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Abstract We study the large-time behavior toward viscous shock waves to the Cauchy
problem of the one-dimensional compressible isentropic Navier-Stokes equations with density-
dependent viscosity. The nonlinear stability of the viscous shock waves is shown for certain
class of large initial perturbation with integral zero which can allow the initial density to
have large oscillation. Our analysis relies upon the technique developed by Kanel’ and the
continuation argument.
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1 Introduction

We consider the large time behavior of global solutions to Cauchy problem of the one-
dimensional compressible isentropic Navier-Stokes equations with density-dependent viscosity
in Lagrangian coordinates

vy — Uy =0,
1.1)
u (
w + p(v)e = (1) 22)
xT

with prescribed initial conditions

(v, u)|t=0 = (vo,uo), liriloo(vo,uo)(:zr) = (vg,ug), (1.2)

xr—

here ¢t > 0 is the time variable, x € R is the Lagrangian spatial variable, and v+ > 0, uy are
given constants. The primary dependent variables are the specific volume v and the velocity w.

Throughout this manuscript, the pressure p and the viscosity coefficient p are given by

p(v) =av™?, pu(v) =bv™", (1.3)
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where 7 > 1 represents the adiabatic exponent, a > 0,b > 0 and k are the gas constants.
Without loss of generality, we can assume that ¢ = b = 1 in the rest of this manuscript.
Before stating the main problem studied in this manuscript, we first explain our motiva-
tion to study the one-dimensional compressible Navier-Stokes equations (1.1) satisfying rela-
tions (1.3). According to the study on the kinetic theory of dilute gases, if one derives the
one-dimensional compressible Navier-Stokes equations from the Boltzmann equation with slab
symmetry through the Chapman-Enskog expansion (see Chapman-Cowling [1]), one can de-
duce that the five thermodynamical variables, i.e., the density p = v~!, the temperature 6, the
internal energy e, the entropy s, and the pressure p, satisfy the equations of the state of the
ideal polytropic gases
p=—"=bvle?/, e=c,0 (1.4)

for some positive constants [ > 1, R > 0, b> 0, ¢, >0 and the viscosity coefficient p together
with the heat conductivity coefficient % are no longer positive constants but depend on the
temperature. In fact for the cutoff inverse power force model (cf. [14]), the interacting potential
between molecules is proportional to 7!~ where 7 denotes the distance between molecules and
s > 5 is a constant and in such a case, one can deduce by employing the properties of the

Burnett functions that the viscosity coefficient p and the heat conductivity coefficient & satisfy
w(0) x 073151, ®(0) x 0700 (1.5)

Note that as s — +o00, the cutoff inverse power force model is then reduced to the hard sphere
model, while the Maxwell molecule model corresponds to the case of s = 5.

For isentropic polytropic flows, the pressure p satisfies p = ap” for some positive constants
a > 0,7 > 1. Such a fact together with (1.4) imply

0= %pv—l. (1.6)

Thus for isentropic polytropic flows, one can get from (1.5) and (1.6) that the dependence of
the viscosity coefficient i on 6 can be transferred into the dependence of i on the density as

(s43)(v—1)

ulp) o p 2= y>1, s>35, (1.7)

which is nothing but (1.3) with £ = % It is worth to pointing out that although the

fact that s > 5 from physical consideration implies that 77_1 < k < v —1, to illustrate the
range of the parameters v and x to which our argument can be applied, we will deal with the
case when (1.3) hold with the constant x being independent of + in the rest of the paper.

The problem we want to study is on the time-asymptotically nonlinear stability of viscous
shock waves for the Cauchy problem (1.1)—(1.2). Recall that a viscous shock wave of (1.1)
connecting (v_,u_) and (v4,uy) is a traveling wave solution (v,u)(t,z) = (V,U)(z — st) of
(1.1) satisfying

(Vv U)(_OO) = (v,w), (V.U)(+00) = (vy, UT) ) (1'8)

where s is the shock speed and (v, u;) and (v,,u,) are the given far-field states satisfying

(v4,uy) € S152(v_,u_), where
S182(v—yu_) = {(v,u) : u<u_ —(v—ov_)s;(v,v_), i =1,2}

with the speed s;(v,v_) = (—1)*y/(p(v) — p(w))/(v; — v).
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Under the above assumptions imposed on the far-fields (v4, u4) of the initial data, following
the standard arguments in [16], we can find a unique (7, @) € S1(v_,u_) such that (vi,us) €
Sa(v,u), where

Si(v,uy) = {(v,u); u=u — (v —v_)s;(v,v;), u<u}

is the i-shock curve passing through (v;,u;). It is easy to show that the system (1.1) admits
a 1-viscous shock wave (V1,U;) (x — s1t) connecting (v_,u_) with (7,@) and a 2-viscous shock
wave (Va,Us) (z — sot) connecting (7, u) with (vy,u4 ), and both of them are unique up to
a shift, where s1 = s1(v_,7) < 0 and s3 = s2(v4+,7) > 0. It is expected that the large-time
behavior of global solutions of the Cauchy problem (1.1)—(1.2) is described by the superposition
of the shifted 1-viscous shock wave (V1,U;) (x — s1t + 1) and the shifted 2-viscous shock wave
(Va,Us) (x — sat + aa):

(V,U)(t, z; 01, a0) := (V1,Ur)(x — s1t + aq) + (Va, Us)(z — sat + a2) — (0, @), (1.9)

where the shifts a7 and aq are given by
s9A+ B s1A+ B

a1 = 751(51 — 82)7 g = 752(51 — 52) (110)

with
A:/R[vo(a:)—vl(x)—VQ(x)—FT)]dx<—I—oo, (1.11)
B = /R[uo(:zr) — Ui(z) — Uz(z) + ] do < +o0. (1.12)

Before stating our main result, we first recall some previous results closely related. For the
case when the viscosity coefficient u(v) is a constant, stability of viscous shock wave for small
initial perturbation with “zero mass” condition was proved in Kawashima-Matsumura [8] for
small-amplitude profile and in Matsumura-Nishihara [13] where the corresponding assumption
imposed on the amplitude of the viscous shock profile is relaxed to the assumption that

-

2
oo (1.13)
¥(vr — Ul)vl_v_l ' '

v(vr — Ul)vl_

Notice that
v, U, - 14 v+

—r v — ;) + O |v, — vy,
Y(vy —v)v; 7 2 ( )+ OW)| !

although for general 7 > 1, especially for the case when = is sufficiently large, assumption (1.13)
holds only when the strength of the viscous shock profile is sufficiently small, it does hold for
any v; and v, if v — 1. Later, there appeared many works treating the case when the initial
perturbation is not of zero mass. In particular, the asymptotic stability for small-amplitude
viscous shock wave of (1.1) and related physical systems was studied in Mascia-Zumbrun [10]
and Liu-Zeng [9] with small initial perturbation. As for the asymptotic stability of viscous
shock wave with large initial perturbation, it was a long-standing challenging open problem,
except for the partial result obtained in [17] where viscous shock waves were shown to be
time-asymptotically stable for a certain class of large initial perturbation.

For the case when the viscosity coefficient p(v) is assumed to satisfy (1.3), there is a huge
literature on mathematical studies of the compressible Navier-Stokes equations with density-

dependent viscosity with various initial and boundary conditions. We here just mention some
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works on the large-time behavior of the solutions. Jiu-Wang-Xin [5, 6] proved the time-
asymptotic stability of rarefaction waves to the one-dimensional compressible Navier-Stokes
equations with density-dependent viscosity for general initial data which may contain the vac-
uum. As for the stability of viscous shock wave, Matsumura-Wang [14] showed that any viscous
shock wave of the system (1.1)—(1.3) with x > (7 — 1)/2 is asymptotically stable for small ini-
tial perturbations with “zero mass” condition. For the corresponding result with large initial
perturbation, to the best of our knowledge, no result was obtained. The main purpose of this
manuscript is devoted to this problem and what we want to show in this paper is that the
viscous shock wave of the compressible Navier-Stokes equations (1.1) is still nonlinear stable

“zero mass” condition but can

for certain class of large initial perturbation which satisfies the
allow the initial density to have large oscillation.

Now we turn to state our main result. To do so, we need first to introduce some notations
as in the following: the strengths of the 1-viscous shock wave and the 2-viscous shock wave are
denoted by d; := |v_ — 7| and d3 := |0 — vy |, respectively. We also set 6 := |uy — u_|, and

x

(60, %0)(z) = / (v0(y) — V(0 : 01, 00), uo(y) — U0, ysomr02)) dy.  (L14)

— 00
Second, we list some assumptions on the initial data (v, uo), the strengths of the viscous
shock waves 01, 02, and the shifts aq, as as follows:
(Hp) there exist d-independent constants £ > 0 and Cy > 0 such that for each = € R,

Cy ot <wolz) < Co(1+67%; (1.15)

(Hy) (v4,uq) € S182(v—,u_) and (9,a) € Sy(v—,u_) such that (vy,uy) € S2(7, a);
(Hz) the strengths of the viscous shock waves d1, d2, the shifts ay, as defined by (1.10)

and the initial data (vg, ug) are assumed to satisfy
(vo — V (0,01, 02),u0 — U(0, s 01, 02)) € H'(R) N L*(R), (1.16)
(¢0,%0) € L*(R), (1.17)

and for some positive constant C; independent of ¢,
01_152 S 51 S 0152, Qo — 1 S 01571, as 0 — O+; (118)

(Hs) v_ and vy are positive constants independent of 0.
With the above preparations in hand, we are now ready to state our main result.
Theorem 1.1 Under assumptions (Hy)-(Hs), we assume further that 0 < x < 1, v > 1

and
1(¢0, o)l =) < C26%, |l boaell L2y < Co(l+677) (1.19)

hold for some J-independent positive constants Co, o and . If the parameters ¢, « and (3 are

assumed to satisfy
(37 + 5k + 5)¢ < min{2, a},
4

49?4+ 3v(1+26) + (1 4+ 4r)(1 — 2r) . NERARYE.
492 4+ 2y(1 4+ 4k) + 2(1 + k) (1 — 2k) 2 4

min{a— VTHE 1} <1+ K)+ B, (1.20)

B+L(1+k) <
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then there exists a suitably small g > 0 such that if 0 < ¢ < §p, the Cauchy problem (1.1)—(1.2)
has a unique solution (v,u) satisfying
(v(t,z) = V(t,z300, 00), u(t,z) — U(t, 2301, a2)) € C ([0,00); H'(R)) ,
v(t,z) — V(t, 2501, az) € L (O, oo;Hl(R)) ,
u(t,z) — U(t,z;a1,a2) € L? (0, 00; H*(R))
and
Cy g [min{em O} - (BHOER] < (1 ) < Cyomm [minfe 3L} EHOR] (1 91)
for some positive constant Cs independent of §. Furthermore, it holds that

lim sup |(v, u)(t,z) — (V,U)(t, z; a1, a2)] = 0. (1.22)

t—00 4R

Remark 1.2 It is easy to see that the set of the parameters a > 0, 8 > 0, £ > 0 which
satisfy assumption (1.20) is not empty. In fact, since 0 < k < % implies that

492 +3v(1+26) + (1 +4k)(1 — 25
492 + 2y(1 4+ 4k) + 2(1 + k)(1 — 2k

>

we can choose { =0, 0 < a < %, and

492 4+ 3y(1 4 26) + (1 + 4K)(1 — 2k)
12+ 29(1+4k) + 201+ r)(1 —2r)

a<fp<

such that (1.20) holds.

Remark 1.3 If the parameter «, 3, ¢ satisfy min{2a — (v +1)¢,1/2} < 2(8 + ¢(1 +
k)), then for § > 0 sufficiently small, we can deduce from (1.21) that for each fixed ¢t >

0, Osco(t) := supv(t,z) — in%v(t,x), the oscillation of v(t,x), can be large in our result.
z€R z€
We must point out, however, that the H'-norm of the initial perturbation together with the

strength of the viscous shock wave are assumed to be sufficiently small in our analysis. It
would be a very interesting problem to show that the viscous shock wave to the compressible
Navier-Stokes equations (1.1) is nonlinear stable under general large initial perturbation or even
the time-asymptotically nonlinear stable of large-amplitude viscous shock waves for a certain
class of large initial perturbation like this manuscript. Note that the nonlinear stability of
large-amplitude viscous shock waves to the compressible Navier-Stokes equations with constant

viscosity coefficients under small initial perturbations is treated in [19].

Before concluding this section, we outline the main idea used in this paper. For general
v > 1, the argument employed in [8, 13] relies heavily on the smallness of both §; (i = 1,2)
and the H?(R)-norm of the initial perturbation. One of the key points in such an argument is
that, based on the a priori assumption that the H?(R)-norm of the perturbation is sufficiently
small, one can deduce a uniform lower and upper positive bounds on the specific volume v(¢, x).
With such a bound on v(¢, z) in hand, one can thus deduce certain a priori H?(R) energy-type
estimates on the perturbations in terms of the initial perturbation (¢o, %) provided that the
strengths of the viscous shock waves are suitably small. The combination of the above analysis
with the standard continuation argument yields the local stability of weak viscous shock waves

for the one-dimensional compressible Navier-Stokes equations with constant viscosity.
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As in [3, 11, 15] where the global stability of rarefaction waves for the one-dimensional
compressible Navier-Stokes equations with constant viscosity was investigated, the main diffi-
culty for deriving the global stability of viscous shock waves is to deduce the uniform lower and
upper bounds on the specific volume v under large initial perturbation. In this paper, we use
the smallness of the strengths of viscous shock waves and the H!(R)-norm of the initial pertur-
bation to control the possible growth of the solutions caused by the nonlinearity of the system
itself, and then to derive the desired uniform lower and upper bounds on the specific volume v.
It is worth pointing out that the argument developed by Kanel in [7] plays an essential role in
our analysis.

The layout of this paper is as follows. After listing some notations in the rest of this section,
we will state some properties of the viscous shock waves and reformulate the problem in Section
2, while Section 3 is devoted to the proof of Theorem 1.1.

Notations Throughout this paper, ¢ and C are used to denote various generic positive
constants which are independent of §, the strength of the viscous shock wave. We will use
AS B (BZ A)it A< CB for some positive constant C. The notation A ~ B means that
both A < B and B < A. For function spaces, L(£2) (1 < ¢ < o) denotes the usual Lebesgue
space on  C R with norm || - || a(q), while H9(Q2) denotes the usual Sobolev space in the L?
sense with norm ||-|| e (). To simplify the presentation, we use ||-|| and ||-||; to denote ||| z2(r)
and ||-|| gra(r), respectively. The notation (V,U)(t,z) will be used to denote (V,U)(t,x; a1, ca)
in the rest of this manuscript.

2 Preliminaries

We collect some basic properties of the viscous shock waves (V;, U;) (¢, z) (i = 1,2) and their
superposition (V,U)(t,x).

We first state the existence of the viscous shock waves (V;(x — s;t),U;(x — s;t)) (1 = 1,2)
together with their decay estimates as x — s;t — £o00. By using the assumption (Hs), a similar
proof used in [4] leads to the following lemma. We omit its proof here.

Lemma 2.1 Assume that assumptions (Hg)—(Hgs) hold, then (1.1) admits a viscous shock
wave (V1,Ur)(x — saot) of the first family connecting (v_,u_) with (o, %) with speed s; and a
viscous shock wave (Va, Uz2)(x — saot) of the second family connecting (7, @) with (v, u4) with
speed sz, and both of them are unique up to a shift. Moreover, there exist positive constants ¢

which depends only on v_ and v4, such that, for i = 1,2,
[(Vi(§) =0, U1(€) — )| < dre™lél, VE>0,
|(V2(€) = 9,U2(6) — @) < dze™ %=, v E<O,

VIO S Vi) —v-[Vi(§) — 0], VEER,
V3 < IVa(€) — o[ Va(§) —vy|, VEER,

Ui(§) <0, VEER,

(2.1)

(UF(€), Vi (©), U () S IV/(€)] < 6Fe e, vVEER.
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Note that (V;,U;)(x — sit + ;) (i = 1,2) are exact solutions of the compressible Navier-
Stokes equation (1.1), while their superposition (V,U)(t,z) satisfies

Vi—-U; =0,
0. t>0, z€R, (2.2)
et V), = (V)52 =
where U I U
9 =p(V)=Z — u(Vi) == — (Vo) =2 — p(V) + p(V) + p(Va) — p(0). (2.3)
Vv Vi Vs

The following lemma is concerned with some estimates on ¢(t, ), which will play an im-
portant role in performing the energy estimates. It follows essentially from the argument in

[17]. Again, we omit its proof for brevity.

Lemma 2.2 Under assumption (1.18), we have

/Ool\g(t)HdtS(S%, /OO(HQz(t)H+||gzz(t)|\)dt§5%- (2.4)
0 0
We define (¢, )(t, x) by

x

(¢, 9)(t, ) :=/ (v(t,y) = V(t,y; a1, 02), ult,y) — U(t,y; a1, 2)) dy, (2.5)

— 00

and reformulate the original problem from (1.1) and (2.2) as

¢t - "/Jac - 07
b+ () — p(V) = (u(v)— - u<v>i> o, (2.6)
(¢, ) |t=0 = (b0, o).

We then define the set of functions in which we find the solutions
(o(t,2),9(t, x)) € C([0,T]; H*(R)) ,
6. (t.z) € L? (0,T; H(R)),

Xt (0,T) = 2 (6(t, ), (t, x)) ,
s (t,x) € L2 (0, T; HX(R))

m < V(t,x) + ¢u(t, 2) < M

and the local solvability of the Cauchy problem (2.6) in such a set can be stated as in the
following proposition.

Proposition 2.3 Let (¢g, %) be in H?(R) satisfying ||(¢o,%0)|2 < Mo and assume that
m < V(0,2) + ¢ () < M holds for each z € R, then there exists ¢ty > 0 depending only on m,
M and My such that (2.6) has a unique solution (¢,%)(t,z) € X, /2.2:(0,t0) which satisfies
for each 0 < ¢t < tg that

[P < 20voll, 192 < 2llvoall,  [1($, ) (B2 < 2Mo. (2.7)

3 Proof of Theorem 1.1

In this section we first deduce some a priori estimates on the solution (¢, ) € X1 /m,m(0,T)
to the problem (2.6), and then prove Theorem 1.1 by using the continuation argument. We will
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use ¢ and C' to denote some generic positive constants independent of 7', m, M and §. Besides,
we will often use the notation (v,u) = (V + ¢, U + ,), though the unknown functions are ¢
and . Moreover, we denote here Ny (T') := supyo 1 [|¥(t)| Lo, or by Ny, for simplicity. Without
loss of generality, we can assume that m > 1 and M > 1.

Our first lemma is concerned with the basic energy estimate, which is stated in the following
lemma.

Lemma 3.1 Under the assumptions in Theorem 1.1, there exists a sufficiently small
positive constant ¢; independent of § such that if 0 < § < d1, then it holds for each 0 <t < T
that

GO+ [ [ (Vilw? + 42) docr

< 11(do, %) +52+/ / Yse dadr + Cy(m, M, 6, Ny) / l6o(m)2dr,  (3.1)

where
C1(m, M, 8, Ny) = Nym 2 + NIM* m"+t 4 M2t 62, (3.2)

Proof First, (2.6)2 (second equation of (2.6)) can be rewritten as

Yt P (V)60 = n(V) 52 4 00) = (V) ~ 9/ (V)62)

[0, [ o

v
Multiply (2.6); by ¢ and (3.3) by —p'(V) 1% to find
- P | - P VVl® V)2
t

W), " 2V V) ‘[W‘ Vi (V)

_( wV) o) o Y

= ({05 Va4 00) V) = p(V))
v ) V) Y fpv) p(V)] L, gY
p/<v>{ g M’“ p'<v>[ }U”” Py

Since v_ and v, are independent of 4 and ¢ is assumed to be sufficiently small, we can deduce

u(V)wm]

v 14

that V (¢, z) can be bounded from both below and above by some positive constants independent

of §. Integrating the above identity with respect to ¢ and = over [0,¢] x R yields

o @+ [ [ i+
oo+ [ /|vzwwx|+/ /| — P (V)6.) 0l

[ [ 1 o +/Ot/f|wg|. (3.4)

Straightforward calculation leads to

} Vae| +

V) M*|¢q|

Pl e 69)

Ip(v) — p(V) = p' (V)| < m¥T2¢2, ‘ME}U) o
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Noting that €62 > —V; = —U, > 0 and using Cauchy’s and Hélder’s inequalities, we derive
from (3.5) and (2.4) that for each e > 0,

t t

I < e/ /1/Jgdxd7'+0(e)/ /Vfd)zdxdr,

0o JR 0o JR

t
Iy < Nym?+2 / / P2 dadr,
R
t
I3 S / / Vi —dzdr + N7 M m"+! / / ¢2dadr,
0 JR
t
€ / / |U, |2 dadr 4+ M25§2m2~+2 / / Y2dadr,
0 JR 0 JR

Iy < / [ ()l lg(r)lldr < 6% + / ()1 llg(r)lldr.

Estimate (3.1) can be proved by substituting the above estimates on I; (j =1,---,5) into (3.4)

and employing the Gronwall inequality. This completes the proof of Lemma 3.1. 0

Lemma 3.2 Under the assumptions in Theorem 1.1, if § is suitably small, then it holds
for each 0 < ¢ < T that

H(d)d}d}z;\/—M_id)x H //[ }dxdr

< || (0. vo. VB0 000 ) || + 3 + Cotm, 5., /O 627 2dr, (3.6)
where &g = D|;—9, and
&= 2(0,V) =p(V)(w - V)~ | pladn (3.7)
1%

Ca(m, M, 6, Ny) = Nym" 2 + NI M m <+t 4 M2Fm25 D62 40262 4 M2rmstist. (3.8)
Proof Multiplying 9,(2.6)1 by p(V) — p(v) and 9,(2.6)2 by ¢,, we obtain the following

identity
[cb " %M + o) 22 + [W (p(” “HV) =) - <#(v) ) @) U)]

Integrating this last identity over [0,¢] x R yields

J(8.0.) u /

S H(\/‘}TO o) [ )} Upthes| dadr
Is
+/Ot/R|¢x||gxldxdr+/ot/Rth(p(v) —p(V) = p'(V)o.) |dedr. (3.9)
I7

Since )
Y= (e ) [ (00 (L= 0)V)" d80, S Mol
0
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we apply Cauchy’s inequality to Is to find

= L

If we apply Holder’s inequality to I7 and use (2.4), we can deduce

t T 7)||2dr t 7)||dr < t T 7)||2dr + 62,
bs/O e (Ml (7)]2d +/0 lga(r)]ld N/O lga (Ol ()27 +

Plugging (3.10), (3.11) and (3.5) into (3.9) and noting that

VreJrl l~e+1)

’UH+1VH+1 U wmx <

1 1
O, V) = —¢i/ / 010" ((1 — 0261)V + 026,v)dh1d0y > MY 1g2,
0 0

we have

B e + [ f S
SH(\/‘EWOJE)

which combined with (3.1) gives (3.6). The proof of the lemma is completed.

2 t
] +[mv+252+M%mﬁ+154}/ g (7)][2dr + 8%,
0

t
e/ Yer 4o )M2“m“+154/ /¢§.
0o JR 0 JR

(3.10)

(3.11)

(3.12)

O

We next make the estimate on the last term of (3.6), which is stated in the following lemma.

Lemma 3.3 Under the assumptions in Theorem 1.1, a é-independent positive constant

0o exists such that if
m NPT (N - 6%) < 6,

then we have for each 0 < ¢ < T that

¢ 2
[ 1atoPar w3 | (on,vn, /oo |+ 5]
and
[ (600000 V@270, ) o) //[w Kﬂ]dxdT

S || (40,0, v/®0, i)

Proof Multiplying (2.6)2 with ¢, implies

‘ s

(¢z¢)t + 1/}5 - (1/}¢t)z - g¢m

== ) - s o + (M2 - 2 ) 010,

_ M(U)wmm¢m
v

1
> = [ BV 46,1006 2 M1
0
where we have used the fact that

(u(v) u<v>> Vg, — B+ D Jy (b0 (1= 0)V)" oo

- V v/{JernJrl

Uz > 0.

Integrating (3.16) over [0,¢] X R, we have from Cauchy’s and Holder’s inequalities that

. t
M / 62 (n)I1Pdr < llew @Il + Idosllivoll + / e ()|

(3.13)

(3.14)

(3.15)

(3.16)
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t 2 t
metiartt [ P anar e sup Jour)l [ lo(r)lar
o Jr U 0<r<t 0
which combined with (2.4) and (3.6) implies
t 2
/ |‘¢$(T)H2d7— 5 mﬁ+lM2v+2 |:H (¢07¢07 V (I)Ouz/JO;E) ‘ + 6;:|
0
t
IR (v, 1+ 2) [euolPan. a7
0

Noting the simple fact that
Cg(m, ]\47 5, N¢)mn+lM2'y+2 S m'y+3n+3M2('y+n+1) (Ndl + 52) ,

we can prove (3.14)—(3.15) and complete the proof of the lemma. O
To deduce a lower bound and an upper bound on v(t, z), as in [12], we set ¥ := v/V and
make the estimate on v, in the following lemma.
Lemma 3.4 Under the assumptions in Theorem 1.1, if § is suitably small such that (3.13)
holds, then it follows that

w20 + [ [ repantr < | (dunv VB oo 2[5t a9
Proof Since
1) = ) - (m—) + |t - nv) | . (3.19)

we differentiate (2.6), and have

1% 0] 00 W), == [0 w0 | e G20)

t
Multiplying (3.20) with p(v)v, /0 leads to

[1 (k0 %) —u(v)%%] 1) 2 (o)~ p(V)),

POV,

2 v v v
= - [ ()22 — w5 )]+t o [0 - 20,
[ =) ] [0 = 07 2| ) (3:21)
For each ¢ > 0,
w0) 2 oy — p (V) < LZOEO 52y o Yerl) iy iy
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/
< PN 5o oeyea-rmai2g2, (3.22)
v

Estimates (3.5) and (2.1) give
A0

_—Um< zzUac
WDy, $ gt

M* . 2
Ufi'-i-(bl | S’ ’Ungfl + 54M2Hmn+1¢920' (3'23)

Apply (2.1) to infer

(e) = (V) VV]

Um / / / VI
=) = ) () 4 0@+ (0 = W (V) )
< Pm" g | + 52% + 842 gy . (3.24)
Then we apply Cauchy’s inequality and (3.24) to have
Ve 2
e 0) = (V) 2| | S 0t i et (3.25)
and
~I Vm
= - (V) <=
)% |0) = V) 32|
/ 2
<P (”)v' uv) g2 4 o(pprst [m2”+4¢§ + f%] . (3.26)

Integrating (3.21) over [0, ¢] X R and using (3.22)—(3.26), (3.14)—(3.15), and (3.13), we can obtain
(3.18) by employing Gronwall’s inequality and (2.4). This completes the proof of the lemma.
O

The following lemma concerns the positive lower and upper bounds on v in terms of the
initial perturbation.

Lemma 3.5 Under the assumptions in Theorem 1.1, if we assume that (3.13) holds, then
we have for each (¢,z) € [0,T] x R that

2

2
By Sw(t,x) S Byt (3.27)

with
By = {H (¢0, o, /o, 1/10m)

Proof Rewrite ®(v, V) as

’ +5%:| |:H<¢05¢05\/307¢017u(00)%)H +5i:| . (328)

~ - 1
V) =VIHE@), 8@) =0 -1+ — (077 1),
N =
and note that
~ z, z — +00,
D(z) ~
Paians z— 0t.

In order to apply Kanel’s method [7], we construct ¥(7) as

U (D) := /117 \/@@dz
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From the constitutive relations (1.3), we have

~1
~ v2""F U — 400,
(o) ~9 o
DEERE 0 — 0t
which implies that
(D) > 02 "oz~ —C (3.29)

holds for some uniform constant C > 0.
On the other hand, we have

ot = | [ 25w

/ Jiw )| 1)
<[ Ve oz o). (3.30)

Noting that min{v_,7,v4} < V(t,2) < max{v_,0,v4}, and vy, uy are assumed to be inde-
pendent of §, we can easily deduce (3.27) from (3.29), (3.30), (3.15) and (3.18). This completes
the proof of the lemma. O

IN

For the estimates for the second order derivatives of (¢, ). since

5T Ve (3:31)
we have from Lemmas 3.3-3.5 that
t
o115 + Il )13 +/O [(fa, ) ()1 3dT < C (8, ]| (0, %00)]|2) - (3.32)

As for the estimate on |[¢54(t)||, we multiply 9,(2.6)2 by 9444, integrate the resulting identity

over [0,¢] x R, and use the Sobolev’s, Young’s and Gronwall’s inequalities to discover

las (0)]2 + / [aee ()27 < C (6, | (D0, ¥0)]]2) (3.33)

which combined with (3.32) yields the following lemma.

Lemma 3.6 If ¢ is suitably small such that (3.13) holds, then we have for each 0 <¢ < T
that

(6, ) ()13 +/0 (I6e (DT + v (n)3) dT < C (3, (0, %)) - (3.34)

Proof of Theorem 1.1  Since ®o(z) S (|V(0,2)|771 + [v(0,2)|7771) ¢2,, we get from
(2.1) and the assumptions (Hy), (H3) that

[Vl < o onl oo e
0
Hence, if (1.19)and (1.20) hold, then we have for 0 < 6 < 1,

| (#0.v0, V0, 0,

H (¢07¢07 V (I)Ouz/JOmuﬂ(’Uo)?;ﬂ) H + 6% 5 (S_é('ﬂ_l)_ﬁ,
0

< 6D (| Gogal| + 82 e )-

a1
2

’—F(S% S 5min{o¢7—l.&},
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According to Proposition 2.3, there is a positive constant ¢;, which depends only on § and
[[(¢0,%0)]|2, such that the Cauchy problem (2.6) admits a unique solution (¢(t, z), ¥ (t,x)) €
KXo Mo (0,11) with mg = 271C16¢ and My = 2C1(1 + §~¢), which satisfies (2.7) for each
0 <t <t;. Hence we have from (1.19) and Sobolev’s inequality that

Ny(tr) = sup [[¢(t)]| Loy < sup [[(6)]12 [ (£)]] 7 < 2C56°.
[0,t1] [0,¢1]

Consequently,
m5773n73M§(’y+n+1) (Nw(tl) + 52) < Camin{a,2}f(3'y+5n+5)f.

Thus if (1.20); holds, we can choose a sufficiently small constant §; < 1 such that if 0 < § < éy,
the assumptions imposed in Lemmas 3.1-3.6 hold with T'=t;, m = mo_1 and M = Mjy. Thus
we have from (3.27) that for each 0 < ¢ <y,

y+1

e e B e L AR CX &)
From (3.15), we can have for each 0 < ¢t < t; that
()]l < Csamin{e="564}, (3.36)

Next if we take (¢(t1, ), (¢t1,2)) as the initial data, we can deduce by employing Proposition
2.3 again that the unique local solution (¢(t, x), (¢, x)) constructed above can be extended to
the time internal [0,¢; 4 t2] and satisfies

()| ey < 001 < 2ltn)x < 2056mn {5 04)
and
2—104—15177%2,{[min{af%“l,%}f(ﬁJrl(nJrl))] <ot ) < 2046ﬁ[min{a—%ﬂf,%}—(ﬁﬁ-f(ﬁ-ﬁ-l))]
for each t; <t <ty + to. Thus,
Ny(t1 +t2) < max {N¢(t1), 2055min{af%“f&}} < Ogominfe—2304}
Set

)

my = 2710 g = min{a— LG = (B H(n 1))
M, = 20,67 [min{a= 32 6.3 J=(B+e(x+1)]

Then one can easily deduce that if the parameters « > 0, § and ¢ satisfy (1.20)3, then there
exists a sufficiently small do > 0 such that if 0 < § < d9, the assumptions listed in Lemmas
3.1-3.6 are satisfied with T = t; 4+ to, m = m;* and M = M;. Consequently, (3.35), (3.36)
and (3.34) hold for each 0 < ¢ < t; + t2. If we take (¢(t1 + t2,x), ¥ (t1 + t2,x)) as the initial
data and employ Proposition 2.3 again, we can then extend the above solution (¢(t, x), (¢, z))
to the time step ¢ = t1 + 2t5. Repeating the above procedure, we thus extend (¢(t, x), (¢, z))
step by step to the unique global solution and (3.35), (3.36) and (3.34) hold for all ¢ > 0. The
proof of Theorem 1.1 is completed. |
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