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Estimating the Region of Attraction on Controlled Complex Networks
With Time-Varying Delay

Shuaibing Zhu

Abstract—The importance of estimating the region of attraction
(ROA) on complex networks has drawn attention very recently.
However, challenging problems arise when applying the existing
theory to networks with delay. In this article, we estimate the
ROA on controlled complex networks with time-varying delay. A
delay-independent ROA estimation method is derived at first. This
method can deal with general delay and is convenient to use due to
its independence of the delay. Accordingly, it may cause conserva-
tiveness. To further reduce the conservativeness, delay-dependent
ROA estimation is established for networks with small delay by
developing a new technique of dealing with the delay. Numerical
simulations are provided to verify the theoretical results.

Index Terms—Complex network, equilibrium point, region of at-
traction (ROA), synchronization, time-varying delay.

|. INTRODUCTION

Since the pioneering work of Watts and Strogatz [1], complex
networks have drawn much attention in the past two decades as they
can well describe the real world. A body of work [2]-[9] on complex
networks has been reported, including synchronization, statistical me-
chanics, controllability, and topology identification.

A complex network realizes synchronization if the state difference
among the nodes vanishes as time approaches to infinity. Inreality, many
networks cannot realize synchronization by themselves, so external
control is generally added to drive all the nodes to a desired state, which
could be an equilibrium, a periodic orbit, or a chaotic orbit. When the
desired state is an equilibrium of the node system, the synchronized
state is an equilibrium of the entire network.

As a fundamental problem of network science, the synchronization
of networks has been extensively investigated. Global synchronization
criteria [10]-[14] rely heavily on the global Lipschitz condition (GLC),
which requires that the nonlinear node system should show weak
nonlinearity and behave like linear systems. It should be highlighted
that many nonlinear systems, such as ¢ = —x + 2, do not satisfy
the GLC. In the literature, local synchronization criteria [15]-[17]
without the GLC are relatively rare, and they neglect the importance
of the initial conditions in determining whether a network can realize
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synchronization. Focusing on synchronization toward an equilibrium, it
is meaningful to estimate the region of attraction (ROA), which is the set
of the initial conditions that admit network synchronization towards the
equilibrium [18].

In2019, Zhu et al. [18] investigated the ROA estimation problem for
complex networks without delay. During the transmission of signals,
the time delay is hardly avoidable due to the finite transmission speed.
It is noteworthy that the existing results on ROA estimation cannot
address general time-varying delay. In contrast to the popularity of the
ROA estimation of linear systems with various constraints [19]-[21]
and nonlinear systems without delay [22]-[24], the ROA estimation
of nonlinear systems with delay [25]-[28] receives much less atten-
tion. In [25]-[27], the ROA estimation of nonlinear systems with
constant delay is established by constructing complicated Lyapunov—
Krasovskii functionals. The Lyapunov—Krasovskii approach is also
used in [28] to deal with time-varying delay. However, the condi-
tions therein are quite restrictive, since the delay 7(¢) should sat-
isfy 7(t) € [h,2h] and 7(t) < 1, where h > 0. In engineering, the
analytical expression of the delay is hardly precisely known, not to
mention the differentiability. To this end, it is of practical importance
to deal with the ROA estimation problem of networks with general
delay.

Motivated by the above discussions, this article investigates the ROA
estimation problem for controlled complex networks with time-varying
delay. The main contributions are as follows.

1) By adopting the Razumikhin technique, a differential inequality is
established (in Lemma 2) to estimate the ROA of general nonlinear
systems with time-varying delay.

2) For networks with general delay, delay-independent ROA esti-
mation is derived in virtue of the differential inequality that we
establish. For networks with small delay, delay-dependent ROA
estimation is established by developing a new technique of deal-
ing with the delay, which is less conservative than the presented
delay-independent estimation.

3) To our best knowledge, it is the first time that nondifferentiable
time-varying delay has been addressed for the ROA estimation
of nonlinear systems. Compared to the existing results (such as
[25]-[28]), our results are much easier to use for estimating the
ROA.

The rest of this article is organized as follows. Section II presents
some preliminaries. Section III presents the main results on estimating
the ROA of controlled complex networks with time-varying delay.
Section IV provides numerical simulations to verify the theoretical
results. Section V gives the conclusion.

Il. PRELIMINARIES
A. Notations and Problem Formulation

First, some notations are introduced. R™ and R™*™ denote the
n-dimensional Euclidean space and the set of all the (n x m)-
dimensional real matrices, respectively; R is the set of nonnegative
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real numbers; the superscript 7' represents the transpose of a vector
or a matrix; || - || denotes the two-norm of a vector or a matrix;
Amax(+) denotes the maximum eigenvalue of a symmetric matrix; I,
is the identity matrix of dimension n. For a square matrix A, define
A3 = (A+ AT)/2. For a continuous function v, define ||[¢||;; =
maxXges—p,¢ ||¥(0)], where h is a positive constant.

Consider a controlled complex network consisting of IV identical
systems with time-varying delay

bi() = [ () + ¢ 3 anyg(e;(t — 7(0)) +ui(t), £ >0

= (1)
z;(t) = @i(t),

t € [~Tmax, 0]

where 1 <i < N, x; € R" is the state vector of the ith node, f :
R™ — R™and g : R™ — R™ are continuously differentiable nonlinear
functions, ¢ > 0 denotes the coupling strength, A = (a;;) v« denotes
the weighted outer coupling matrix, 7(¢) is the time-varying delay
that satisfies 0 < 7(¢) < Tiax> Tmax 1S @ positive constant, u; (t) is the
control input to the ith node, and ¢; : [—Tmax, 0] — R"™ is a continuous
function that denotes the initial condition of the th node. If there is an
edge from node ¢ to node j (j # ), then a;; > 0; otherwise, a;; = 0;
the diagonal elements of A are defined by a;; = — Zj.\]:l’ i Qi

Remark 1: In network (1), the functions f and g are required to be
continuously differentiable, implying that they are locally Lipschitz.
Therefore, the existence and uniqueness of the solution of network (1)
can be guaranteed (see [29, Th. 2.3] for more details).

Let s be an equilibrium point of the isolated node system z(t) =
f(z(t)). Since f(s) + chvzl a;;9(s) = f(s) = 0, the synchronized
state

X1 =g ="""=TN =S8

is an equilibrium point of the entire network (1) if u; = 0. Let the
controllers be u;(t) = —de;(t), where d > 0 is the control gain, and
e;(t) = z;(t) — s denotes the synchronization error of the sth node.
Denote e(t) = [ef (t),...,e%(t)]T and

S=1[sT,...,sT|" e R™V. )
Since [zT,...,z%]T converges to S if and only if z1,...,zN

synchronizes to s, the equilibrium S of network (1) is globally (locally)
asymptotically stable if and only if network (1) realizes global (local)
synchronization toward S.

The objective of this article is to estimate the ROA of the equilibrium
S. The ROA includes all the initial conditions starting from which
network (1) can realize synchronization toward S. The exact ROA of
S is denoted as

Ra = {so ‘tglglme(t;w) = 0}
where the function o = [T ... »T]T is the initial condition of
network (1). In this article, we aim to find an open subset of R4 in
the following form:

Resi(r) = {¢ € Ral | = Sllo,rmax <77} 3)

which means that network (1) can realize synchronization if the bound
of the initial synchronization error is less than 7. The radius r of the
ball-like set R (7) is expected to be as large as possible.

Let Fy = Df(s) and F5 = Dg(s) be the Jacobians of f and g
evaluated at s, respectively. Then

éi(t) = f(xi(t)) — f(s) — dei(t)

+ cZ aijlg(z; (t —7(t))) — g(s)]

= (Fy —dl,)e;(t) + CZ a;jFae;(t —7(t))

j=1

N
+ RV (M) +ed ayRP(t—7(1), 1<i<N (@)

j=1

where
IRWV(t) = f(xi(t) — f(5) — Fre;(t)
RP) (1) = g(x:(1) — g(s) — Faei(t). )

It follows that || R™™ (£)|| = o(||e; (t)]|). Define

L (s 2)—F () Fya "
ai(z) = {0 el T E Hé‘ {0}
) T =
lo(s+2)(s)Faal "
as(z) = Tl » » € R™{0}
’ 0, z = 0.

Then, there exist nondecreasing and continuous functions ¢y :
R, — Ry satisfying ¢5(0) = 0 and

ai(@) < ¢i(r), if lzf| <r (©)
which further gives
IR ()] < érllleDles®)], 1 <k < 2. @)

Remark 2: Since oy and a5 are continuous at x = 0, we can simply
take ¢y (r) = max{ay(z)| ||z|| < r}, which is nondecreasing and
continuous. Sometimes, it is difficult to solve the exact ¢. In this case,
it is better to estimate a ¢, that is slightly bigger than the exact one.

B. Mathematical Preliminaries

Lemma 1 (see[30]): Let x,y € R™ be constant vectors, where m
is a positive integer. Then, 22Ty < 27 Px + yT P~ty, where P €
R™*™ is any positive definite matrix.

Lemma 2: Suppose that h; : R, — R is a nonincreasing contin-
uous function and hy : R; — R is a nondecreasing continuous func-
tion. Let v(t) be a nonnegative continuous function on [ty — 7o, +00)
such that

0(t) < =ha(v(t)v(t) + ha([|vlle,ro) 0]z, €= to

where 79 is a positive constant. If 41 (0) > ho(0) and M := [[v||¢y, 7, <
9, then

v(t) < Mexp(—a(t —tg)), t > tg 3

where ro = sup{r| hy(r) > ha(r)} and o is the unique positive solu-
tion of the equation o = hy (M) — hao(M) exp(o7o).

Proof: According to the definition of 7y, one has 7o > 0 and
hi(M) > hao(M). Define p(s) =<+ ho(M)exp(so) — hi(M).
Since p is continuous and increasing, p(0) = ho(M) — hy (M) < 0,
and p(+00) = 400, it can be concluded that o is unique and positive.
In addition, one can select a constant € > 0 such that « > 3, where
o =hi(M+¢)and B = hao(M +¢€). Definee; = e(a — ) > 0.

Consider the following comparison system:

w(t) = e1 — ha(w(t))w(t)
+ ha(lwlle, o) lwlle, o, = to (€
w(t) = v(t), t <tg.
We shall prove that

w(t) < Mexp(—0(t —tg)) +e:=h(t), t >to— 710 (10)
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where ¢ is the unique positive solution of the equation
=a — Bexp(d7). (11)

When ¢ € [to — 70, to], one has w(t) < M < h(t). If (10) is not
true, then

t1 = inf{t > to| w(t) >
h(t1) and
w(t) < h(t), t € [to — To,t1).

It follows that hy(w(t)) = hi(h(t)) = hi(M +¢€) = o for t €
[to, t1). In addition, when ¢ € [to, ?1), there exists a t€[to—To,t1)
such that HwHtTO =w(t). If £ < to, w(t) = v(f) < M; otherwise,

h(t)} > to

is finite. Then, one has w(t;) =

w(f) < h(f) < M + ¢. It then follows that hy( ) < ho(M +
e) = B fort € [to,t1). Then, one has
w(t) < ey —oaw(t) + Bllwlt,r, t € [to,t1)

which further yields

L fu(t) exp(at)] < explat)fex + Blwllemols ¢ € [to,t1). (12)

dt
Integrating (12) from ¢ to ¢; gives

w(ty) exp(aty) — w(to) exp(ato)

t1
< [ explatBluln, +eid.
to
Since w(tg) < M and ||wl|s,-, < h(t —719) for t € [to,t1], it is
deduced that

wier) <07 (1= 22PE0) ) oxp-a(ty 1)
+ MPEPOTO) sty — 10))
+ e[l — exp(—a(ty — to))].

It then follows from (11) that w(¢;) < h(¢1), which contradicts
w(t1) = h(ty). Therefore, (10) holds. According to the comparison
principle, one has

v(t) <w(t) < h(t), t > to.

Letting £ — 0T leads to a — hy (M),  — ha(M), and 6 — o
according to (11) and the definition of o. Therefore, inequality (8)
is verified.

Remark 3: By adopting the Razumikhin technique, Lemma 2 ex-
tends the well-known Halanay inequality [31]. The Halanay inequality
has constant coefficients for v(¢) and ||v||;,~,, and can well address the
global stability of delayed differential equations. Here, the coefficients
are extended to the form of functions so as to deal with the local stability
of delayed differential equations and estimate the ROA.

Lemma 3: If v(t) is a nonnegative continuous function on [ty —
To, +00) such that

o(t) < qo(t) + @2l[vlle,r, t = to
then,
v(t) < Mexplq(t — to)], t > to.

where 79 >0, ¢ = max{0,q1 + ¢}, ¢1 €R, ¢2 >0, and M =
o1l ro-

Proof: When ¢; + g2 < 0,onehas g; <0. Then, applying Lemma 2
gives v(t) < M < M explq(t — to)] for t > tg.

Next, it is to discuss the case of g1 + g2 > 0. Let € be any positive
constant. If
v(t) < h(t) = (13)

does not hold, then t; = inf{t > to| v(t) > h(t)} > to is finite. It
then follows that v(¢1) = h(t1) and v(t) < h(t) fort € [to,t1). Since
Llv(t) exp(—qit)] < g2 exp(—q1t)||v]l¢,+,, it is deduced that

(M + ¢) exp[q(t —to)], t > to

v(t1) exp(=qit1) — v(to) exp(—aito)

t1
qu/ exp(—qit)[jv

to

t1
dt < gz / exp(—aut)h(t)dt,

to

which further gives
v(t1) < h(t1) — [M + € —v(to)] explgi (t1 —to)]-

Since v(tp) < M, one has v(t1) < h(t1), a contradiction. Hence,
(13) holds. Letting € — 0 completes the proof.

I1l. MAIN RESULTS

In this section, two kinds of ROA estimation are established for
networks with time-varying delay.

A. Delay-Independent ROA Estimation

‘We now establish the first kind of ROA estimation, which is named
delay-independent ROA estimation as the radius of the estimated ROA
is independent of the delay.

Theorem 1: Consider network (1). If the control gain d satisfies

d > do := Amax (FT) + c[|All[| 2| (14)

then network (1) realizes at least local synchronization toward the
equilibrium S, and the ROA is estimated as Res; (7o) with

ro = sup{r| ¢1(r) + c||Al|¢2(r) < d — do}

where the symbols are defined in (2), (3), (4), and (6). Particularly, the
synchronization is global if ry = +4-o0.

Proof: Consider the following Lyapunov function candidate:
V(e(t)) = 2N, eT (t)es(t), which is also denoted as V' (t) for brevity.
Differentiating V' along the solution of (4) gives

t) =2 Z el () (Fy — dI,,)e;(t)

5)

JrQCZZCLw e;

i=1 j=1

—|—22€

t)Foe;(t —7(t))
R(l)

HRP (1

+QCZZGW e;

= —2de” (t)e(t) + 2T () [F @ L,]e(t)
+2eT () RV (t) + 2ce” () (A @ Fy)e(t — 7(t))

—7(t))

+2ceT () (A® I,)RP (t — 7(t)) (16)
where
rO@ = [BO 0. m 0] 1<k<2 a
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According to (7), one has ||R™* (£)[| < ¢x(|le(t)])]le:(t)]|, which
further yields
IR® @) < or(lle®Dlle®)]l, 1 <k < 2. (18)
In virtue of Lemma 1, it is derived that

2ce (t)(A @ Fy)e(t — 7(t))

pfllc%T(t)(A ® F)(A® Fy)Te(t) + palle(t — (1))

1 )
< ECZ’\II‘KI\QI\FQ\IQHe(t)ll2 + V() (19)

where V(1) = ||V 1, 7o
Similarly, one obtains

and p; > 0 1is a parameter to be determined.

2ceT (1) (A ® I,)R® (t — 7(t))

< AP eI + pall R (¢ = )
1, 2 2 Y %
. (gc VAIP + pad? (@)) 40 20)

where p, > 0 is a parameter to be determined. According to the
inequalities (16)—(20), one has

V(t) <

— 2d[e(t)]|2 + 2hmax (F})|le(t)]|?

+2¢1(le@Dlle®)* + ;1162HA||2||F2I\2H6(lﬁ)H2

oV O+ (Sl + ot (V7 0) ) V10

= —h(VE)V () +ho(V(D)V (1) 2D

where  hy(2) = 2d — 2hnax (F§) — 261 (V) — LALIEAE
ha(@) = pi + LA + pad (V).

To prove lim; ;. V(t) =0, we wish hy(z) > ha(z) on some
interval. In order to maximize h;(x) — ha(x), one should take p; =
c| AJ[||F2| and ps = 55k This leads to

hi(2) = 2d = 2hmax(FY) — 261 (V@) — || All[| F2|
ha(z) = cl| A[[[[F2]| + 2¢]| Al g2 (V).

Then

hi(2) = ha(x) = 2(d — do) — 2[¢1 (V) + cl|All2(v/z)].

According to (15), one has

1 = sup{r’| gu(r) + cl|Allp2(r) < d — do}
= sup{r| ¢1(V7) + c| Al $2(vr) < d —do}
sup{r| hi(r) > ha(r)}.

Letting the initial condition ¢ € Res; (o), one has

and

(22)

(23)

M := V() <rg.

max
0€[to—Tmax;to]

Since hq(0) > h2(0) and M < rd, it follows from Lemma 2 that
V(t) = 0ast — +oo, that is, lim;_, ;. e(¢) = 0. Hence, network (1)
realizes at least local synchronization toward S, and R () is a subset
of the ROA of S.

If rq = +o0, one has lim,; , | e(t) = 0 for any initial condition
© that is continuous on [—Tyax, 0], so network (1) realizes global
synchronization toward S.

Remark 4: The ROA estimation established in Theorem 1 is delay-
independent, since 7 is independent of the delay. Denote ¢ = ¢1 +
c||A||¢2. Since ¢ is continuous and ¢(0) = 0,onehasrg > 0ifd > d.
That is, the estimated ROA is not empty if the control gain is large
enough. In addition, if f and g are globally Lipschitz, it can be verified
that ¢; and ¢- are bounded. Hence, ry = +o0 if the control gain is
large enough. That is, global synchronization can be realized.

Remark 5: In the literature, results on the ROA estimation of non-
linear systems with delay are quite rare. In [25]—[27], only the constant
delay is considered. In [28], the time-varying delay is considered.
However, the conditions therein are quite restrictive, since it is assumed
that 7(¢) € [h,2h] and 7(¢) < 1, where h > 0. To the best of our
knowledge, it is the first time that general delay has been addressed
for the ROA estimation of nonlinear systems. Moreover, the results in
[25]-[28] are established by constructing Lyapunov—Krasovskii func-
tionals and need to solve a complicated Lyapunov differential equation.
In contrast, the results here are much easier to use for estimating the
ROA.

If the function ¢ is linear, network (1) can be simplified to the
following form:

zi(t) = @i(t),
where I' € R" is the inner coupling matrix. For network (24), the

following corollary can be deduced.
Corollary 1: Consider network (24). If the control gain d satisfies

d > do 1= Amax (FT) + c[|A[[| T

(24)
t € [~Tmax, 0]

then network (24) realizes at least local synchronization toward the
equilibrium S, and the ROA is estimated as Res; (7o) with

ro = sup{r| ¢1(r) < d —do}

where S and R (70) are defined in (2) and (3), respectively. Particu-
larly, the synchronization is global if o = 4oc.

Proof: The conclusion can be simply derived from Theorem 1 as
¢2 = 0, where ¢4 is as defined in (6).

B. Delay-Dependent ROA Estimation

Though convenient to use, the previously established delay-
independent ROA estimation may be conservative as it does not make
full use of the delay. By developing a new technique of dealing with
the delay, we establish another kind of ROA estimation, which is
named delay-dependent ROA estimation as the radius of the estimated
ROA depends on the delay. Compared to the delay-independent ROA
estimation, the delay-dependent ROA estimation is less conservative
when the delay is small.

For convenience, rewrite the error system (4) in the following com-
pact form:

e(t) =Iny @ (Fy —dl,)e(t) + c(A® Fye(t — 7(t))
+ RY () + c(A@ L)RP (t — 7(t)). (25)

where R and R® are defined in (17).
Theorem 2: Consider network (1), and suppose that the coupling
delay satisfies

00 := TmaxC||A|||| F2|| < 1. (26)
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If the control gain d satisfies

)‘-max(Fls) + C)‘max([A ® FZ]S) + Q0o
1—00

then network (1) realizes at least local synchronization toward the equi-

librium S, and the ROA is estimated as R (7o) withrg = exp(—00)T,

where ag = || Fi[| + cl| Al[|| F |
r=sup {7 [010) + clAloar) < 1200 o)}
1400

and the other symbols are defined in (2), (3), (4), and (6). Particularly,
the synchronization is global if o = +o0.

Proof: Consider the following Lyapunov function candidate:
V(e(t)) = 32N, eI (t)e;(t), which s also denoted as V' (t) for brevity.
According to (16), one has

d>dy =

@n

V(t) = —2deT (t)e(t) + 2T (1) [F5 @ L,]e(t)
+ 2T () RV (1) + 2ce (1) (A ® Fy)e(t — 7(t))

+ 2¢ce (1) (A @ I,)RP (t — 7(1)). (28)
It follows from (25) that
le@)l < Iy — dLalle@) ] + el Al Eal et — 7(2)]
+ or(lle@) D le@)]
+ cl|Allg2(lle(t — (@) IDlle(t — ()]
< @ (llelltrma) 1elltrmaxs =0 29

where @(mz =d+ ag+ ¢1(x) + c||Al|p2(z). Since [le(t) —e(t —
T < [y -y 1€(s)[ds, one gets

le(t) = e(t = T < Tmax l€llt,rmas-

Considering (29) and (30), one has

(30)

ceT (1) (A ® Fy)e(t — 7(t))
=ceT (1) (A® Fy)e(t) + ce™ (t)(A @ Fy)le(t — 7(t)) — e(t)]
<e"(t)[A® Fyle(t) + oolle(t) |l

|t,7'max

e ([A® BV ) + 009 ( V(t)) 7 (1) 1)

where ¢ > Ty,ax and V(t) = V]

t,2mmax - Recalling (18), one has

ceT (1) (A® I,)RP (t — (t))

S C”AH¢2 < f/(t)) f/(t)7 t Z Tmax- (32)

It then follows from (28), (31), and (32) that
V() < —a(V)V(E) + g2(V(E)V (L), t > Tinax
where
91(1) = 2d — 2100y (FF) — 2Chmax ([A @ F2]%) — 261 (V')
92(7) = 200[d + a0 + ¢1(v@)] + 2¢l| A (1 + 0)$2 (V).
By simple calculation, one gets

g1(x) — g2(x) _1-00
2(14 o0) 1+ 0o

Following the proof after (23), it is deduced that network (1) real-
izes at least local synchronization toward the equilibrium S, and the

(d—do) — [$1(v/z) + c|| Al g2 (V)]

synchronization can be realized if

Ml = ||6H7'maxa <T. (33)

2Tmax

Letthe initial condition ¢ € Reg (7). Next, we show that (33) holds.
Denoting M = |[|e]|o,rax» On€ has

M < rog = exp(—go)T.
Define ¢; = min{Tyax, t2 }, where
to = inf{t > 0| |le(t)]| > 7} > 0.
Note that ¢5 could be +oo. Then, one has

@l < 7.

T = max
0€[~Tmax,t1

(34

Denoting V (t) = ||V |[¢.ryas» it follows from (21) and (22) that

V(1) < ~ha(VO)V () + ha(V(D)V(2)

where  hi(x) = 2d — 2hpmax (F}) — 261 (V) — || A||||F2||  and
ha(z) = c||Al||| Fz|| + 2¢||Al|¢2(v/z). When ¢ € [0,t;], one has
hi(V(t)) > hy(r?) :== hy and hy(V(t)) < ho(r2) := hy. It then
follows that

V(t) < —h V(t) + hoV (1), Vt € [0,1,].
In virtue of Lemma 3, one gets
V(t) < M?exp(ht), ¥t € [0, ] (35)

where h = max{0, hy — hy}. In view of (34) and the definition of 7,
one gets

(ha — hy)/2
= ¢1(r1) + ¢l Allp2(r1) — d + Amax (FT) + ¢l All[| F|

1—00
1+ 00

— do + Amax (FT) + c[|Al[| F2 |
< = Pmax (FY) 4 cAmax ([A @ F>]7)]
+ Amax (FT) + || All[| F2 |-

IA

(d = do) = d+ Amax(FT) + | Al | F2 |

IA

(36)

Since 0 is an eigenvalue of A, 0 is also an eigenvalue of A ® Fy,
indicating that there exists a vector p # 0 satisfying (A ® Fa)p = 0.
It then follows that:

pHA BPu=p"(A® F)p=0

which further gives Amax([A ® F2]*) > 0. Hence, h < 2¢||A||| Fa||.
Recalling (35), one has

le(®)]l < M exp(c[|All[|F2[[t), Vt € [0, 1].
If t1 < Tmax, then
lle(t)] < Mexp(o) <7, Vt € [0,t1]
which contradicts (34). Hence, t; = Tinax. Then
My = [[€]| rax 2mmax < M exp(0o) <7

that is, (33) holds. Therefore, Res; (7o) is a subset of the ROA of the
equilibrium S.

Remark 6: The delay-dependent ROA estimation is established in
Theorem 2. Compared to the delay-independent ROA estimation in
Theorem 1, the delay-dependent ROA estimation is less conservative
when the delay is small.
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For convenience, redefine the dg, ro defined in Theorems 1 and 2
as din1, "tn1» and dina = din2 (Tmax)s Tth2 = Tth2 (Tmax ), respectively.
We now compare the two kinds of estimation.

1) Itis obvious that dyy,1, 7¢n1 do not depend on 7yy,ax, While dypna, 7ino
depend on 7y, Itis found that dyy strictly increases in 7yax and
r¢ne decreases (not strictly) in 7y,,y, implying that the results of
Theorem 2 get better as 7, becomes smaller. In addition, 7y
strictly decreases in Tyayx if 74n2(0) < +00.

2) The limits liimeaxﬁo dine and lim, . o 7ene exist, which are
denoted as dy and 7 for brevity. Since
Amax([A® F2)°) < [[A® Fofl = || A]l|F |- (37
Then, it is easy to verify that
JO = }\max(Fiq) + C)"max([A & FQ]S) < dthl
To = sup {7"| o1(r) + || Al p2(r) < d — JO} > Tent-
Therefore, Theorem 2 is generally better than Theorem 1 when
Tmax 18 small enough.
3) If
Amax ([A ® F2]°) < [|All[|F2 || (38)
then there exists a 72 € (0, 71) such that
dth2 < dthla vTmam S (077—1) (39)
Tth2 2 Tthi, v7—max S (Oa 7—2) (40)
AlllF2l-Amax ([A®F2]® . . . .
where 7 = | H(HQOQJ"dchl)HEA[HHF2ﬁ] ) The inequality (39) is straight-
forward. It is easy to verify that r¢,2(0) = 7o > 7y and
Ten2(T1) < exp(—po)
xcsup{r| ¢1(r) + el Allgo(r) < d - duns)
= exp(—po)
x sup{r| ¢1(r) + cl| Al ¢2(r) < d — din1 }
= Ttn1 €Xp(—po) < Tent
where po = 7ic||A||||F2]| in this case. Then, there exists a 75 €
(0,71) satisfying (40). The above analysis indicates that, under
(38)
1) the control gain threshold dy),» and the radius ry;o estimated by

Theorem 2 are better than those estimated by Theorem 1 when
Tmax € (0,72);
2) only dgpo is better when 7,05 € (72, 71); and
3) both di2 and 7,5 are worse when T > 71.
It is verified via simulations that inequality (38) holds in most cases.
Furthermore, if 71,1 < 400, inequality (40) becomes

Tth2 > Tthl; vTrﬂax € (07 7—2)

i.e., the radius 7,2 estimated by Theorem 2 is strictly better than that
estimated by Theorem 1.

Corollary2: Consider network (1). Suppose that the coupling matrix
A is symmetric and the coupling delay satisfies

00 := TmaxC||A|||| F2|| < 1.
If F¥ is semipositive definite and the control gain d satisfies

Amax (FT) + oo (1F || + el Alll F2 1)

1—00
then network (1) realizes at least local synchronization toward the equi-
librium S, and the ROA is estimated as Rest (79) with g = exp(—go)T,

d>d0::

where
61(r) + e Alldalr) < == (g - d0>}

7 = sup {7‘ .
and the other symbols are defined in (2), (3), (4), and (6). Particularly,
the synchronization is global if ry = +o0.

Proof: Since A is symmetric, it follows that Ap.x(A) =0 and
[A® F3] = A® F5. In view that F5 is semi-positive definite, one
has Apax ([A @ F»]*) = 0. Then, the conclusion can be simply derived
from Theorem 2.

IV. NUMERICAL SIMULATIONS

Consider a controlled network consisting of four nodes

8i0) = £ 0) + € 3 angglay (0= 7))~ des(t)
z;i(t) = @i(t),

where ¢ = 1, 7(t) = Tiax| SInt|, Tmax > 0 is a parameter to be dis-
cussed, and

F(1) = [=21(t) + 21 ()22 (t), —22(t) + 23(1)]"

g(2(t)) = [z2(t), —c1sinzy () — czzg(t)]T

J
t € [—Tmax, 0]

-21 1 0
1 -32 0
A= 1 0 -21
0 0 1 -1

with z(t) = [21(t), 22(t)]T € R? and ¢; =cy =0.1. Let s=
—s1+s152=0
—s9 + sg =0
yields s = [0,0]T or s = [co, 1], where ¢, can be any real constant. It
is verified that only [0, 0]7 is a stable equilibrium.

To compare the delay-independent ROA estimation and the delay-
dependent ROA estimation, both Theorems 1 and 2 will be used to
estimate the ROA of the equilibrium S = 0 of network (41).

[s1,52]T be an equilibrium of & = f(x). Solving {

A. Delay-Independent ROA Estimation
Theorem 1 is first used to estimate the ROA of the equilibrium S = 0
of network (41). Set 7,2« = 100.
By simple calculation, one gets [} = —I5, Fy = [78_1 73_1 ] ,
0.1]|z1 —sin zq |

B . According to [18, Ex-
ample 1], one has oy (z) < 0.1(1 — 22 IEd ). Then, take ¢ (r) = r and

[I=1l

a1(z) = |22] < [|2[],and a5(z) =

_f1-s2r relo,Z]
92(r) = {17;, r € (Z,+00).

According to (14), network (41) realizes at least local synchroniza-
tion toward the equilibrium S if

d > dy = 2.9936.

Taking d = 10, it follows from Theorem 1 that R (ro) with rg =
4.0211 is a subset of the ROA of S = 0.
Let the initial condition be

wi(t) = 0.3 + [0, —2]%, t € [-1,0]

where 1 <4 < 4.Then, one has ¢ € Reg(70), i.€., the initial condition
belongs to the ROA. According to Theorem 1, the synchronization
errors e; converges to 0, as verified by Fig. 1(a). This validates the
effectiveness of Theorem 1.

Reset ¢1(t) = [0,11]7 and ¢o(t) = p3(t) = @a(t) =0 for t €
[—1,0]. Then, one has ¢ & Res(79). It is shown in Fig. 1(b) that
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Fig. 1. Synchronization errors e;; (t) (1 <i < 4,1 < j < 2) of network
(41): (a) the initial condition belongs to the estimated ROA, i.e., p €
Rest (70); (b) the initial condition does not belong to the estimated ROA,
i.e., ¢ ¢ Rest(r0). It is shown that the synchronization is realized when
© € Rest(r0), but not realized when ¢ ¢ Reg: (r0).

some components of the synchronization error e diverge to infinity,
which implies that the synchronization may not be realized when
@ ¢ Res(r0). This example demonstrates the importance of the initial
condition in determining whether the synchronization can be realized.
In addition, this example also implies that the estimated r, cannot
exceed 11.

B. Delay-Dependent ROA Estimation and Comparison

Theorem 2 is now used to estimate the ROA of the equilibrium S' = 0
of network (41). Setting 7., = 0.01, one has

00 = TmaxC||Al|[|F2|| = 0.0399

which satisfies (26). Then, Theorem 2 is applicable as o, also satisfies
(27). By simple calculation, one obtains dyg = 1.2242 and ry = 4.7405.
The results here are better than those obtained by Theorem 1, demon-
strating the advantage of Theorem 2 when the delay is small.

It is known that Theorem 1 gives dy = 2.9936 and ry = 4.0211 no
matter how large 7p,.x 1S, as shown by the dashed lines in Fig. 2. To
show the influence of 7, on the dy and ry estimated by Theorem
2, we calculate dy and ro by Theorem 2 for Tyax € (0, 70), Where
7o = 0.1507 is the supremum of T,,x given by (26) and (27). The
results are shown by the solid lines in Fig. 2. From this figure, we have
several findings:

6L = = ryinTheorem 1| |

=1, in Theorem 2

(0.01837, 4.0211)

or
1071 = = d in Theorem 17|
8r (0.06326, 2.9936) ——d, in Theorem 2| 4
o 6
©
4
2
or ]

0 0.05 0.1 0.15

Fig. 2. Control threshold dy and radius ry estimated by Theorems 1
and 2 when max € (0, 70), where 79 = 0.1507 is the supremum of 7py,ax
that Theorem 2 can deal with. It is shown that the ROA estimated by
Theorem 2 is better than that estimated by Theorem 1 when 7. is
less than the threshold 0.01837.

1) Theorem 2 has better 7o and dy than Theorem 1 when 7y, is
smaller than the threshold 7 = 0.01837.

2) Theorem 2 has better dgy but worse o when Ty,ax € (72, 71) With
71 = 0.06326.

3) Theorem 2 has worse o and dg when 7, € (71, 79). In addition,
Theorem 2 is not applicable when 7y,,x > 7o, While Theorem 1 is
applicable.

4) The dy and 7o estimated by Theorem 2 converge when 7y, draws
close to 0.

These numerical results, which are consistent with the theoretical
analysis in Remark 6, show that one can determine which theorem has
better performance according to the value of 7,5 once the thresholds
T1, T are determined.

V. CONCLUSION

In this article, the ROA estimation problem for controlled complex
networks with time-varying delay has been investigated. A differen-
tial inequality has been developed to estimate the ROA of nonlin-
ear systems with delay. Based on this inequality, delay-independent
ROA estimation of networks with general delay has been established,
where the ROA is estimated in the form of a ball-like set. Then,
delay-dependent ROA estimation has been established, which is less
conservative than the delay-independent estimation for small delay.
Unlike the popularity of network synchronization analysis, the ROA
estimation of various network models is far from elaborately explored
and thereby deserves further study. Specifically, the ROA estimation of
networks with nonuniform time delays will be considered in our future
work.
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