and Y (T).

Lemma 3.4 Under the assumptions listed in Theorem 1.1, we have
Z(T) S 1+ (1+[10lIS + 101132) (X (T) + Y(T)). (3.32)

Proof Differentiating (1.1), with respect to ¢ and multiplying the resulting identity with

1 u? Uy
<_U?) + 'LL t - |:Ut (‘LL ) B Utpt:| + uCEt |:pt N (E) uz:| ’
2 . v v /¢ z v/t

Integrating this last identity over (0,t) x R and by using Cauchy’s inequality yield

t 2 t 2
||u,g(t)|\2+/0 /R%dxdfgljt/o /R% [pfﬂ(%)J ui] dadr. (3.33)

ug, we have
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Since
R 4 ROu,
Pt = (— =+ —a6‘3) 6‘,5 - ;jl 5 (334)
v
thus it follows from (1.8) and (2.2) that
602 2,2
//ﬁdxch //( U99+93>ddT
po
L+ 1915 + 19112) X (T) + 119113
S L+ Y(T) + (L+ 1015 + 191152) X (T). (3.35)

On the other hand, according to (1.8), we have

’(ﬁ) ’2 _ {GO‘h’(v)ux N af*"th(v)b, h(v)@o‘um}2

v

v v2

2,,2 2a |/ 2. 9 2,202

1% uz 9 |h (U)| uz a” [ et
S+ . o (3.36)
4), (3.2), (3.3) and (3.22) that

Ou? 9u§ W (0)]> o262
dzdr < //R < 5 72 (0) + dxdr

Then it follows from (2.2), (2

[,

t

0
Ou? Ou? Ouz [P (v)|” )2
<14 || D
s
< (l—I—Z ) (1+ H9||1+2§1 + ||9H(@1+1)§1+1)
3 ( (1D 1 )
1 4+ Z Z 2b+6 <1-22
3(2b4+6—c1 —259)
S14Y(T) + Z(T)TeoFs-tFae -2l (3.37)
Thus combining (3.33)—(3.37), we obtain
"Ult ”2 / /;L tzd dr
3(2b4+6—51 —259)
S1THY(T) + (L + 015 + 1101152) X(T) + 2(T) meres-tsm=2eal, (3.38)
Moreover, we can conclude from (1.1)s that
W v
hence
2,2 2,2 2,2 .2
2 < vTuy VP KUy . Uz d
el s [ (St + S 5 B 0o
1 v268 TR Uy |2
2 2 x 2 @
S+ [ (5 + 25 ) 2+ 2 ot s |2
3
S Tue@I? + (14 10122) Y(T) + 10113 + (1 + 2(1)F) 6]
3(2b+6—51 —2592)
ST+ (L1001 + 161152) (X(T) + Y(T)) + Z(T)rss-tsna=zal. - (3.40)

Here we have used (2.23), (3.38) and the fact that

(R9 a94> RO, RbOv, 4
Pe=|—+—| = -

. 3 . 5 T §a936‘1. (3.41)
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In view of (1.10), one can deduce that

3(2b + 6 — 1 — 2(2)
412b+ 5 — (£1 + 2)s1 — 262

Then by virtue of (3.1) and Young’s inequality, we can complete the proof of our lemma. [

0< < 1.

We are in a position to deduce the upper bound of 8(¢,z) now. In fact, (3.4), (3.32) and
(3.38) tell us that

Z(T)+W(T) $1+ (1+ 110l + 1912) (X(T) +Y(T))

S (1ol + 102) (14— W (D) + 7y)
S L+ eW (D) + 101 + 19122 + (1+ 10115 + 191132) Z2(1)*
S 1+ eW(T) +Y(T) 7773 4 Y (T) T
Y (T) =42 Z(T) + Y (T) -5 =2 Z(T)>
S1+eW(T) +Y(T) + Z(T), (3.42)

where

(3.43)

)\*:max{25+6—§1—2<2 25+6—<1—2§2)\}

2046 —2¢ — 26 20+ 6 — ¢ — 4

and we have used the fact that
2b+6—51 —259 A
(T) + Z(T) 256 —2¢] —2e5 ,

2b+6—51 —259

(T) + Z(T)Fo—i—13

Y/(T)™ 5 Z(T) $Y
Y/(T)™ 5 Z(T) SY
Noticing that under the condition (1.10) and (1.11), we have
0< A <1 (3.44)
Thus with the hand of Young’s inequality and Lemma 3.3, we can deduce from (3.42) that
Z(T) + W(T) <1+ eW(T)+Y(T)

<14 eW(T)+ <

L+ (|0l + [19]13
<14 eW(T) + Z(T)™. (3.45)

W(T) + Z(T)*

Finally, choosing € > 0 small enough then using (3.4) and Young’s inequality again, we

immediately obtain
XM+Y(T)+Z(T)+wW(T) < 1. (3.46)
Recalling the definition of X (T"), Y(T'), Z(T) and W(T'), then combining Lemmas 2.1-3.4,
we have the following lemma.

Lemma 3.5 Under the assumptions listed in Theorem 1.1, there exist positive constants
C1 and (5, which depend only on Iy and Vj, such that

0(t,z) <Ci, V(t,z)el[0,T]xR. (3.47)
Cyt <w(t,z) <Co, VY(t,z)€[0,T] x R. (3.48)

Moreover, we have

t 2
||(v—1,u,9—1,vx,ut,ux,91,um) (t)||2 +/ (\/évmauzvezaetvuxt) (T)H dTS 15
0
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/ / (r,)dadr <1, [luale < (3.49)

Before concluding this section, let us deduce uniform bounds on fo Jp u2,dzdr and

fot fR 62 ,dxd7, which will be used later on. In fact, we have the following lemma.

Lemma 3.6 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

l|lug (t)]|? + // (r,2)dzdr <1 (3.50)

and

0. (1)]1* + //9 (7, 2)dzdr < 1. (3.51)

Proof First, multiplying (1.1)2 by .., we get
+ ) .
v v
Integrating the above identity with respect to ¢ and z over (0,¢) X R and taking advantage of

2
8(u2)+w:(uu)+ Uge —
t x v tUx ) PzUzy

(3.41), we arrive at

t 2
||Uz(t)”2+/ / wdxdT
o JR U
t TrYxr“Yrx 0
sie [ (Bt ](5)
0 R v v .

The first term on the right-hand side of (3.52) can be estimated as follows

[e}% !
/ / quumumld dT_/ / (aulﬁ uw”mm' 0 |n' (v )Umumumm|>dxd7_
vl
2 2 2 / 2
// —2dazdr 4+ C (e / /( v92 oh(v) dadr
//“ Mz gpdr + C (e <1+/ [NE ||Loods)
l’L II
// —2dxdr 4+ C (e <1+/ [ltwa ()| || thae (s )||ds)
//“ M qudr + O (e <1+

< 26/ /dedT+C(e). (3.53)
o Jr U

Here we have used (2.2), Lemma 3.5 and Sobolev’s inequality.

| g Uz Vg |

3
+60° 0, uge| + =

) dzdr.  (3.52)

dedT)
R

Moreover, it follows from (2.2), Lemma 3.5 and Cauchy’s inequality that

INA(ORE

t
5/ / (It%uml +9|'ngxx| 0% Byt + |/Luxu2xxvz|>dxd7_
0 R v v v

¢ 2 t 2 924 p8
L5 kOZ 646
< 6/0 /RdedT + C’(e)/o /R (W T + 6%02 + uwvw> dzdr

t 2
< e/ /%dxdf—kc(e). (3.54)
o Jr

O ] + M) dudr
v
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Then combining (3.52)—(3.54) and choosing € > 0 small enough, we can get (3.50).

Secondly, multiplying (3.9) by —% and integrating the result identity with respect to x

over R, one has

1d K02 pu2  Kyvg + Keb KOzv, | 0
—— |6 (1)]I? —2dzx = Opou, — —% — 22 20, 2T .
o0+ [ ezas — [ opyu, -2 Loy, g e | g

€g
Then
1d K62
Z—16,(¢ 2 Tzx g
5101 + [ 2
92 2 2603 2 2,,4 2 292 294 92 2
Se/ﬁmmdx_’_c(e)/(ﬂumv p(-)_i_//fum_i_liyvm m_i_fie I+ﬁmvm>dx
R Ve€p r \ vl HK€Eg KU€Eg vegk VK€Y v3ey
92
§e/ oz 4z + O (e) (v (t)—i—/ui(t,x)dx—i—|6‘1(t)||||9m(t)||)
R veg R

< 2% /R s 4y 4 O (o) <v ) + /R ui(t,x)dx), (3.55)

veg

where

2 2
pu K0
Vit) = L4+ —2 ) (t,x)d
®) /R<U9 092>(’x) “

and we have used (2.2), (2.15), Lemma 3.5, Sobolev’s inequality and the following fact

1 1
2 2 b 2 1
16.(1)] |9m(t)|_( ”_@c.idx> (/ HHM.@dI>
RV K R Ves K
1
2 2
(t < [ e dx>
R Ve€g

e/%dx—l-C’(e)V(t).
R

Veg

=

N4

IN

Finally, choosing ¢ > 0 small enough, integrating (3.55) with respect to ¢t over (0,t) and
using (2.2) as well as (3.49), we can obtain (3.51). O

As a result of Lemmas 2.1-3.6, we can obtain the following corollary immediately.

Corollary 3.7 Under the assumptions listed in Theorem 1.1, there exists a positive con-
stants C3, such that

o= 1,u,0—1) <t>|?+/0t Voo Nomu | ar < 3. @50)

The next estimate is concerned with the local-in-time estimate on the lower bound on the
absolute temperature 6 (¢,2). To this end, we can deduce by repeating the method used in [33]
that

Lemma 3.8 Under the assumptions stated in Theorem 1.1, for each 0 < s <t < T and

x € R, there exist a positive constant Cy, such that

) Cy ig%{e(&x)}
x) >
o) 2 = s) inf {6(s, z)}

: (3.57)
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4 Estimates of Second-order Derivatives

In the following sections, to simplify the presentation, we introduce A <, B if A < Cy B
holds uniformly for some constant Cj, depending only on Ily, Vy and H(C5) with Cs given in
Lemma 3.5. The letter C(ms) will be employed to denote some positive constant which depends
only on mg, Iy, Vo and H(C3). We note from (1.9) and (3.48) that

sup  |(h(v(t,2)), k' (v(t, z)), h" (v(t, 2)), K" (v(t, 2)))| < H(C2). (4.1)
(t,z)€[0,T]xR

We estimate the second-order derivatives of (u(t, ), 0(t,x)) with respect to the space vari-

able z in the next lemma.

Lemma 4.1 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

”(Uzza 99696) (t)H2 + /0 H(umxa eocmc) (7')H2 dr

S aClma) + [ oes M7 dr+ sup {017} 2)

Proof First, differentiating (1.1)s with respect to z, and multiplying the resulting identity

by Uzzz, Wwe have

1 u? U U
[iuim] - [uztuacac]m + Mooy = Paalzzz + [M - (,U z) } Ugz-
t Tx

v v v

Integrating the above identity over [0,t] x R and by using (2.4), (3.48) and Cauchy’s in-
equality, we can deduce that

t t
fues®P + [ [ atriaotr S [ [ (Ipnaft o+ [ - (222)
0 R 0 R v v Tx

Since

2) dedr. (4.3)

RO,, 2RO0,v, ROv;, 2R9v5
= +
v v?2 v2 v3

4
Dug = + 40662 + §a939m, (4.4)

we have
piz S |(wa79ww)|2 + |(Uw791)|4'

From (2.1) and (3.56), we have
t
/ Joa(r)|Pdr < C(ma),
0

which combined with (3.56) implies

[ [ 1000,02) () e € [ st 000) (Ol (v 1002) ()]
0 JR 0
< s {I0n w8 O} [ 00 () 0

0<t<T
t

S Clma) + [ o (r)|ar (4.5)
0

Consequently, we have

/Ot /Rpim(7—5 z)dzdr < C(m2) + /Ot vz (T)]|2dT. (4.6)
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To estimate the last term in (4.3), we first make some estimate of . It follows from (2.4)
that

[(6%)z] < 162,
[(09) 2| < 102zl + 63, (4.7)
|(0)zaa] < Oazal + 02l + 102",

Since v (t, z) is bounded, for general smooth function f(v), we have

[f ()] S 1 (0)l]0al,
|(f@aal SIS £ (Jvaa] +27) (4.8)
|(f@azal SIS L") ©)] ([V2a0] + [vaalvy + [v3]) -
Combining (4.7) and (4.8), we have

[(f(@)0%)e| S5 £ (@)]|(va, 02)],
[(F(@)0%)aal SIS 5 £ )] [|(V2, Ou) | + (02, 02)[%] (4.9)
[(F)0)zael SIS 7 PO (Ve Orza)|
+|(Vaas Oaz) || (Vs 02) [ + |(ve, ) %]

Taking f(v) = 2% we can combine the identity

(2), = (2), 2 (2) e
(% T V/ zx V/x (Y

and the assumption (1.8) to conclude

Ugzx
v Trr v

S (Vi sy 02) P+ (v [t + [ (s O) || (Vi i, O -

From this estimate, we derive
2 t t
dzdr < h/ /|(vz,um,91)|6dxd7+/ /uivfmdxdT
o Jr 0o JR

[ LI
0 R v T v rre
t
+/ /|(um,611)|2|(vm,um,6‘1)|2dxd7. (4.10)
0 R

Employ Sobolev’s inequality and (3.56) to get

t t
/0 / (g 1, 0,) (7. 2) P < / (0 1, 0) (7)1 ) | (0 1 B2)(7) |2

t
S /O | (Ve Uz emm)(T)”Q | (va s U, 91)(7-)||4d7'

¢
S 1+/ [vze (T)]|>d, (4.11)
0

t t
/ / 2ot dedr < sup {Il(vse(®)]) / lus(M2dr < sup {Jom(®]?},  (412)
0 R o<t<T 0 o<t<T

and
t t
/0 / (ts O P (00 1, B) Pl < / |t Oa) ()2 e gy (s, 82) ()2l

S /0 | (taas Ozz) (T [[(Uzzas Oz ) (7) || AT



1540 ACTA MATHEMATICA SCIENTIA Vol.38 Ser.B

<)+ /O (tana, D) (7)]| 27 (4.13)

We plug (4.11), (4.12) and (4.13) into (4.10), and use (4.3)—(4.10) to deduce that

(|2 (£)[|? —|—// Ul 4o (7, 2)dadr
t
<100 + [ Poas(o)Pas 4 sup {1} 45 [ e )PP, (110
0 0<t<T 0

Next, We differentiate (3.9) with respect to z and multiply the result by 6., to find

2

1 2 ’%9111
g(emm)t - [etmewmm]m + —’Ueg

2
- (222) = (52) e [ (3 (52)) Joe
€9 x veg /. veg ey v .

Integrating the above identity over [0,t] x R, we obtain from Cauchy’s inequality, (2.4) and

(3.48) that
t
62O + | [ 820er,a)dadr
0 JR
t

<1+ <9p9“””)
of / - oG ))m

(2.15) together with Lemma 3.5 yleld

9p9uz
}( >5|<vm,ex>||um|+|um|,

<

dzdr + dIdT

().

dzdr. (4.15)

S nl(ve, 91)|ui + (Uil

S |91||(U§7Uw917992577}11)| + |9m||(vm=9m)|,

which implies

2
< nl vz, 0)|ug + uuz,

2
S 10211 (vz, w202, 0, 02| + 162,11 (v7, 62).

b R ' R A II

).
c)).
}(97’“”) U< (om0 a2,
),
).

59111 1
veg
Then by employing (3.56), we obtain

t 0 N 2 t
(ﬂ) dzdr < / / (|(vm, Ug, 9m)|4 + uim) dzdr
R €o z 0o JR

< Clm) + | a2 (4.16)
[ 1) ]

dzdr < / / |(v2,02)|uy + |uZul,|) dzdr
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t t
5 +/ |\UM(T)||2dT+5/ tana(F)|2d7,  (4.17)
0 0

and
2
dadr

[ 2))
//qu%ﬁﬁﬁw@HW|u%@mmw

t
SO+ s {[0a @} 43 [ [6mas(r)] dr.
0<t<T 0

Putting (4.15)—(4.18) together, we arrive at

022 (t)]12 + / /6‘111 (1, z)dzdr

Cma) + / e (7) |27 + 6 / |tz Bazr) (7).

Combining (4.14) and (4.19) and taking § > 0 small enough, we can obtain (4.2).

(4.18)

(4.19)

O

We next obtain a mo-dependent bound for the second-order derivatives with respect to x

of the solution (v(¢,x), u(t, z),6(t, x)).

Lemma 4.2 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

t
(Ve s Ouv) (1)) +/ [(Vaas Uazas Oxza) (T)]|* dT < C(ma).

(4.20)

Proof Differentiate (2.7) with respect to x and multiply the result by (’“’”) to find

3] o ()] e ()]

= Upy (&) + Pas (,lwz)w + (&)1 [,u(-) (v.0; — 6 UI)LC

v v v v

We integrate the above identity over [0,¢] x R, and Cauchy’s inequality to obtain

[0 e [ e (), e (),

N (uvm)m [/:}9 (020, — 6 uz)L }dxdr.

v

On the other hand, one can deduce from (2.14) that
0] Sl + |ug] + |veb] + (65 + [0z
Thus combining (2.4), (4.22) and the fact

— 0
(&) _ Uy - MULIJULE + MU Uy + /’LU’LI)LI)7
v t v v v

we have
)
K'u x) } Sh |v1u1| +Nm21|a||vz| + |uzz|

We then deduce from Cauchy’s inequality and (3.56) that

t
HUg

< .

/0 /Rum( ” )tdxdT_C(mg)

(4.21)

(4.22)

(4.23)
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In view of (4.4) and

v
(/J’ w) = ﬁ”zz"’ (H) Vg,
v x v V/x

t
//pm %) dadr
// ﬂd dr + C(my // o 10z, v,)|*] dudr.

With the aid of Sobolev’s inequality, we have

| [ 16eva)itands £ [ 620 @RI 600 (lar
0 JR 0

S 0(m2)+/0 10, v2) (7)1 [|vaw ()| *dr.

Combining (4.25)—(4.26), we obtain

/t/pm &)IdxdT

// Us drdr + Clms) + Clms) / 16, 02) (1)} 0 (1)

203

For the last term in (4.21), we use (4.24),

we have

[/1’9 (’Umet emum)} = ﬁ (Ummet + Umemt - emmuw - ewuww)
v

v x

0
+ [MW =t Hoots W;m (v20r — Opuy) |,
v v

and (2.4) to derive

Uy
(E2) | S wlvwal + 100022
[/;9 (’Uwet 0 uw)} S h|a| (|9tU1}LE| + |9mtvw| + |9mmuw| + |91uww|)
+Hel[(va, 02)| (Jvz0e] + |Ooual) -
It follows from the identity
,uui Opotiy KopUgOp + 11995 KO0z KOV,
etz - - + - - - 2
Veg . €9 z veg . veg . vV €Ep .

and (3.47)—(3.48) that

(4.24)

(4.25)

(4.26)

(4.27)

|9tz| < |9mz| + |(vza9r)||9mﬂ| + (1 + |uz|) |Uzz| + |9rvrx| + (1 + |(um,vz,91)|) |(uzvvra9m)|2-

Hence applying Cauchy’s inequality yields

t
uvz ue
L), [ vt o]
< (1400?60 0,0) //U _dadr + C(e)a? [Jus % //emdxdT

t
a2/ /|(vz,9m)|2|(v19t,9muz)|2dxd7—|—C(e)/ /|(vz,91)|4d:17d7'
o Jr o Jr
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t
a2/ / (10t 0) %02, + (14 (2t vs 00)[?) |2ty v, 00)|C] dardr
/ / 1 + |uz| umvm +9925 iw} dzdr
< hﬁ/ /’UideJdT-i-C(E,mz). (4.28)
0 R

Here we have used (2.4) and
/ / 62 dxdr < N2,

Combining (4.21), (4.23), (4.27) and (4.28), we obtain

e @ + [ ez < 10m) + [ 1,80 Pl ()
We apply Gronwall’s inequality to the above estimate to obtain
t
[oea(®)* + [ e ()]s < Clona),
0

which combined with (4.2) implies (4.20). O

5 Estimates of Third-order Derivatives

Estimates on the third-order derivatives of (v(t, ), u(t, x), 0(¢, z)) with respect to = will be
proved in this subsection. We first give an estimate on the third-order derivatives of u(¢, z) and

0(t, x) with respect to = in the following lemma.

Lemma 5.1 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

”(ummwu mm;ﬂ / H Ugzze, mmmm) (T)||2dT
S 1C(ma) + / Jonee (D7 a7+ sup_{[ore 0} (5.1)
0 0<t<T

Proof Firstly, differentiating (1.1)2 with respect to = twice and multiplying the resulting

identity by vgzzzz, We have

1 L Jn o
|:§u?cmm:| - [uwwtuwmm]m + = Porstizgrs + {ﬂ - (—m) } Ugrra-
t v v v TxxTT

Integrating the above identity over [0,¢] x R and using Cauchy’s inequality, we obtain

t t 2
@+ [ [ riidotr 14 [ [ (mwu}w— (1) )dxdT.
0 R 0 R v v TTT

(5.2)
We compute from (4.4) that
RO,.. 3RO,,v, 3RO,v.s GRQI’UOQC ROv,. G6ROUL VL,
- - + - +
v v2 v2 ’U3 v2 v3

9
OROY: | 30065 + 120620,0,, + a9 .

Prxx =

hence we have

piww N |(Uxxxa9xxx)|2 + |(Uoca9r)|6 + |(vzv )| |(vzzv zz)|2 9925 ;lv
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and it follows from (4.11)—(4.13), (4.20) that

/ /pwwmdxdT S C m2 / va;ﬂ;ﬂ ‘ dr. (53)

From (4.9) with f(v) = @ and

U
v TTT V/ zxx V/ zx vV/x v
we have

Pz p
— —Ugzaxx
v TTT v

In view of (3.56) and (4.20), we deduce that

5 hl(ku Uy, 9m)|4 + |(’Umau;ﬂ7 61)|2|(’Umwauwm7 911)|

//} Muw Mumm dxdr
t
S nC(0,m2) + + sup {”vzzzw} + 5/ H(ummxaemmx)(ﬂwdT- (5.4)
0<t<T 0

Combining (5.2)—(5.4), we get

t
fiase®IF + [ [ 0sreria)dar
0 JR
t t
$0C0ma) + [ erea(DIPdr + sup {[onsal)]P} + [ [trsan, brae) () 7. (55
0 0<t<T 0

Next, we differentiate (3.9) with respect to x twice and multiply the result by 6,... to
obtain

2 Keizzz
(emxx) [etzzozzzz]w + veg

2
€ o Veg Veg € v z/ wx

Integrating the above identity over [0,¢] x R, we obtain from Cauchy’s inequality that

mxm ||2 / / TTTT 7' ZE dIdT

Opouy
<1+ (ﬂ) dxdr + < > dIdT
R € veg
t
+// Pozes (— (“ ) ) dadr. (5.6)
0 R vVeg (&) v 2/ v
It follows from (2.15) and Lemma 3.5 that
Opyuy
(Z2) | 10rms 08222 0l el 60)] + s,
9 xTrxr
pu
(B2) 1S a0 202,080+ 0 00) 0+ st
9 xTrxr

< [val[(0302, 02)] + [02[*[(07, 0a0)| + 102007, vaba, O]

KOpza 1 [/ kO,
veg € v z/ zx

HvzeeOe| + [0z || (Ve 0z, 9925)| + 1022z (Ve 02)| + 94 + eazcaca



No.5 L. He et al: VISCOUS RADIATIVE GAS WITH TEMPERATURE DEPENDENT VISCOSITY 1545

which implies
2
< 9179 Uy >
60 rxr
2
veg rx

S nl(030, 020,03, 2, V202 ) ug + |uZul, (03, 62)] + ug, + |uzus
KO pwa ( 1 </§91) >
Veg €9 v 2/ zx

Then one can infer from (3.56) and (4.20) that

/t/ (9170”11)

0 JRr €9 z
t

S [ ] (620262, 08 022 )]+ (62 6)] + [, ]) dad
0 JR

< C(me), (5.7)

[ L))

t
So [ 020200 020Dt 262, 02)] ks + ] )
(m2)

,S C ma), (58)
/t / Y. 1 /Kb, 2
0o JR veg € v z/ zx

dxdr
t
S [ (CRI0202 6001+ bl 02 62001 + 2102020 2
0 JR

S (02,0207, 0, vz, v ] + (w2 ||(02, 03)] + [udal,

T VT Yy Yxrx rrrxT

2
SO I(A02, 00|+ s (02, 62,)] + 2,102, 0262, 62,)

g R x) 7 xx B R v R o

02,007 4 05| (V202,00)| 4 02,1 (v2,02)| + 65 + 65,

2
dadr

2
dxdr

I
v

L0202 4 62, (0262, 00)] + 62, (02, 2)] + 6F + 9ix>dwdT

t t
< Cma, 8) + / aas (r)|2dr + 6 / 1Gee (7)| 2. (5.9)
0 0

Putting (5.6)—(5.9) together, we obtain

t t t
1Baa(B)]2 + / / 02, (r,x)dadr <p C(ma, 6) + / |vms (1) 2dr + 6 / Bz ()|l
0 R 0 0
(5.10)
Combining (5.5) and (5.10) and taking ¢ > 0 small enough, we can obtain (5.1). O

By using (2.4) and Gronwall’s inequality, we can deduce the mo-dependent bound for the
third-order derivatives of (v(t, ), u(t, x), 6(t, z)) with respect to x. The proof is similar to that
of Lemma 4.2 and hence we omit the details for brevity.

Lemma 5.2 Under the assumptions listed in Theorem 1.1, for any 0 < ¢ < T, we have

t
H(vzzzvuxama Hxacac) (t)H2 + /0 H('Uxxxvuxamxa ozzzz) (7-)H2 dr < O(m2> (511)

By virtue of Lemma 2.1-Lemma 5.2, we can get the following corollary.
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Corollary 5.3 Under the assumptions listed in Theorem 1.1, there exists a positive con-
stants C'(mg) > 0 which depends only on mg, Iy, Vo and H(C3) with Cs being given in Lemma
3.5, such that for all ¢ € [0, 7],

(v —1,u,0 = 1) ()5 + /0 [1oa (D113 + (2, 62) (73] dr < C(ma), (5.12)

With Corollary 5.3 in hand, Theorem 1.1 follows by the combing the well-established local
existence of solution (v(t, z), u(t, x), 0(t, x)) of the Cauchy problem (1.1)—(1.3) with constitutive
relations (1.6), (1.7) and (1.8) which is without vacuum, mass concentrations, or vanishing
temperatures, cf. [23], and the continuation argument designed in [52] and we omit the details

for brevity.
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