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Bounded Synchronization of Heterogeneous Complex Dynamical
Networks: A Unified Approach

Shuaibing Zhu®, Student Member, IEEE, Jin Zhou ™, Xinghuo Yu“, Fellow, IEEE, and Jun-an Lu

Abstract—This article addresses the bounded synchronization
of heterogeneous complex dynamical networks. Different from
most existing criteria which deal with only global bounded syn-
chronization, a general theorem is established for analyzing both
the local and global bounded synchronization of a class of het-
erogeneous networks in a unified approach. By developing a joint-
diagonalization-like technique, several easy-to-use bounded syn-
chronization criteria with low-dimensional linear matrix inequal-
ities are derived based on the general theorem. Particularly, an
estimate of the synchronization error and the admissible initial
values are given. Examples are provided to verify the theoretical
results.

Index Terms—Bounded synchronization, complex network, het-
erogeneous, linear matrix inequality, synchronization.

|. INTRODUCTION

The past two decades have witnessed the rapid development of
complex networks due to their wide applications in science and en-
gineering [1]-[10]. Synchronization, as an emerging phenomenon of
a population of dynamically interacting units [4], is one of the most
important topics in the field of complex networks. A great deal of
research has focused on the synchronization of complex dynamical
networks. Various synchronization criteria have been established for
networks without control [11]-[15] or with control [16]-[20].

A great majority of the existing studies focused on the complete
synchronization of networks of identical nodes. In fact, almost all
networks in engineering have different nodes [21], which are called
heterogeneous networks. Complete synchronization generally cannot
be achieved in a heterogeneous network due to node difference. How-
ever, if the node difference is slight, the synchronization error may be
ultimately bounded as the time evolves to infinity. This phenomenon is
called bounded synchronization (BS). Itis helpful and indeed necessary
to estimate a compact set where the synchronization error ultimately
dwells.

In recent years, the BS of heterogeneous networks has drawn in-
creasing attention. In 2012, Zhao et al. [21] addressed the issue of the
global BS of general networks with nonidentical nodes. In light of this
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work, some new criteria for the global BS of heterogeneous networks
and heterogeneous multiagent systems were proposed in [22]-[27].
Some other BS criteria for networks with parameter mismatches were
proposed in [28] and [29]. It is noted that these criteria are only
applicable to global BS and little attention has been paid to local
BS. The main difficulty of studying local BS lies in: 1) there is no
general theorem that deals with local BS as far as we know, while
there is such a theorem [21] for global BS; and 2) for local BS, the
admissible initial values generally should be in a bounded set D, and
the synchronization error finally converges to another bounded set. We
have to deal with the relationship between the two bounded sets, while
this is not necessary for global BS as D is the whole space in this case.
Recently, Wang et al. [30] separately investigated the local and global
BS of a heterogeneous complex switched network, but the local BS
is only briefly analyzed. The dimension of the linear matrix inequality
(LMI) established in [30, Th. 1]is O(N), where N means the number of
nodes. Generally speaking, the algorithm based on the standard LMI has
apolynomial-time complexity [31], which increases drastically with the
increase of N. Therefore, the BS criteria established in [30] cannot be
directly applied to large-scale networks. To this end, it is of practical
importance to establish both the local and global BS criteria based on
low-dimensional LMIs for heterogeneous networks.

Motivated by the above discussions, this article aims to address
both the local and global BS of heterogeneous networks in a unified
approach. The main contributions are as follows.

1) A general theorem is established for analyzing both the local

and global BS of heterogeneous networks. Not only the ultimate
synchronization error but the admissible initial values are estimated
in the form of spheres.
Several easy-to-use BS criteria with low-dimensional LMIs are
derived based on the general theorem. Since a network is usually of
high dimension, a joint-diagonalization-like technique is developed
to realize dimensionality reduction, especially for directed net-
works. In the existing studies on BS, the dimensionality reduction
is only realized for undirected networks.

The rest of this article is organized as follows. Section II introduces
the network model and some mathematical preliminaries. Section III
presents our main results on the BS criteria. Section IV provides two ex-
amples to verify the theoretical results. Section V concludes the article.

2

~—

Il. MODEL AND PRELIMINARIES

A. Notations and Network Model

First, some notations are introduced. R™ and R™*™ (C™*™)
denote the n-dimensional Euclidean space and the set of all the
(n x m)-dimensional real (complex) matrices, respectively; R is the
set of nonnegative real numbers; the superscript 1" (H) represents the
transpose (conjugate transpose) of a vector or a matrix; || - || denotes the
2-norm of a vector or a matrix; | - | denotes the modulus of a complex
number; Amax(-) and Ay, (+), respectively, denote the maximal and
minimal eigenvalues of a symmetric matrix; ® represents the Kronecker
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product; I is the identity matrix of dimension N; vecy {x;} denotes
(2T, 2T, ... 2%)T with z; being a vector or a scalar; and B, denotes
an open ball centered at O of radius r and appropriate dimension. A
function o : Ry — R is a class-XC, function if it is continuous and
strictly increasing with «(0) = 0 and limg_, ; o, a(s) = +o0.

Consider a heterogeneous network consisting of N systems of
dimension n

zi(t) = fi(t,zi(t —|—cz a;; Tz (t )

where 1 <i < N, x; € R™ is the state vector of the ith node, f;: R x
R™ — R™ is continuously differentiable, and ¢ > 0, A = (a;;) Nxn>
I' € R™*™ denote the coupling strength, the weighted outer coupling
matrix, and the inner coupling matrix, respectively. If there is an edge
from node ¢ to node j (j # ), then a;; > 0; otherwise, a;; = 0; the
diagonal elements of A are defined by a;; = — Zj\;ly#i Q5.

In this article, network (1) is assumed to be strongly connected, or
equivalently, A is assumed to be irreducible. Let the eigenvalues of A
be A1, A, ..., Ay With

0= M| <|ra| <+ < |ap]

Let the left and right eigenvectors of A associated to the eigenvalue 0
be

€= (&, 60)", u=(1,...,1)T e RV, Q)

Without loss of generality, suppose that Zf\]zl & = 1with&; > 0 (see
Lemma 1, which will appear below).
Defining f(t,z) = + SN fult, ), (1) turns into

N

j=1

where g; = f; — f. Define the weighted average state and the synchro-
nization error of the ¢th node as

N
i:Z&wh e, =x; —T. 4)
i=1

Letting f(t) = Y70, & f(t,z;) and g(t) = 370, &9;(t,x;), one

has
&=f+g+c(€"A) @Tveen{z:} = f+3. )
From (3) and (5), it follows that:
- N
é; :f(t,mi)_f+czaijrej +gi(t,z;) — g (6)
j=1

Let F(t) = %(t Z) € R™™ be the Jacobian of f and R;(t) =
f(t7 xz) - f( T

, @) — F(t)e;. Considering

tx)-i-ZE]

S+ Q

f(t,x;) — J? f(t, xz f(t7j))

(t,x;)

N
=Fe;+Ri— Y &R,

j=1

it follows from (6) that:

N N

j=1 j=1

In virtue of the Kronecker product, (7) can be rewritten as
e=(IN®F+cA®D)e+ (In —ué") @ I(R+G) (8)

where e =vecy{e;}, R=vecy{R;}, and G = vecy{g:(t,

x;)}. Defining

LS (t.a()ta)—f (1.()=F ()a]
o(t,z) = 2] » @70
0, rz=0

(C)]

one has || Byl| = w(t,e,)les]l.
Definition 1: (See [21]). If there exists a nonempty open set D and
a bounded set @ such that e(t) starting from D converges to @, i.e.,

e(tp) € D = tLITso 5161(5 lle(t) —v||=0

then network (1) is said to achieve (local) BS. Moreover, network (1)
is said to achieve global BS if D = R™",

An objective of this article is to estimate a bounded set ( where the
synchronization error e of network (1) dwells when the time evolves
to infinity. Moreover, it is also to estimate D which includes all the
admissible initial values.

B. Mathematical Preliminaries

Here, we present several assumptions and lemmas.
Assumption 1: (Al) Suppose that there exists a continuous and
nondecreasing function ¢ : R, — R satisfying ¢(0) = 0 and

o(t,x) < ¢(r), Vo € B,

forany r € Ry and ¢ € R, where ¢ is defined in (9).

Remark 1: In the literature, the Lipschitz condition is widely used
to deal with the synchronization issue of networks. It is easy to find that
(A1) is very similar to the local Lipschitz condition (weaker than the
global one) if (A1) is rewritten as

(8 2(t) +2) = £(£,2(2) — FO)z] < ¢(llz() |-

The difference is that the linear term F'(¢)x is subtracted, which is for
better estimating the nonlinear part R;(t).

Assumption 2: (A2) Suppose that there exists a bounded function
~v: R — Ry such that |G(¢)|| < ~(t), t € R.

Remark 2: (A2) is a necessary assumption for ensuring the BS of
networks. Consider the following network of two nodes:

{ i(t) =
Ea(t) =
where f; = 1 + 0.1sint and fo = dx, with d being a parameter. Let
21(0) = 22(0) = 0. Whend = 0.9, (A2) does not hold, and simulation
results (not presented due to space constraint) show that the error z; —
x9 goes to infinity even if the initial error is 0. When d = 1, (A2) holds,
and simulation results show that this network achieves BS. This simple
example accounts for the necessity of (A2). Additionally, much of the
literature [21]-[30] uses (A2) or similar assumptions.

Assumption 3: (A3) Suppose that there exist a positive definite
matrix P = diag{Py, P,..., Py} with P; € R™*" and a positive
constant ¢ satisfying

filt,z1) + a0 — 21

fa(t,z2) + 21 — 22 (10)

Py(F(t) + cnT) + (F(t) + AP +el, <0 (11)

where 2 < i < N and P, = P,.
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Remark 3: (A3) ensures that the linearized system of error system
(8) is stable, but cannot ensure even the local stability of (8). Consider
network (10) and let

fi = =231 + 22 + dsin(0.1t), fo = —2x5 + 23

where d is a parameter. It is easy to verify that (A3) holds. Set 1 (0) =
x2(0) = 0. It is found via simulation that this network achieves BS
when d = 1, while the BS is destroyed when increasing the value of d
to 2. This simple example shows that (A3) alone cannot ensure even
the local BS, though it is a necessary condition. In addition, P; is not
used in what follows, so we take P, = P» for simplicity.
Lemma 1: (See [32] and [33]). Consider the outer coupling matrix
A of network (1). Then,
(i) A has an eigenvalue 0 with multiplicity 1.
(i) A has an eigenvector ¢ = ((1,...,¢n)T associated to 0 with
Cry .o Cn > 0.
Lemma 2: For the outer coupling matrix A of network (1), there
exists a matrix ® satisfying A = ®~1J® and

17T
Ty 0 ]q)
0 1

In —ucf =t :
N-—

(12)

where J is in the Jordan canonical form with J;; = 0, and &, u are
defined in (2).

Proof: According to Lemma 1, A has a simple eigenvalue
0. Then, there exists a matrix ® = (®y,...,dy)T € CV*N
such that A =& 'J®, where J = diag{0, Juy,...,Jn,}s Jn;
is the Jordan block associated to the eigenvalue 1; # 0 of A, and
ng + -+ +n, = N — 1. Since £ and ®; are both the left eigenvectors
of A associated to 0, one has ®; = p&, where p € C.

Next, it is to prove that @iTu =0 for 2 <7< N. Rewrite
A=®1JP as PA = JO. Letting k =ny + 1, one has ®TA =
qu)f. Then, Agcbfu = <I>£Au = 0, yielding <I>£u = 0. Again, one
has @ | A = A, ®T | + ®F. It follows that ®T | Au = A ®T ju +
®Tu, and thus 7", u = 0. Inasimilar way, one deduces that ®7 v = 0
for 2 < i < k. Repeating the above process, one has ®7u = 0 for
2<i<N.

Finally, it is easy to verify that ®7 (Iy — u&?) = ®T for2 < i <
N, and T (Iny —u€?) = pT(In —uT) = (1 — €Tu)®T. Hence,
(12) is verified. |

Remark 4: Lemma 2 establishes a joint-diagonalization-like tech-
nique, where I,, — u&7 is diagonalized and A is close to being diago-
nalized.

Lemma 3: 1f the outer coupling matrix A of network (1) is symmet-
ric, there exists an orthogonal matrix ® satisfying A = ®7A® and

1—¢Tu 0
Iy —utT = o7 05 v ] @ (13)
1

In.

where A is a diagonal matrix with A;; = 0, and £, u are defined in (2).

Proof: Since symmetric A has an eigenvalue 0, there exists an or-
thogonal matrix ® = (®4,...,®5)T € RV*N suchthat A = ®TAD.
Itis verified that ®; = p, & = pou, where py, po € R. Then, &7 (Iy —
wET) = (1 — ¢Tu)®T, and @ (Iy — uéT) = @, fori > 1,50 (13)is
verified. ]

I1l. BOUNDED SYNCHRONIZATION ANALYSIS

In this section, a general theorem is established for analyzing the BS
of network (1), from which several easy-to-use criteria are derived.

A. General Theorem

Theorem 1: Consider the error system (8) of network (1). Assume
that there are functions V : R™™ — R, and p : R, — R such that

ar(llefl) < V(e) < ax(llel]) (14)

Vi < —as(lle]), if p(t) < [lel| <o (15)

where o, o, ag are class-XC,, functions, and § is a positive constant

satisfying o, ' (a1 (8)) > po with po = sup,-{p(t)}.
() If |[e(to)|| < az'(ax1(8)), then e converges to

Q={e eR™ | lell < a*(az( Tim p(t)))}-

(ii) If 6 = +o0, then e globally converges to Q).

Proof: (ii) can be easily derived from (i). Select a large enough
do > 0, then the given conditions hold by replacing ¢ with dy. From (i),
if ||e(to)]| < ag'(a1(do)), then e converges to Q. Since a ' (a1 (6o))
can be arbitrarily large when 4 is large enough, e globally converges
to Q. Hence, it is sufficient to only prove (i).

Itis first to prove by contradiction that ||e(t)|| < §, V¢t > to. Suppose
that there exists a t3 > to such that ||e(¢3)| > 0. Let

t2 = inf {t] e(t)]| = 6.

Obviously, ||e(t2)]| = J due to the continuity of e. Let d; be a constant
such that

max{po, le(to) |} < 01 < a3' (a1 (6)).

Since §; < ayt(a;1(8)) < azt(as(d)) = 6, there exists t € [to, ta)
such that ||e(t)|| = ;. Let

tr= sup {t|[le(t)]| = d1}.

te[to,ta)
Then, He(tl)H = 61, t1 < to, and
lle(®)| € [01,0), Vt € [t1,t2).

According to (15), one has V|(8) <0, Vté€ [t1,ta), leading to
Ve(t1)) > V(e(t2)). According to (14), one has V(e(t1)) <
as(01) < aq(8) < V(e(tz)), which contradicts. Hence, one has
lle(®)|l <6, Vit > to.
Next, it is to prove by contradiction that
v 2 lim ()] < py 2 T p(h).
t——+oo

t——+oo

Suppose that vy > p;. Denote €; = %(1/1 — p1)- There exist a constant

T} such that |[e(t)]| > v1 — €1, Vt > Ty, and a constant T» such that
p(t) < p1 + €1, Vt > Ts. Taking Ty = max{7Ty, T} yields

lle(®)]| > 1 —e1 > p1 + €1 > p(t), Vt > Tp.
In view of (15)
V|(8) < —(13(||€(t)||) < —053(111 — 61) < O7 vt > TO

leading to lim; . V(e(t)) = —oo, a contradiction with V > 0.
Hence, one has v, < p;.
Finally, it is to prove by contradiction that e converges to @, i.e.,

vy £ Tim le(t)]| < p2 = a7 (az(p1)). (16)
t—+4o0

Suppose that v5 > ps. Denote €2 = %(1/2 — p2). Let € be any constant
in (0, €2). There exists a constant T such that p(t) < p; + €, V¢ > T5,

a constant ty > T3 such that ||e(ts)|| <v1+e€, and a constant
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te >ty such that |le(tg)]| > v2 — ea. Then, |le(t4)| < p1 + € and
le(te)l| > p2 + €2 > p1 + ez > p1 +e. Let

ts= sup {t|e(t)] = p1+€} < te.

te(ta,ts)

Then, |le(t)|| > p1 + €, Vit € [ts, 6] Since t5 > t4 > T3, it follows
that |[le(t)]| > p(t), Vt € [ts,tg]. According to (15), one has
Vg <0, Vt € [ts, ts], leading to V (e(ts5)) > V (e(ts)). Moreover,
one has V(e(ts)) < as(p1 +¢) and V(e(ts)) > ai(]le(ts)]) >
aq(p2 + €2) > a1(p2) = az(p1). Letting e — 0 leads to V(e(ts)) <
as(p1) < V(e(ts)), which contradicts. Hence, (16) is verified. |

Remark 5: Theorem 1 establishes a general theorem for analyzing
both the local and global BS of a class of heterogeneous networks
in a unified approach. Sufficient conditions are given, under which the
synchronization error are ultimately bounded in the compact set (. Par-
ticularly, the initial values e(¢y) enabling a heterogeneous network to
achieve local BS are also estimated by a positive constant o, * (a1 (9)).
This is quite different from [21]-[29], which only addressed global BS.

Remark 6: It seems that Theorem 1 is only used for the error system
(8). In fact, the specific dynamics described by (8) are not used, and
we refer to (8) just for simplicity of notations. Therefore, Theorem 1 is
actually very general.

Corollary 1: Consider the error system (8) of network (1). Assume
that there is a function V : R™¥ — R such that

alle]* < V(e) < ble]*
Vi) < —er®lell® + w2 (t)ell, if [le]| < 8

where a,b are positive constants, ¢, po are functions satisfying
inf;>0{¢1} > 0 and ¢ > 0, and 0 is a positive constant such that

o> \/gsuptzo{%}.

(i) If [le(to) || < \/¢9, then e converges to

o= 2 5 )

(ii) If § = +o0, then e globally converges to Q.
Proof: As (ii) can be easily derived from (i), it is sufficient to only

prove (i).
Denoting a;(|le]]) = alle

QZ{CGR”N

%, as(llel)) = blle
vy = sup;so{p1}, 1 = infy=o{¢1}, one obtains

—p1(t)lell* + w2 (B)llell < —as(llel), if el = p(t)

by setting p(t) = p1(t) + € and az(]le||) = v1€lle||, where € can be
any constant in (0, /%8 — 1g). Since o' (1 (8)) > sup,-{p} and
leto)|| < /%6 = a5 ' (1 (6)), it follows from Theorem 1 that e

converges to:
b — t b
He||§\/j i 220 e
a t—+oo 1 (t) a

Letting e — 0 completes the proof. |

Compared to Theorem 1, Corollary 1 is more convenient to use, but
still not so straightforward. Next, some easy-to-use criteria are derived
in light of Corollary 1.

SCCRE

a7

Q.= {eER"N

B. Several Easy-to-Use Criteria

From Lemma 2, there exists a matrix

® = (b1, P,,...,05)T € CVN

satisfying A = ®~1J® and
1—¢Tu 0
0 IM] ®

where J is in the Jordan canqnical formA with J;; = A;. Let-

tingn = vecy{n;} = (2 ® I,)e, R = vecy{R;} = (? ® I,,) R, and

G =vecy{G;} = (P ® I,,)G, (8) is transformed to

1—&Tu 0
0 In_

Iy —uT =9t [

r):(IN®F+cJ®F)77+{ }(RJFG). (18)

It is verified that ®; = p€ with p € C. Then, 7, = (®T ® I,)e =
p(T® 1I,)e=0.
The following denotations will be extensively used:
a = )‘«min(P)
b := Amax(P)

¢o = S;glg{sb(r)}

b o——
Yo = \/; Jm (1)

where P, ¢, and y are defined in (A1)—(A3).
Theorem 2: Consider network (1), and assume that (A1)—(A3) hold.
(i) If there exists a constant & >0 such that sup,.,y(t) <
\/% 6(”0;75’(5)), then network (1) achieves BS. Specifically, if
) Ue(to)|| < \/%%O, then e converges to B,., with r; = e
(ii) if ¢o < vo, then network (1) reaches global BS, and e converges

19)

to B,., with ry = e
where a,b,¢g,7 are defined in (19), e= ﬁHFH’ U=
diag{1l,e7t,..., et N} ko = |[UR||||(U®) |, and vy = Thao

Proof: Denoting J =UJU™Y, it can be casily verified that Jy =
Ay Jiiv1 = 0 or ¢, and all the other entries of J are 0. Let ¥ = U®,
and

n=vecn{n} =U®I,)n=(Y®I,)e

R=vecy{R}=(U®IL,)R=(VY&I,)R

G =vecy{G:}=U®I,)G=(V®I,)G.
Considering J = U~1JU and

1-¢Tu 0 o f1=&"u 0
{ 0 IN—1:| =U { 0 In_1 v
(18) turns into

1—¢Tu 0

n=Ux®F+cJoD)j+ (R+G). (20
0 In_q
Since 77 = 11 = 0, (20) can be equivalently rewritten as
;= (F 4 crI)m; + Cji,i+lrﬁi+l +R+G;,i>2 (21)

where Jy v 11 = 0and fx ., = 0. Define V (7(t)) = 7™ P7j. In view
of 771 = 0, one gets

N
=2

N
+ Z cJiiv1 (A Pl + i, T Piily)
i=2

N

+ Z (ﬁfIPz(Rz + éz) + (Rz + éi)HPiﬁi)
i—2
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N
< —ellfl|*+2bee| Tl Y NillllFe41 | +277 P(R+E)
=2
N
< —ellill? + bee| U1 Y (17l + 17 11?)
=2

+27"P(R+ Q)

E - - ~ ~
< — 1l + 2l IE] + 1G1)- 22)
From (A1), [|R:[| < ¢([leil)lle:ll < ¢([lel])e:ll, yielding
IRl < ¢(d)llell, if [le]l < 6. (23)

Note that (|~ e|| < [li]] < [[[]ell,
G < IWIIGI- T le]] < 6, then

IR < 1wl R].

. €~ 11— ~
Vigo < = 1Al I llell + 266 (3) llll llle]
+20v@) 71l |

C1i—1 ~ 3
= 0l (= S llell+2bro6 () el +2bmov () ) -

Define

—1-1la@l
oty = 4 I G
1, e(t)=0
pisabounded function satisfying inf;-o p(t) > 0, because [fe=1) -t
% < ||¥|. Since 7(t) =0 if e(t) =0, one gets |||~ 1|7]
p(t)|lell, ¥t > 0. Then

Vi) < —p1(®)llell® +p2(t)llel, if le] <6

where p; = 2brop(t)(vo — ¢(8)) and py = 2bkop(t)y(t). From
supyso Y(t) < \/%6(”0;75(5)), it follows that inf;>0{p1} > 0, and
p2 > 0 is bounded. Moreover

A

(24)

arllel* < allql* <V <bllql* < bale]?

where a; = a||¥ (|72 and b; = b|| V|2
It is first to prove (i). Since

b
d> \/75up{’y} \/isup{pi}
Vo — ay t>0 \P1

it follows from Corollary 1(i) that network (1) reaches local BS, and e
converges to B, if [[e(to)]| < ,fo

It is now to prove (ii). From (23), one obtains || R|| < ¢o|e]|. Similar
to the proof of (24), one has

Vo) < — (% - 2blio¢o) p(®)|lell* + 2brop(t)y(t).

Then, network (1) reaches global BS according to Corollary 1(ii), and
e converges to B,., . [ ]

Remark 7: Theorem 2 establishes several easy-to-use BS criteria
from Corollary 1. Analyzing Theorem 2, we have the following obser-
vations.

1) The result is better with a smaller compact set Erl or EQ, where
the synchronization error dwells when the time evolves to infinity.
A smaller compact set means the BS is closer to complete synchro-
nization.

2) ¢, an upper bound of the nonlinear part of f, has significant influ-
ence on the BS. The BS is easier to be achieved if the nonlinearity is
less significant. The supremum of ¢ determines whether the global
BS can be achieved if (A1)—(A3) holds.

3) £, which quantizes the stability of the system & = f(¢,z) at z,
determines partly the size of the compact set. The compact set is
smaller with a larger value of %, i.e., a stronger stability.

4) ~, an upper bound of the node difference, also determines partly
the size of the compact set. The compact set is smaller if the node
difference is less significant.

5) If v =0, network (1) reduces to a network of identical nodes,
and the BS becomes complete synchronization, since 7y = ro = 0.
Therefore, Theorem 2 is also effective in analyzing the complete
synchronization of networks of identical nodes.

Remark 8: The number of flops needed to compute a p-accurate
solution for a LMI is bounded by O(MN?31log(V/0)), where M
is the total row size of the LMI, A is the total number of scalar
decision variables, V is a data-dependent scaling factor, and p is a
relative accuracy [31]. If V and o are given, the time complexity is
O(MAN3).1In (A3) of Theorem 2, there are (N — 1) LMISs of dimension
n. Hence, the time complexity of the LMIs in (A3) of Theorem 2
is O(n x (252 +") )% (N —1) = O(Nn"). In [30], the LMI is of
dimension (N — 1)n, thus the time complexity is O(N"n7), which
is far larger than O(Nn7) and grows sharply with N. It is tested via
the Matlab LMI Toolbox that solving one LMI of dimension 140 needs
nearly 176 s, while solving seven LMIs of dimension 20 needs only
0.031 x 7 =0.217 s. This demonstrates the advantage of using the
joint-diagonalization-like technique.

Remark 9: In the absence of external control, a heterogeneous
network may not be able to reach BS. In this case, one can add control
u; = —ke; to the ith node of network (1). Network (1) under control
can reach BS is k is large enough.

Corollary 2: Consider network (1), and assume that (A1)—(A3)
hold. If the outer coupling matrix A is diagonalizable, then

(i) if there exists a constant 6 >0 such that sup,.qvy(t) <

Ve M then network (1) achieves BS. Specifically, if
K070

lle(to)]l < \f , then e converges to B,., with r; = ;=030

(i) if ¢o < vo, then network (1) reaches global BS, and e converges

to B,., with ro = £030_

vo—¢o

where a, b, ¢, 7o are defined in (19), ko = || ®||||®~* = Sheo-

P~r00f: In Theorem %, take U = I . Since A is diagonalizable, one
has J; ;41 = 0, where J; ;41 is defined in (21). According to (22), one
has

Vieoy < = ellill* + 20all (1Rl + 1G]l)

where all the symbols are defined in the proof of Theorem 2. Then, the
conclusion can be obtained by following the proof of Theorem 2. W
Corollary 3: Consider network (1), and assume that (A1)—(A3)
hold. If the outer coupling matrix A is symmetric, then
(i) If there exists a constant § >0 such that sup,.qvy(t) <
V/26(vo — ¢(6)), then network (1) reaches BS. Specifically, if
lle(to)|| < /%9, then e converges to B,., with ry = =287
(i) if @9 < g, then network (1) reaches global BS, and e converges
to BT2 with o = o
where a, b, ¢o, 70 are defined in (19), and vy = 3.
Proof: From Lemma 3, one can require that & be orthogonal and
J is diagonal. Then, the conclusion can be derived from Corollary 2 as
ko = @@ = 1. n

IV. NUMERICAL EXAMPLES

Two numerical examples are given here to verify the theoretical
results. The first one is an undirected network, which is exactly the
same as [21, Example 5.1] for the sake of making comparison. The
second one is a directed network.

Authorized licensed use limited to: Wuhan University. Downloaded on November 29,2021 at 08:39:55 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 66, NO. 4, APRIL 2021

1761

A. Example 1: Global BS of an Undirected Network

Consider an undirected network consisting of N = 5 nonidentical
pendulums [34]

i(t) = filt, zi(t +cZaUFxJ 1<i<5 (25
where  fi(t,2) = (22, —7isinz; — bzg + d;sint)”,  r; = 0.02i,
(d1,ds, ds, da, d5)" = (0.1, -0.15, —0.2,0.15,0.2), ¢ = 1, and

-3 1 1 0 1
1 31 1 0
I'= |:(1) g} , A= 1 1 -31 0
0 1 1 -31
1 0 0 1 —2

Since A is symmetric, one can use Corollary 3 to analyze the BS

of (25). Take v = 0.0632 + 0.3647| sin t|. Denoting T = [Z1, Z2|”
. 0 1
yields F'(t) = [—0.06cosi’1 —b}’ and
f&,z+2) — f(t,z) — F(t)z
oty = W62 29 =S8~ PO

= sin(Zy + z1) — sin&; — 21 COS T
|

H \
0.06]z |
= |C

2]l

< 0.06 |cos(Zy + ¢1) — cos T4

0s8(Z1 + (1) — cos Ty |

where 0 < |(;| < |z1]|. Hence, ¢ is taken as

__f0.06r, rel0,2]
#(r) = {0.12, r>2.

See [21] for the value of € and P. Since ¢ = 0.12 < 0.3443 = vy,
it follows from Corollary 3(ii) that e globally converges to B, with
r = 4.2653, whichis better than the r = 13.2584 in [21]. Itis found that
the synchronization error (see [21] for the state trajectories of network
(25)) finally satisfies |le(t)|| < r = 4.2653, i.e., e converges to B,,
which verifies the theoretical result.

B. Example 2: Local BS of a Directed Network

Consider a directed network consisting of N = 10 nonidentical
nodes

(1) = (26)

fltwl

)+ CZ a;iTx;(t

fi(t, Z) = (—211 + (5 + dl) tanh(O 122 — 1), —222 +
d;cost)T, d; =0.03(2i — 1),c=0.2, = [0 1 |, and a;; (i # j)
is defined by

where

2, 1<|j—i<20r1<|104+j5—1il <2
1, i=1landj =6
0, otherwise

aij =

with 1 <4,5 < 10.
Since A is diagonalizable, we use Corollary 2 to analyze the BS

of network (26). Take ~(t) = 0.34/3.3(1 + cos?(¢)). Similarly to

Example 1, one gets

p(t,z) = tanh(O 1(Z2 + z2) — 1) — tanh(0.1z5 — 1)

Q%v@vﬁv@v%ﬁ

-3.8 [

Xiq
.
A

42t ' ]

llell

0 10 20 30 40
t

Fig. 1. State trajectories x;1,z;2 and synchronization error |le| of
network (26), where 1 <7 < 10.

_ 0.129
cosh?(0.1Z5 — 1)
~ 0.53|z)]
B
0.53|h(Z2 + (2) —

Ih(Z + G) — h(Z2)]

h(z,)]

h(a:) _ m and 0 < [C2] < |22
W (z)| < 15\f and |h(z)| < 1, ¢ can be taken as

IN

where Considering

1.06
b(r) = 4 135" r € [0,15V/3]
1.06, r>15V3.
Next, we solve the LMIs in (A3). The definition of F(t)
gives F(t) = [_O1 O.SEg(t) ], where o(t) = h(Z2(t)) € (0, 1]. Since
F(t) = o(t)F1 + (1 — o(t)) F5, one has
Py(F(t) + caT) + (F(t) + ex, TP
where F} = | 01 0_523] and Fy = [ 2] Then, (11) in (A3) holds
if

Py(F; + caD) + (Fy + eaTD)E P+ eI, <0 27
where 2 < ¢ <10 and 1 < 5 < 2. Using the Matlab LMI Toolbox to
solve (27) gives € = 0.9027 and

0.2858 0.0080
| |

0.0080 0.1827

Solving the following inequality in Corollary 2(i):

x(P)

0(vo — @(9)) > ko )\mai(P) sup~y(t) = 1.4767

t>0

one obtains § € (1.5236, 23.7558). Select § = 10. According to Corol-
lary 2(i), e converges to B, with » = 2.3688 if the initial values satisfy
lle(0)]] < 5.2192.
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Let the initial values be z;(0) = (=2 + 0.3i, —1 + 0.37)T for 1 <
i < 10, which satisfy ||e(0)|| < 5.2192. Fig. 1 shows that the synchro-
nization error finally satisfies ||e(t)|| < r = 2.3688, i.e., e converges
to B,., which verifies the theoretical result.

V. CONCLUSION

In this article, we have established a general theorem for analyzing
both the local and global BS of a class of heterogeneous networks,
and then derived several easy-to-use BS criteria with low-dimensional
LMIs. Two numerical examples have been provided to verify the
theoretical results, and the comparison with [21] in Example 1 shows
that our method is better. Although our estimation of the compact set
B, may still be conservative, it is fundamental and makes the first
step in establishing local and global BS criteria in a unified approach.
Estimating the compact set in other shapes such as ellipsoid may reduce
the conservativeness, which deserves future study.
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