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Pinning Synchronization of Multiplex Delayed
Networks With Stochastic Perturbations

Xueyi Zhao

Abstract—As the monoplex network has its limitations in
describing the real world, a new framework called the multiplex
network is put forward and has received much attention in recent
years. This paper focuses on synchronization of the multiplex
network with multiple delays and stochastic perturbations. Due
to the complexity, pinning control of the multiplex network is of
particular interest. Based on the LaSalle-type invariance princi-
ple for stochastic differential delay equations and the Lyapunov
stability theory, some control schemes and synchronization crite-
ria are obtained. It is concluded that under some mild conditions,
one can determine which nodes should be pinned in a multi-
plex network. In addition, it is found that the number of pinned
nodes increases with the varying interval of noise and time delay,
and decreases with the varying interval of intralayer coupling
strength. Some two-layer and three-layer networks are employed
to validate the effectiveness of the proposed algorithm.

Index Terms—Delay, multiplex network, pinning -control,
stochastic perturbation.

I. INTRODUCTION

ARIOUS complex networks exist in the real world, such
V as the Internet, the social networks, the neural networks,
the electrical power grids, etc. Although the study on mono-
plex complex networks has experienced rapid development in
the past few years [1]-[5], many real-world networks cannot
be easily abstracted by monoplex ones with the development
of network science. People in modern society, for example,
connect with each other via multiple relationships, say, kin-
dred, friendship, or working relationships [6]. To describe this
kind of complex social connection, the multiplex network is
put forward. The study of the multiplex networks has become
one of the most important branches of network science very
recently, especially synchronization [7]-[14]. Sorrentino [7]
and Irving and Sorrentino [8] studied the synchronization of
a multiplex network of coupled dynamical systems, based on
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Fig. 1. Diagram of a three-layer network. Different colors represent the
intralayer couplings of different layers. Each layer has its own time delay and
noise perturbation.

master stability function. Aguirre et al. [9], Xu et al. [10], and
Li et al. [11] investigated the synchronizability of two-layer
star networks with different numbers of interlayer connec-
tions. Xu et al. [12] investigated the synchronizability of two
interconnected BA scale-free networks. Recently, He et al. [13]
further focused on the global synchronization of the multilayer
network with additive couplings and Markovian switching cou-
plings. Different from these models, our model presented here
is a multiplex network where all layers consist of the same set
of nodes and each layer has different time delays and noise
perturbations. A diagram of a multiplex network discussed is
depicted in Fig. 1.

As an efficient mechanism, pinning control is widely used
in the traditional monoplex networks. By controlling only a
small fraction of nodes, the synchronization can be realized
in large-scale monoplex networks. Due to the complexity of
multiplex networks, the pinning mechanism is expected to
be particularly effective [15]-[25]. When designing a pinning
control strategy, appropriately selecting the pinned nodes is of
great importance. This problem was originally studied by using
local stability analysis [16] and then by using global meth-
ods [17]. Song and Cao [21] presented some low-dimensional
pinning criteria for global synchronization of both directed and
undirected complex networks. DeLellis e al. [22] proposed a
hierarchy of novel decentralized adaptive pinning strategies
for controlled synchronization of complex networks based on
edge snapping. In [23], a decentralized adaptive strategy was
investigated for cluster synchronization of undirected complex
dynamical networks via pinning control.

Actually, besides information delay, noise exists every-
where because of the environmental disturbances or
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uncertainties [26]-[30]. Specific to a multiplex social com-
munication network, communication links include Skype,
Facebook, Wechat, etc. In the process of information dissem-
ination, there are both time delays and noise perturbations in
the Skype layer, the Facebook layer, and the Wechat layer. So
it is crucial to propose a multiplex network model in which
each layer has its own delay and noise. However, in most of
the existing literature on pinning synchronization, it is often
assumed that the node dynamics and network links are noise-
free. How to synchronize information in this type of multiplex
network is the thesis of this paper.

In this paper, pinning synchronization of the multiplex
network is investigated, where the specific delay and stochas-
tic perturbation exist in each layer. Based on the LaSalle-type
invariance principle for stochastic differential delay equations
and Lyapunov stability theory, it is concluded that the simple
pinning adaptive feedback control is valid for the multiplex
networks with delay and noise. In addition, we further dis-
cuss the impact of the difference of noise perturbations, time
delays, and coupling strengths among each layer on the num-
ber of pinned nodes. We find that the number of pinned nodes
increases with the interval of noise and the interval of time
delay, and decreases with the interval of intralayer coupling
strength.

The rest of this paper is organized as follows. Some
mathematical preliminaries are introduced in Section II. The
multiplex network model with time delays and stochastic per-
turbations in layers is proposed in Section III. Section IV
presents our main results on synchronizing multiplex networks
by a pinning strategy. In Section V, numerical examples and
further discussions are shown to validate the main results.
Finally, some conclusions are drawn in Section VI.

II. MATHEMATICAL PRELIMINARIES

Throughout this paper, R” and R™ are introduced to
denote the n-dimensional Euclidean space and the set of all
n x m-dimensional real matrices, respectively; R is the set
of positive real numbers; E[-] is the mathematical expecta-
tion; |.|| represents the Euclidean norm defined by |x|| =

xTx, where x € R”, T denotes the transpose of a vec-
tor or a matrix; I, € R™" is an n x n identity matrix;
diag{q1, g2, - .., qn} € R™" denotes a diagonal matrix whose
diagonal elements are q1,¢q2, ..., qn; G = (gjj)nxn 1S an n-
dimensional matrix, whose largest and smallest eigenvalues are
Amax (G) and Anin(G), respectively. The denotations G > 0,
G < 0 and Gy (or [G];) represent a positive definite matrix, a
negative definite matrix and the minor matrix of G by remov-
ing the first / row—column pairs. Let C>' (R x R", R, ) be the
family of all the non-negative functions V(¢,x) on Ry x R”,
being V(z, x) continuously once differentiable in 7 and twice
differentiable in x; C[}_-O([—r, 0], R™) be the family of all the
JFo-measurable bounded C([—t, 0], R")-valued random vari-
ables; (2, F, {F}r>0, P) be a complete probability space with
a filtration {F};>0, where {F};>¢ is right continuous in ¢ and
Fo contains all P-null sets; w(7) = (wi(0),...,w,(®)T be
an n-dimensional Brownian motion defined on the probability
space.
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Consider a nonautonomous 7n-dimensional stochastic differ-
ential delay equation

dx(t) = (¢, x(t), x(t — ©))dt + ¢(t, x(1), x(t — 7))dw(t) (1)

on ¢t > 0 with initial value & € C?_-O([—r, 0], R™), where the
measurable functions f: Ry x R? x R” — R" and ¢ : R} x
R" x R" — R” satisfy the local Lipschitz condition and the
linear growth condition [26]. It is known that for any initial
value &, (1) has a unique solution on ¢ > —t, denoted as
X(t; £). Provided that f(z,0,0) = ¢(¢,0,0) = 0, (1) has a
trivial solution x(z, 0) = 0.
Defining an operator £ acting on C>! (R, x R",Ry) by

LV = Vi(t,x) + V(t, x)f (2, X)

+ %trace[q)T(I, X) Ve (1, X) (2, %) | 2)
where  V,(t, x) = ([oV(x,0)]/0t), Vi(t,x) =
([OV(x, D)]/0x1, ..., [0V(X, )]/X,), Vi (2, X) =

([02V(x, 1)]/[9X;0X;])nxn. ONE gains
Lemma 1 [30]: Suppose that:
1) there are functions V. e C>!(R. x R™ R,),
y € LIR,,R;), and o € C@R",Ry) such that
lim x| - o0 info</< 00 V(X, ) = 00 and

LV(x, 1) < y(t) —wXx), (x,1) € R" x Ry.

2) for each initial value xo € R” there is a constant p > 2
such that

sup E|x(f; x0)|P < oo.
0<t<oo

Then for every xg € R”, the limit lim,_, o, V(X(#; x0), ) is finite
almost surely (a.s.), moreover

tl_l)Iglo w(x(t; x9)) = 0 a.s.. 3)

To obtain the main results, the following lemmas are
necessary.

Lemma 2 [7]: Suppose that G = (Gjj)uxn is an irreducible
matrix satisfying Gy = Gji > 0,i # j, Gi = — 31 ;,; Gyj
for i = 1,2,...,n. Then G has a single eigenvalue 0 asso-
ciated with the eigenvector (1,1, ..., DT, and n—1 strictly
negative eigenvalues that are real numbers.

Lemma 3 (Schur Complement [31]): The linear matrix
inequality

A, B)
(BT<x>,C<x>) =0

where AT (x) = A(x), CT(x) = C(x), is equivalent to either of
the following conditions.

1) A() <0 and C(x) — BT(x) Ax)"'B(x) < 0.

2) C(x) <0 and A(x) — BTx)Cx)~'Bx) < 0.
Lemma 4 [32]: Assume that P is a diagonal matrix whose kth
(k=1,2,...,1) diagonal elements are p and the others are 0,
where p > 0 is a proper constant which is sufficiently large.
Then, G — P < 0 is equivalent to G; < 0.
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III. MULTIPLEX NETWORK MODEL

A general m-layer complex network consisting of N non-
linear systems is described by
m—1 N
dxi(t) = [ Faxi0) + Y > eGP Tixi(r — 1) + wio) | de
k=0 j=1
m—1
+ ) 0l Xi (0, Xi(t — 7)) dwi(r) @)
k=1
where i = 1,2,...,N, u;(f) is the controller imposed
on the ith node. The state of the ith node x;(r) =
[x} (t),xiz(t),...,x?(t)]T, F(.) is a nonlinear function. The
coupling matrix of the kth layer G® = (G,(';())NXN(k =

0,1,2,...,m— 1) is irreducible and satisfies Gl(-;() = G;f) >
0.i # j.Gy = =Y, .Gy for i = 1,2,....n. The
kth layer’s inner coupling matrix Iy : R"™ ", the delay
790 =0 1% >0, k=12,...,m— 1, and the intralayer
coupling strength c¢; vary with the layer generally. The
denotations ¢;(¢, X;(t), X;(t — %)) and w;(¢) represents, respec-
tively, the noise intensity matrix and bounded vector-form
Brownian motion defined on a complete probability space
(2, F,{Fi}i=0, P) in which every two elements is statis-
tically independent, then E{w;()} = O,E{wiz(t)} = 1,
E{w;(s)w;(t)} =0, s 75 t.

Note that if a solution belongs to S = {x € R"|x;(t) =
X (1) = --- = xn(?)} over a time interval [fq, fg + Tmax ], Where
Tmax = max(ty, T2, ..., Ty—1), then the solution will belong
to S for any time ¢ > fo + Tmax. In this case, the synchronized
solution x;(f) = x2(f) = --- = xy(?), denoted as s(¢), is
characterized by

s$(n =F(s(0) ®)

where s(f) is an equilibrium point, a periodic orbit, or even a
chaotic orbit.

Defining e;(1) = x;(1) — s(1), 0. (t) = @i(t, X;(0), x;(r —
) — @i(t,s(@),s(t — ), 1l <i < N,k=1,2,....,m—1,
one has

m—1 N

dei(r) = (F(ei(t) +5() —F(s() + Y Y kG Trej(t — 7o)
k=0 j=1
m—1
+w@yde+ Y o (dwi). (©6)

k=1
To be cost-effective, only a fraction of nodes are controlled
to realize synchronization of the multiplex network. Without
loss of generality, let the first / nodes be controlled (if it is not
the case, one can rearrange the ordinal of the nodes [19], [33]).
Thus the pinning controlled network can be written as

de;i(t) = | F(ei(t) +s(1) — F(s()
m—1 N
+ 3 @GP Trei(t — ) + i) |dt
k=0 j=1
m—1
+> oV wawin, 1<i<i
k=1
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de;j(r) = | F(e;(t) +s(2) — F(s(?))
m—1 N
+ 3 aGPTieir — 1) |dt
k=0 j=1
m—1
+> o P wdwin. 1+1<i<N. 7)

k=1

The objective is to put forward proper pinning controllers
u;(1 <i <) to asymptotically stablize the trivial solution of
error system (7), namely lim;_, » [le;(®)|| = 0(1 <i < N).

IV. MAIN RESULTS

In this section, the synchronization criteria of multiplex
network with stochastic noise and transmission delay is
presented. To begin with, some hypotheses are introduced.

Hypothesis 1: Suppose that there exists a non-negative
constant « such that

¥ (e;(1) +s(2)) — Fs)| < clle;(0)].

Hypothesis 2: Suppose that there exist some non-negative
constants ,ufk), vi(k) such that fori=1,2,...,N

T
trace((oi(k) (t)) ol-(k) (t)> < 2u§k)e,~T(t)e,'(t)
+2vi(k)eiT(t — et — )

hold if 0¥ (1), k =1,2,...,m— 1 are bounded.
Hypothesis 3: Suppose that . (t),k = 1,2,...,m—11is a
differentiable function with

() < 8,0 < & < 1.

Under these assumptions, the main results can be deduced.
Theorem 1: Assume that Hypotheses 1-3 hold. If there exist
positive constants [/ and r¢, k= 1,2, ..., m — 1 satisfying

m—1
(1) Amax <fcoyoé(0) + K (G(k))zjz)

k=1

m—1 1
< —|:(¥+Z<Mk+§rk):|
k=1
1
(if) vk—zrk(l —8) <0, k=1,2,....m—1

_ ) (k) _ ) (k) _
where v = maxi<i<n{v;}, mx = maxi<i<n{p;" '}, kx =
—(/HEylve — 1/)r(l — 8171, GV is the modified
matrix of G® by replacing the diagonal elements Gl(lk ) with

k
/YOGy s e = ITell, % = Amin((Tx + T1/2), the zero
solution of error system (7) is asymptotically stable via the
following pinning controller:

u; (1) = —d;(1)e;(1)
di(t) = hie] (e (1) (8)

where h; are positive constants, i = 1,2, ..., 1.
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Proof: Consider the following Lyapunov candidate as:

[

1 1
V@) = Ze (Dei0) + 5 D o (di(t) — d)?

i=1

-Z / ZeT(G)e,(O)dQ
2D ot

where d > 0 and r, > 0,k = 1,2,...,m — 1 are some
constants. One gains

N
= > el OF(ei(0) + (1) — Fis(1)

i=1
m—1 N

+ co Z GPToei(n + Y > kG Trej(t — )
k=1 j=1

1 .
— di(ei(n] + Z o (di() = d)d;

1 m—1 N
+ 3 Ztrace(( (k)> (k)>
k=1 i=1
1 m—1 N
+ 3 Zrke,-T(f)ei(f)
k=1 i=1
1 m—1 N
= 5 2 2 — B0 (1 — Tt — )
k=1 i=1
N

=Y el O[F(ei(r) +s(1)) — F(s(1))]

i=1

+ C()Ze (0G| Toe;(1)

j=1
m—1 N
+3°3 e (t)G( 'Trei(t — )
k= 1, 1
m—1 N T
—Zde (ei(t) + = ZZtrace((oi(k)) al.("))
i=1 k=1 i=1
1mfl N
+ 5D D kel (Dei(r)
k=1 i=1
1m—l N
=5 2 2 — B0)e] (1 — Tt — )
k=1 i=1

N l
<Y ael (eir) — > def (nei(r)

i=1 i=1

N
+a Y Y Gy el

i=1 j=1j#i

+ co Z viGy el (tei(r)
i=1
m—1

N N
+3°3 3 anGPllemlle — )l

k=1 i=1 j=1j%#i
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m—1 N
+ Y3 anG el et — )
k=1 i=1
m—1 N
k
+ 33 ufel ein)
k=1 i=1
m—1 N
k
+ 33 el — et — )
k=1 i=1
1m—l N
+ 5D D e (DeiCo)
k=1 i=1
1mfl N
= 5 2. > n =8l (1 — moei(t — )

For simplicity, denote

e() = (les I, lea@ 1, ..., lex® )T
D = diag{d,d,...,d,0,...,0
— ——
1 N—I
and X = T, eTt—11),...,eT ¢t — to))T.

The inequality is transformed into
m—1 1 m—1
T
LV <e (l)|:<01+ ;MH 3 ;’%)IN

+ copoG© — D:| e(t)

m—1

+ ) e 0GPt — )
k=1
m—1

= (", e't—1),....e"(t —1y_1)E
("), et —11), ..., €t —Tm)"

= X EX

where

o (A®. B
== \BTw.cm

m—1 m—1
1 A
A@) = (a OIS EDD rk>IN +conG? —D

k=1 k=1

+ ; |:Vk - %”k(l - 5k)]eT(t — T)e(t — )
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1 R | - 1 N
B(x) = <§cmG“>,§cmG<2>, ...Ecm_lym_lc“" “)

and

1
Cx) = diag{m — 51’1(1 —81),...
: (1 = 38m-1)
m—1 — 5 Tm— —Om—1) (-
Vm—1 ) 1 1

Sincel A«max({(COVOG(O) + ka;II Kk(é(k))zjl) <
Yo (i + (1/2)m0)],

—[a +
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according to Lemma 4, one has

Ax) — BT (x0)Cx0) ' Bx)
m—1

- <a 4 kz_l(uk + %rk))IN

+coy0G()+Z/<k( <’<)) ~D<0
k=1

when d is large enough. On the other hand, vy — (1/2) r(1 —
8) < 0 brings about C(x) < 0. According to Lemma 3, one gets
E < 0. And then LV < Amax(E)X'X £ —w(X). The bounded
o; as well as limx| o0 infy<;<00 V = 00 lead to the finite
lim;_ o0 V(X(2; x0), 1) a.s. and lim,_, o @(X) = 0 a.s. based
on Lemma 1. This means that the synchronized solutions of
multiplex network (4) is asymptotically stable. This completes
the proof. |

Remark 1: The matrices G®, k=0, 1, ..., m discussed in
Theorem 1 are symmetric. Actually if G®) is asymmetric, one
can replace G® with its symmetric part ([(G®)T 4+ G®)7]/2).

Remark 2: We use y, = ||| and yk’ = Amin([Tx + I’z]/2)
instead of yx = Amax(Tx) and y; = Amin(I'x) for considering
the asymmetry of matrix I'.

Remark 3: Theorem 1 reveals that the number of pinned
nodes depends on p, Vg, 8k, and ¢k, k =0, 1, ..., m—1. That
is, each layer’s noise perturbation, time delay, and coupling
strength influence the number of pinned nodes.

Theorem 1 tells that when there are noise perturbations and
transmission delays in all layers, the whole multiplex network
will achieve synchronization with some rather simple pinning
strategies if Hypotheses 1-3 hold.

In some cases, not all the layers have stochastic pertur-
bations in a multiplex network. Say, there exist stochastic
perturbations only in layer 1 to layer mo(1 < my < m)
in a m-layer complex network. By selecting the Lyapunov
candidate as

V() = Ze (t)el(t)+— Z ZZ ua( UC/)

k’—m0+11 1 j=1 z]

l
Zhld(t)—d*

I / Z el (0)e;(0)do
1=7(0) =

where d* > 0,r, > 0,k = 1,2,...,mg — 1, the synchro-
nization of the multiplex network will be realized with the
following controller (9).

Corollary 1: Assume that layer 1 to layer mo(1 < mgy < m)
in an m-layer complex network have stochastic perturbations.
Provided with Hypotheses 1-3, if there exist positive constants
land rp, k=1,2,...,my — 1 such that

=+

l\)l>—‘

mo—1

L
2
=1

mo—1

() Amax rCOVOG( ) + Z Kk(G(k)) h
k=1

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 49, NO. 12, DECEMBER 2019

mo—1 1
<—|a+ (Mk + 5"k>
k=1

1
(i) v = 51 =8 < 0.k=12.....mo — 1

synchronization manifold S is asymptotically stable via the
following pinning controller and updating laws:

u; (1) = —d;(1)e;(1)

di(t) = hie] Dei(r), i=1,2,...,1
G0 = <58 cpelTpet— ), ij=1,2,...,N
K=my+1,....,m 9)

where h; > 0, Si(J-k/) > ( are arbitrary constants.

In the case that no perturbation exists in the multiplex
network, applying the Lyapunov candidate which is the same
as that in Theorem 1, one gains the following corollary.

Corollary 2: Suppose that Hypotheses 1 and 3 hold. For
a multiplex network with time delay, if there exist positive

constants [ ancAl i k=1,2,...,.m—1 guch that

Amax (oG + Yk (GR)Y2) <
—@ + 2, where K} =
/Heinl/Dn = 17k = 1,2,

..,m — 1, synchronization manifold S is asymptotically
stable via pinning controller (8).

Ideally, a multiplex network is in the absence of stochastic
perturbation or transmission delay. One gains Corollary 3 by
constructing Lyapunov candidate as

[ &1 2
Vi =3 > el (nein) + 5 > (i) — d)
i=1 !

i=1

where d’ > 0.

Corollary 3: Suppose that Hypothesis 1 hold. For a mul-
tiplex network without perturbation or time delay, if there
exists a posmve constant [ such that Amax([coyoé(o) +
Yo ! ”(G(k)) J1) < —a holds, where «}/ (1/4)ckyk,k =
1,2,. — 1, synchronization manifold S is asymptotically
stable Via pinning controller (8).

V. FURTHER DISCUSSION

According to our main results, if there exist proper con-
stants [/ and rg, k = 1,2,...,m — 1 such that equation
(i), (i) in Theorem 1 hold, the m-layer network (4) will
achieve pinning synchronization by applying our adaptive con-
troller. Consider a multiplex network consisting of 100 Rossler
chaotic oscillators. The Rossler oscillator is described by

—X2 — X3
F(x) = x1 + 0.2x;
0.2+ (x1 — 7)x3
0 -1 =1\ /x 0
=|1 02 0 x| + 0 (10)

0 0 -7 X3 0.2 4+ x1x3

with the phase depicted in Fig. 2. By simple calculation, one
gets o = 43.4730 in Hypothesis 1.
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40

30

Fig. 2. Phase of the Rossler chaotic oscillator (10).

Let oi(r, (1), et — w) = oy diaglen () — en(t —
), ep(t) — ep(t — 1), e;3(t) — ei3(t — 1r)} that satisfies the
Lipschitz condition and the linear growth condition, where
k=1,2,...,m— 1. Then trace(o a;) < 2(o ") 2ef (Nei(r) +
2(aék))2e;r(t — 11)e;(t — 1%) and o; satisfies Hypothesis 2. It is
obvious that uy = vy = (aék))z. In the simulations, the initial
values of all the variables and the stochastic perturbations are
randomly assigned from [0, 1].

In the following section, numerical simulations are run in
order to assess the impact of the three major factors on the
number of pinned nodes [: the noise perturbations’ related
factor pup = v, the time delays’ related factor &, and the
intralayer coupling strength cx. Suppose there exist proper

parameters rx, k = 1,2,...,m — 1 that satisfy (ii). Let
. m-lo 2
H= )Mmax <|—COVOG(O) + Z Kk (G(k)) Jl)
k=1
m—1 1
+ [a + ;(Mk + zrk>:|

where the parameters have the same meanings as those in
Theorem 1. Since H < 0 is equivalent to (i), the following
discussion focuses on H < 0.

A. Further Discussion About Two-Layer NW-BA Network

In this section, a two-layer network which is coupled with
a Newman-Watts (NW) small world network [34] and a
Barabasi—Albert (BA) scale-free network [35]. In the NW
network, the original K-nearest-neighbor network and the
adding connections probability p are taken as K = 28 and
p = 0.1. In the BA network, the initial network size bg
and the average degree b are chosen as bg = b = 6.
Assume that the parameters are selected as I'g = diag{1, 1, 1},
'y =diag{l, 1,1}, 70 =0, 71 = 0.1, ¢o = 0.85, ¢; = 0.3 and
aéo) =0, J(gl) = 4/0.2. It is seen that nwo =vo =0, u1 =
V] = 0.2, 5() = 31 =0.

Since theAre exist constants | = 4 and r; = 10 such that
Amax ([00G D + k1 (G1)2|4) = —49.0545 < —48.6730 =
—(a + p1 +[1/2]r1) and vy — (1/2)r1(1 — &) = —4.8 <0,
the four nodes with the highest degree should be pinned to
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Fig. 3. (a) Synchronization error ||e|| versus time 7. It is seen that by applying
the proposed pinning controller (8), the NW-BA network achieves synchro-
nization briefly. (b) Adaptive feedback gains d;, i = 1,2, 3,4 for pinning the
first four nodes. It is clear that there exists an upper bound of the feedback
gains.

reach synchronization by adaptive controller (8) according to
Theorem 1.

Fig. 3(a) shows the effectiveness of the proposed algorithm,
where the synchronization error tends to zero briefly. Fig. 3(b)
presents the adaptive feedback gains for pinning the first four
nodes, which has an upper bound. Besides, we also get that
the smaller the number of the pinned nodes, the larger the
value of the feedback gains. It is seen that the main result is
effective in a two-layer NW-BA network.

Fig. 4 displays the number of pinned nodes [ versus the
varying interval of the three parameters. The color depth in
figure represents the value of H. The vertical axis shows
the varying interval of the three parameters. The interval of
noise factors, delay factors, and intralayer coupling strengths
increases with €,, €5, and €., respectively. Fig. 4(a) shows
the interval of the two layers’ noise factors vy — vy versus
the number of pinned nodes /. The varying interval of noise
factors are vp = 0,v; = 0+ 0.2-¢,,¢, = 1,2,...,20.
It is seen that the noise difference between the two lay-
ers increases with €,. From Fig. 4(a), it can be seen that
the larger the interval of noise, the larger the number of
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Fig. 4. (a) Vertical axis shows the varying interval of noise factors increases
with €, versus the number of pinned nodes /. The interval of the two layers’
noise factors is vi — vy, where vg =0,V =04+02-€,,¢6, =1,2,...,20.
(b) Vertical axis shows the varying interval of delay factors increases with
€s versus the number of pinned nodes /. The interval of the two layers’ time
delay factors is §1 — 8, where 69 = 0,81 =0+40.045-€s5,¢5 =1,2,...,20.
(c) Vertical axis shows the varying interval of intralayer coupling strengths
increases with €. versus the number of pinned nodes [. The interval of the
number of two layers’ intralayer coupling strengths is ¢y — c¢1, where ¢| =
0.1,cg=014+02 €, =1,2,...,20.

pinned nodes. Fig. 4(b) indicates the interval of the two lay-
ers’ time delay factors §; — §p versus the number of pinned
nodes /. The varying interval of delay factors are set as

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 49, NO. 12, DECEMBER 2019

300 w . ;
250 ]
200 ]
© 150 1
100 ]
50 ]
0 ‘
0 5 10 15 20
t
(a)
80 i . ;
60 | 1
~
«
= 40 1
A
20 ]
0 L L L
0 5 10 15 20
t
(b)
Fig. 5. (a) Synchronization error ||e| versus time z. It is shown that by

applying the proposed pinning controller (8), the NW-BA-FC network reaches
adaptive synchronization. (b) Adaptive feedback gains d;,i = 1,2, 3,4 for
pinning the first four nodes. It is clear that there exists an upper bound of the
feedback gains.

60 =20,61 =040.045-€5,es = 1,2, ...,20. The larger the
Sk, the faster the time delay changes. It is clear that when the
difference of §; between the two layers is larger, more nodes
need to be pinned. Fig. 4(c) represents the interval of the two
layers’ intralayer coupling strengths co —c; versus the number
of pinned nodes /. The varying interval of intralayer coupling
strengths are ¢c; = 0.1,¢c0 = 0.1 +0.2 - €., e = 1,2, ..., 20.
From Fig. 4(c), the larger the interval of the two layers’
intralayer coupling strength, the smaller the number of pinned
nodes.

In a word, the smaller the interval of intralayer coupling
strength, the larger the interval of noise and the interval of
time delay changes, the larger the number of pinned nodes.

B. Further Discussion About Three-Layer
NW-BA-FC Network

Here, we consider a three-layer network that is consisting
of an NW small world network, a BA network, and a fully
connected (FC) network. The parameters in the NW-BA-FC

Authorized licensed use limited to: Wuhan University. Downloaded on November 29,2021 at 09:10:03 UTC from IEEE Xplore. Restrictions apply.



ZHAO et al.: PINNING SYNCHRONIZATION OF MULTIPLEX DELAYED NETWORKS WITH STOCHASTIC PERTURBATIONS

1

0

[N}

[}

IS

&

)

S

&

©

20

18

16 )
14

o R
N 12

1 ,

I

w 8 -

6 E

4 E

) K

10 20 30 40 50 60 70 80 90 100 ’

The number of pinned nodes |

@

10

©

o

[N

o

o

A

&

&

10 20 30 40 50 60 70 80 90 100
The number of pinned nodes |

(b)

-10

20

20
18
16
14 -
10 )
[}
o
8
6
10 20 30 40 50 60 70 80 90 100

-100

20
s

1,2

IS

N

The number of pinned nodes |
©)

Fig. 6. (a) Vertical axis shows the varying interval of noise factors increases
with €, versus the number of pinned nodes /. The interval of the three
layers’ noise factors is vy — vy — vg, where v9 = 0,v; = 1,1y =
14+0.1-€y,ep =1,2,...,20. (b) Vertical axis shows the varying interval
of delay factors increases with €5 versus the number of pinned nodes .
The interval of the three layers’ time delay factors is dp — §; — &g, where
8o = 0,81 = 0.1,8, = 0.1 +0.03 - €5,es = 1,2,...,20. (c) Vertical
axis shows the varying interval of intralayer coupling strengths increases
with €. versus the number of pinned nodes /. The interval of the num-
ber of three layers’ intralayer coupling strengths is c¢o — ¢1 — ¢, where
3 =0.1,¢1 =014+0.1-€;,¢c90=014+02-€,¢e.=1,2,...,20.

network are set as I'g = diag{l, 1,1}, I'y = diag{l, 1, 1},
'y = diag{l, 1,1}, 7o = 0, 71 = 0.1, ©» = 0.01, ¢¢ = 1.1,

c1 =03, c2=0.1and 0" =0,0" = 1,07 = VI.I.
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By simple calculation, we have §o = §; = 8, = 0, uo =
vo = 0,u; = vy = 1,up = v» = 1L.1. Letting ri = 3,
r» = 10, we obtain Amax([coy0G© + Zizl K (G021, =
—56.2309 < —52.0730 = (—«a + Zizl(ﬂk + [1/2]rx)) and
vi=1<15=0/2ri(1 =61),va=11<5=1/2)r(1 —
87). Based on Theorem 1, the four nodes with the highest
degree should be pinned.

Fig. 5 shows the synchronization error of the NW-BA-
FC network and the adaptive feedback gain. Similar to the
previous section, it is seen that the proposed controller is effec-
tive to the NW-BA-FC network, where the adaptive feedback
gains have an upper bound.

Fig. 6 displays the number of pinned nodes [ versus
the varying interval of the three layers’ network parame-
ters. In Fig. 6(a), the varying interval of noise factors are
v=0,vi=1 v =1+01-¢,¢ = 1,2,...,20. It is
noticed that the larger the interval of noise, the larger the num-
ber of pinned nodes. In Fig. 6(b), the varying interval of delay
factors are set as o = 0,871 = 0.1,8, = 0.1 +0.03 - €5, €5 =
1,2,...,20. When the interval of & is larger, more nodes
need to be pinned. In Fig. 6(c), the interval of intralayer
coupling strengths are ¢; = 0.1,¢c; = 0.1 +0.1 - €.,¢c0 =
01402 €,¢;=1,2,...,20. One see that the smaller the
interval of intralayer coupling strength, the larger the number
of pinned nodes.

Similar to the results in Section V-A, the number of pinned
nodes increases with the interval of noise and the interval of
time delay, decreases with the interval of intralayer coupling
strength.

VI. CONCLUSION

In this paper, pinning synchronization of a multiplex
network with multiple intralayer coupling delays and stochas-
tic perturbations has been investigated. Based on the LaSalle-
type invariance principle for stochastic differential equations
and the Lyapunov stability theory, synchronization criteria
with controlling only a fraction of nodes are proposed. It is
concluded that if there exist proper constants r; and d which
satisfy a mild condition, the corresponding / nodes can be con-
trolled for synchronization. Moreover, the smaller the interval
of intralayer coupling strength, the larger the interval of noise
and the interval of time delay changes, the larger the number of
pinned nodes. Some two-layer and three-layer networks have
been employed to validate the effectiveness of the proposed
algorithm. Future investigation includes identifying the most
efficient nodes in a multiplex network, topology estimation of
a multiplex network, and so on.
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