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Cluster Synchronization of Two-Layer Networks via
Aperiodically Intermittent Pinning Control

Weiying Li ', Jin Zhou

Abstract—As is well known, complex networks in reality are
usually interconnected. To describe the interconnected networks,
multiplex networks were presented recently. In this brief, an ape-
riodically intermittent pinning control scheme is put forward to
realize cluster exponential synchronization in a two-layer (leader-
follower) network with multi-links and time-varying delays.
Based on the principle of intermittent control and Lasalle
invariant principle, some criteria for cluster synchronization
are deduced by theoretical analysis. Numerical simulations are
provided to verify the effectiveness of the proposed scheme.
In comparison with the previous methods, our model better
describes the real-world networks and our control effectively
reduces the control cost.

Index Terms—Complex network, multiplex network, multi-
link, synchronization, control.

I. INTRODUCTION

HERE exist numerous complex networks in the world,

such as World Wide Web, social networks, neural
networks, etc., [1]-[3]. In particular, attention has been
focused on the control and synchronization of complex
networks and fruitful results have been obtained [4]-[6].

In real-world, the existing single-layer network is insuf-
ficient to describe the characteristics. Multi-layer structure
provides a more realistic framework for the study of com-
plex networks. In particular, two-layer network as a special
case of multi-layer network has been investigated by many
researchers. For example, in [7], the authors investigated the
consensus problem for layered multi-agent systems that con-
sisted of a leader layer and a follower layer. Two-layer network
is so common in life that the framework of a company can
also be regarded as a two-layer network. The first layer is
the head-quarters network which includes the technical depart-
ment, the marketing department and the operation department
as the clusters. The second layer is one of its branch network
which also has the above departments as the corresponding
clusters. Being nodes, persons in each layer communicate by
multi-links, namely WeChat, phone and email. Due to the
finite speed of information transmission and congestion, time-
varying delays are also considered in the network model. To
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be efficient, the main-leader of each department is pinned to
convey information intermittently.

Intermittent control was first introduced by Zochowski [8]
in 2000. In [9], the synchronization for a class of neural
networks with discrete and distributed delays was studied via
intermittent control. In [10], the authors investigated the expo-
nential stabilization problem for a class of nonlinear systems
by means of periodically intermittent control. Most of the
previous researches focused on periodic intermittent control.
While in practice, say, the generation of wind power is typi-
cally aperiodically intermittent. Thus aperiodically intermittent
control has recently been proposed.

In [11], synchronization of complex dynamical networks
with multi-links is considered. By using intermittent and
impulsive control, the finite-time synchronization problem for
multi-linked complex networks has been proposed in [12].
However, all of the aforementioned studies are not concen-
trated on the networks with both multi-layer structure and
multi-links. Motivated by the above observations, this brief
focuses on the cluster synchronization of two-layer networks
with multi-links and time-varying delays via aperiodically
intermittent control. In the presented network, the leader
layer is in the absence of control. Based on the previous
researches on multi-layer network [13]-[15], we have gen-
eralized the network model, in which the topologies of the
sublayer networks are not restricted to be the same.

The rest of this brief is organized as follows. Section II
introduces the network model. Some cluster synchronization
criteria for multi-linked complex networks are obtained in
Section III. Numerical simulations are presented in Section IV
and some conclusions are finally drawn in Section V.

II. PROBLEM STATEMENT AND SOME PRELIMINARIES

Consider a two-layer network with M nodes in the leader
layer and N nodes in the follower layer. The leader layer con-
tains r multi-linked leaders’ clusters Cq, Cp, ..., C, with My —
Mj._1 nodes in each cluster Cy and the follower layer contains
matching multi-linked followers’ clusters Dy, Dy, ..., D, with
Ny — Ni_1 nodes in each cluster Dy, where k = 1,2,...,r.
Set My = 0, M, = M, No = 0, N, = N. Obviously
ZZ=1(Mk — Myp_1) = M and erczl (Nx — Nx—1) = N. There
are m kinds of links among nodes in each cluster. The nodes
subordinated to the same cluster pair have identical dynamics,
while the ones subordinated to different unmatched cluster pair
may behave non-identical. As an example, the network with
r =2 and m = 2 is depicted in Fig. 1.

The leader-follower network model is:

M
50 = filt, si(0), it = 70)) + Y _ @i 91 (s(0)

j=1
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G,
Leader Layer
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Follower Layer

Fig. 1. The topology of the leader-follower network with cluster number
r = 2 and multi-link number m = 2. The black line and red line represent
two different kinds of links. The weights of the black lines and the red lines
unmarked are defaulted as 10 and 0.1 respectively.

m M
+3 3 a et — )

=2 j=1
ieCuk=1,2,...r (1)

N
xi(0) = filt, xi(0). 5t = 10) + Y b g1 (i(0)

j=1
m N
+ DD by e — 1) + wixi, )
=2 j=1
ieDLk=1,2,...,r )

where s;(f) = (5i1(0), s2(0), ..., s;()T € R" denotes
the state vector of node i in the kth leaders’ cluster and
xi(H) = (100, xp(0), ..., xin())T € R" denotes the state
vector of node i in the kth followers’ cluster. s is a func-
tion of s1,s2,...,8y. u; is the controller to be designed.
fe : [0, 400) x R" x R" — R" is a smooth nonlinear vec-
tor function. to(¢) is the individual time-delay and 7,(¢)(2 <
t < m) is the coupling time-delay. For « = 1,2,...,m,
a®) = @als ). ealsp®). ... u(sn@)T and
&) = (gu1(x1(1), g2(x2(1), . ... gn(xjn(1)))T are non-
linearly inner coupling functions. For simplicity, the outer
couplings are considered as linear here, namely al(;)
crtfzg),b;;) = otég). o, > 0 is the coupling strength. AV =
(&E;))MX m 1s the coupling matrix and if there is a link from
node j to node i (j # i), then a; # O; otherwise a;; = 0.
A© = &)y is defined as the following form:

0] ©
A Ay,

Ay A

where AI(,‘; € R™, u and v represent the number of nodes

contained in the cluster C, and C, respectively. Zjeckag) =0
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and Zjﬁi]al(;) =0. BY = (@E;))NxN is the same definition as

AW = (&g))MX v and both A® and BY are symmetric.

III. MAIN RESULTS
A. The Synchronization of the Leader Layer
Define 5%(1) = mziecksi(t)(k =1,2,...,r) as the
average state of leaders in the kth multi-linked leaders’ cluster.
Then we get

. 1
2k
() = —————— ) _fi(t,5i(0), 5i(t — 70))
My — My—1 lezck l l
| M
1
o D > ay e (50)
k k=1 iec, j=1
1 m M
o
T T 2 2 2 st = ).
ieCy 1=2 j=1
Due to the symmetry of A®, we  have
1 M (D) 1
WZieCij:Iaij P1655()) = 0 and 7—7— Yiccy

> Zfil ag)% (sj(t — 7)) = 0. Thus

. 1
OES mek(r, si(®), 5i(t — 10)).

-1 ieCy

Denote ef(r) = s*(t) — ¥k = 1,2,..., 1), & (e;.k(t)) =

e1(5i(0) — p1G* ) and Gt — w) = @550 — ) —
Qﬁt(gk(t —1,)) for 2 <1 < m. We have

&k =

1
————— [t si0). si(t — 10))
My — My (==
M
— it 50, 55 = o)1 + Y al i ()

J=1

m M
+ 2D ay due i — ). 3)

=2 j=1

To achieve the synchronization of leaders in each cluster, the
following definitions, assumptions and lemmas are proposed.

Definition 1: The leader layer is said to be cluster synchro-
nized if for any initial conditions, ||s;(t) —s;(®)| — O, for
t>20,i,je Cri#j, ke{l,2,...,r}

Assumption 1 (Al): Suppose that the time-varying delays
70(t), 7,(¢) are differentiable and satisfy 7o(¢) < 8o < 1, 7,(¢) <
8, < 1, T = max{ro(t), 7,(¥)} for any ¢ € [0, +00), where 5y
and §, (Lt =2, ..., m) are positive constants.

Assumption 2 (A2): Suppose that the nonlinear vector func-
tion fi (¢, x, %) satisfies (x—y)T (£ (¢, x, X) —fi (£, y, ) < Op(x—
Wx—y) + @& -3 E—7), for any x, %, y,y € R”, where
0r and yjy are positive constants for k =1,...,r.

Assumption 3 (A3): There exist fixed positive constants
a,, @, and B, B, such that |¢,(x) —@,(y) —o, (x—y)| < Bilx—Y]
and |g,(x) — g (y) — o, (x —y)| < Bilx — y| for any x,y € R",
t=1,2,...,m.

Lemma 1 [16]: For any x,y € R", there exists a positive
definite matrix Q € R™ such that the inequality 2x7y <
xTOx +yT0~y holds.
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Based on the assumptions, the following theorem gives a
criterion for reaching cluster synchronization of the leader
layer.

Theorem 1: Assume that A1-A3 hold, the nodes in the
multi-linked leaders’ network (1) are said to be globally cluster
synchronized, if there exist positive constants €,(t = 1, ..., m),
such that the following conditions hold:

<9+ =30 WS 6 )U1+“101U1A(1) G”B‘P
+Ul_2€1UIA;l)A§l) UI + ZL=2 GL()]U[AEL)A?) UI < 0 (4)
—m2zt,ﬂ‘2P1—U1§0, (=2,....m
where 0 = max{tlk = 1,2,...,r},y = max{l)fk|k -
1;2, s rh U= dzag{UlT,..., U}, Uy = Ex _lml_
Vo1 = (LoD B = diag(oig). Po=
diag{P1, ..., P}, Px = Ek_]Uk, G =Gl

Proof: Construct the following Lyapunov candidate for the
error system (3)

1 s T s 14 ! s T s
Vi() = (e (1)) Ere’ (1) + —/ (e’ (@) Epe’ (9)dv
2 1 —380 Ji—z

m O’L t T
P S() Ere (9)dd
+L§:2:1_3[/t_n<e( DT Ee’ )

where (1) = (1O, 20O, ..., e ONT and E =
diagiE\, ..., E}, By = diag(r—r—), k= 1,2, ...,

_ sk 1 _
Vl(f) ;,EXC:A( (f)) m Z |:fk(f 5i(1), 5;(t — 10))

—fi(t, 55(0), 51 — To))]

+ZZ( ‘k(l‘)> Mk— [Zmal] gz)](ejk(t))

= leCk
+ Z ZQ“E}%@( jk(t - ft)):|
=2 j=I
J/ sk 0\ s

T
—(- r‘o)(e-;"‘(z - ro)) ef(t — ro)]

- [( o) et

—(1- i't)(e}?k(t - Tt))Te;k(t - Tt))i|-

w
N
Q

Denote 6 = max{tklk = 1,2,...,r}, v = max{ylk =
L2,....rL SO = 107, ...osu®ODT, U = iy =
diag{Uy, ..., U} and Uy = Ex — ———1- 17. Because of
(My—My—1)

A2, we get

sk
ZZ( ) mz[fka (1), 5i( — 70))
k=1ieCy jeCx

— fi(t, sj0), 5;(1 — To))}
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M
== uylsi(t) = 5;0) (s (0), s:(t — 10)) — f(s5(1). (¢ — 70))
i>j

<0SOTUIS®) + ySt — ) UIS(E — ).

Denote P = diag{P1,...,P,}, Py = E_'Ui, ®,(5(t) =

(@17 @207, ... @i (su (®)T)T. Obviously, AJ'P =
A;l), PTp=P. According to Lemma 1 and A3, we have

>3 (o) [zm 5o 0)

k=1 ieCy

+ Z Z Uﬂfﬁ‘ﬂt( ;k(t - TL))]
=2 j=1
m
= a1SOTUAL @1(SO) + Y 0SOTUAL (St — 1))
=2

= 0150 VALY (@1 (S(1)) — 1)) + 10150 UA S(0)

+Y 0S80 UAP (@St — 1) — St — 1)
=2

m
+) wo SO UAY S - 1)

=2
< s U,A}”A}” Ur+ 2”3 LP, +ZstoLU1A(l)A(L) o
=2
] 7% +,Bl
+a101U1A1 )S(t)—i—ZolS(t—rL) —PS(t —1).
=2
Thus from Al and condition (4),
Vi) < So7 (9+—+Z ey
2€1
€101 OROU O 40T
+ = UAA U +ZelatU1A AV U S
=2
T,% +/3l
+stu— w)’( —UNS(t—7) <0.
=2
By using Lasalle invariant principle, we obtain
lim; o [|5i(£) — 5°()|| = O, where i € Cy, k = 1,2,...,r
Accordingly the leader layer network (1) realizes cluster
synchronization. [ |

B. The Synchronization of the Follower Layer

To synchronize the followers to its corresponding leaders,
denote sk(t) = fi(¢, 5% (0, Ek(t — 10)). Without loss of general-
ity, select the first node of each cluster to be controlled. The
aperiodically intermittent controllers u;(x;, s) in the follower
layer network (2) are designed as follows.

m (L) ‘ & l:Nk—l +19
— Y & (xi() — 55 @)), 1 € (tn, Xnl:
i=N_1+2,...,Ng,
up=130, t € (ty, xnl; ©)
0 i:Nk_l+1,...,Nkv
) te (X}’lv tn+1]’

n € N, the control time sequence {tn} _p satisfies 0 = 79 <
o< - <t < , lim, o0t = 400 and the control
strengthdim >0, 1 §L§m, i=Ny_1+1, k=1,2,...,r
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To achieve xi,...,xy, — 51, XN{41s ey XNy —> 2.,
XN,_ +1s - -+, Xy, — §, introduce the error signal of the kth
cluster e(f) = x;(f) — 5*(t). Denoting g, (e]]-‘(t)) = g1(x;(0) —
g16* (1) and g,(¢} (1 — 1) = g (i1 — 1) — & GF 1 — 1) (0 =
2,...,m), the error system is attained

e = xi(t) =50
_fk(l xi(1), xi(t — 7)) —fk(f (0,55t — 1))

Z by F1(ef (1) + Z Z BYF(E (1 - 1)
=2 j=1

+Ltl(t)l€Dk, k=1,2,...,r. 6)

Definition 2: Network (6) is said to be cluster exponentially
synchronized if for some positive constants K, ¥ and any initial
value w € C([—t, 0]; R"), the following inequality is satisfied:

r r Ny
lim coI*P =) lim xi(t) =5 @|> < Ke ™'
Hm;n O]l ;Hw.; i) =3 @I <

= = i=Ny_1

Assumption 4 (A4) [17]: For the aperiodically intermittent
control strategy, there exist two positive scalars 0 < ¥ < w <
+o00, such that forn =0,1,2, ...

{infn(Xn — ) =70
sup, (fn+1 — tn) = o.

Lemma 2 [18]: Let y(-) : [tp — T, 4+00) — [0, 400) be
a continuous function such that y(r) < —ay(t) + by(),
where a > b > 0 and y(f) = sup_,.,<oy(t + &), then
y(1) < y(tp)e ") where n > 0 is the unique solution of
n—a+be' =0.

Lemma 3 [18]: Let y() : [to — T, +00) — [0, +00) be a
continuous function such that y(r) < ay(¢) + by(t), then for
t > 19, y(£) < ¥(tg)e“@TDE=0) where b > 0, a+ b > 0.

Lemma 4 [18]: Assume that A4 holds and the continuous
and non-negative function y(r) satisfies

y(t) < Y(ty)e 7 =),
y(t) < (xn)et 1710,

where f, and x, are defined by the apenodlcally intermittent
controllers (5). Then y(¢) < y(O)ePe a2l ,t = 0, being p =
p1—p2>0, 01 =0 —1) andpz—C(w B).

Introducing denotations DO = diag{dit), 0,.. Ni_1+1°
0,...,0, d(’) 410 0,0..,0), e =1,2,...,m, we obtain a cri-
terion for reachmg cluster synchronization of the follower
layer.

Theorem 2: Suppose that A1-A4 hold. If there exist positive

constants E and €,(t =1, ..., m) such that

Ih =t = Xn

, n=0,1,2..,
Xn <1 = Iyt

O d(t)

(26 + E) ® Iny + 2a109B" + ”‘ﬁl E' 408V B
+ym 22@0,3("3(‘) -2y 1D(" <0, %)
p=n@—1)— (¢+q)(w ¥) > 0,
E>q,¢+qg>0,

-2 R2 —
2y + Y, O, W ETD e =
omar 200y + 2a101BY + "”31 E' o+ aoBVBV 0y +

Z 2ZeLmB(L)B(‘) Up), and n > 0O the unique solution of
E + ge'™ = 0, then the error system (6) is globally

where ¢ =
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exponentially stabilized via aperiodically intermittent pinning
controllers (5).
Proof: Construct the following Lyapunov candidate

Va(t) = e(®) Ege(t) = Y (0" Exe* () = X(0" UiX (0,
k=1

where e(t) ='W, 07, ..., ONT, 1 € (ty, xnl. X(O) =

(xl(t) LD, Ee = diag(y——). Ui = Ex -
1 17. By (6), we have
(Nk—Ni
vzm—zzz k(r>TN —v [fka,xi(r),x,-(r—ro))

k=1 ieDy

N
— 0. 5@, 5 @ — 1) + Y o1b 71 ek (1)
j=1

m N
+3 Y obPR(e (- 1)) — de‘)e,’-‘ <r>}.

=2 j=1 =1

Denote g (X(1) = (g1, ..., gCn@)DHT
1,...,m). From A2, A3 and Lemma 1, we have

r r
Vo) <20 ) O Ere“ () +2y Y et — 1) Exe (1 = 70)
k=1 k=1

+200X(0) UrB; g1 (X(0) = 2X(00" U1 ) DX ()

=1

m
+23 o X0 UB g (X(t — 1)
=2

R2
_ o - T -
< X0 011261y, + 26101B}" + ‘_—’SIE—1 +&a0 BBV T

+ Z 26,0,B (‘)B(‘) -2 Z D IX (1)

=2 =1
+ 2y X" (t — ) Ui X (t — 0)

m -2 Q2
+XC-)T T Y ME[IXU —1).
=2 t

According to conditions (7), we get

Va(t) < e(z)TE,[(ze + ) ® Inn + 20101B)" + “81 —Lg!

_ T- _ _
+ &0 BBV U + Z2GLULB§‘)B§” Uy
=2

-2 i D}‘)]e(z) — EV2(1)

=1

m =2, 32
+ [2y +3 MAW(E;‘)}( sup Vz(X))

—T<y<
— t t—T<x<t

f—EVz(t)+q< sup Vz(x)>, th <t < xn.

1—T<x<t

By Lemma 2, we have

V2(1)5< sup Vz(x))e‘"("’”), fn <1< Xn»
h—T=X=In

where n > 0 is the unique solution of n — E + ge'™ = 0.
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Fig. 2. Synchronization errors el (r) and €2(¢) in the first and second cluster
pair versus time t. By applying the proposed scheme, the leaders and the
followers of the two cluster pairs achieve cluster synchronization briefly.

When t € (xn, th+1]- Similar to the case of ¢ € (t,,, x»], we get

2
. _ o1Bl -1 . - T
Va(t) < AmM(ZGIN,, +2a,01B" + = LE! +&01BVBV T,
1

m . T
+Y " 2¢0.8 B}’ U1> Vo) +q
=2

sup  Va(x ))

1—T<x<t

§¢Vz(t)+q< sup Vz(x)>, Xn <t =ty

1—T<x<t

According to Lemma 3, we have
VZ(X))e(lP-H])(l—lO) )

sup
Xn—T=X=Xn

Va(n) < <
for t € (xn, ty+1]. From Lemma 4, we get that
Va(1) < ( sup Vz(x))ef’ xe @ 120,
—1=<x=0
where p = r(® — 1) — (¢ + ¢@)(w — ¥) > 0. Thus
Yt leF0? < Ke™!, where K = e sup_,-, o Va(X).
K = g > (. By Definition 2, the network (2) is exponentially
cluster-synchronized. |
Remark: If the inner couplings are simplified as linear func-
tions, the parameters are «, = &, = 1l and B, = B, = 0,
t=1,2,...,m. Theorem 1 and Theorem 2 are then simplified
greatly.

IV. NUMERICAL SIMULATION

In this section, an example is employed to show the effec-
tiveness of the theorems. We consider a two-layer network
with two-links, as shown in Fig. 1. The first layer consists of
nine leaders which is divided into two clusters. The second
layer consists of ten followers which is also divided into two
clusters.

Consider the node dynamics as fiy(x) = 0.1Ckx() +
0.1A tanh(x(7)) + 0.1By tanh(x(t — 70(2)))(k = 1, 2), where

10
Cl = CZ = ( 0 _ 1)7
02 01 0.1
Ar= (—0.5 0.45 ) Az = (—0.4

~15 -0l 0.5
B = (—0.2 —0.4)’ By = (—0.1

—0.1
04 )

—-0.1
—-04
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and tl%e time-varying delays are selected as to(t) =
0.0lﬁ, 72(t) = 0.01 %5 The inner coupling functions are
P1(x(0) = g1 (x(®) = Gx1(1),0)" and P2(x(r — ©2(1))) =
22t — (1) = (0.01lx1(t — ©2())), 0)T. Set & = 0.085,

y =0.25, (a1, B1) = (a1, B1) = 3, 1), (a2, B2) = (@2, B2) =
(0.01,0), o1 =1, 00 = 0.12, € = €2 = €1 = €2 = 0.01,
DY = diag{500, 0, 0, 0, 500,0,0,0,0,0}(t = 1,2) and E =
1. From Fig. 2, it is seen that the cluster synchronization of
the two-layer network is realized.

V. CONCLUSION

The exponential cluster synchronization of two-layer com-
plex networks with multi-links and time-varying delays has
been investigated in this brief. Based on Lasalle invariant
principle and Lyapunov stability theory, novel cluster syn-
chronization criteria of the two-layer multi-linked complex
networks have been proposed. Numerical simulations have
shown that the approach presented in this brief are of good
performance. Compared to the similar work, the proposed
model is more realistic and the method is less conservative.
Future work includes the synchronous region and the control
optimization of the proposed network model.
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