38 % 4R Acta Phys. Sin.

Vol. 65, No. 2 (2016) 028902

MEE
oA

72 48 RO IE(E TG X

Rz ]

ElZaEN"

(PR R 55050, 5 430072)

(2015 4E 8 A 7 FUKE]; 2015 4 10 A 17 HikEME R )

Z R IE S5 S RHEE BT TR —

ANHRITIE. ASCRABTTE 1 P2 2 TE I 44 R B S R D g
I R 3 I A P R R I 2 R AL AE B BT R 5
FERNZ ARG R E I OC R, UIRIITE S, 4% (¥R

o T IR 0 571 R R TR o

A eI RS 1T R 2 18] 2 T AR £ 56 B A 2% ) J=

ARG SR AT O%; 117 s AV 2 (ADRR 5 5 P2 LR SR I, ) A0 B8 0 SR T Pk 5 o 2 ) £ /2 T R 2 5
JEE; T 2= AR £ 5 P LRSS I, [RD2D BE OB T )2 WA G iR R AT F I, Y B = (AL RS i R A
2 VA S PR I 4 ) [ 20 BE D0 A R 4 1 i 2 TR A2 TR A 5 56 B2 LU A 9 N, 38 K15 s TRV

2 v 5 B 2 49 B8R P 2% ) [R5

€70, T RO 0 ™5 w2 ) 1 J2 W) 5 i R R 2 PA) RS 5 i B2 1 498 K T

RGP I [FI 2 BE 77 10 242 AR £ 5 B LU AR 95 I, B8 KR AR 15 5 B2 2 1 5 N 2% (W RSB RE T, i 7% s 2

JZ RV R 5 SRR R R 2 Ik S N R I R AP e ). ik —

A, R [BRZ AR & 5 B[R] A 26 A b, 358 1 ey

B AR E AR T R, fUa, MPIZE BA TChR M HAT B 071, /53] T 5 P2 BRI 4 AR KB

S

KBEIE: ZRM%, BILMZ, [, FAE(EE
PACS: 89.75.Fb, 89.75.k, 89.75.Hc, 89.70.-a

1 5 7

I JUAE, BEAE X AP BT U RIR N, AT
TR BN IS K 2 B0 2% 0 AN L AEAE Y, T2
55 At 0 2% A5 45 4 B 2 g B AR BLARAE, TR R
2% =31 BEOR R 2 1 5 2 2 I 2% AH 5K 1 i
RS LSRR A, bt E) B Usl b i Sl
25 L 2 DO CRRAEAR UYL B A R A A5 S
e 12100 gapttf s D007, et U8 25 R e 5
KL, 2 2 W28 B 5 A% 48 52 2% I 45 1) 1 o 47
FEMRRZESR. REZEMKAELITREAE, =
IAE IR T AL T2 5B B 122,

[a] 25 090 2 I 45 o i 2 5 I R, B TE A M AR
- 20=231 R DA i 240 S5 4 v ke 5 R SEAE

* EREHRBHEIES (HHES: 61374173, 11172215) FEh 5.

T #E/E#H. BE-mail: jzhou@whu.edu.cn
© 2016 FEYIEF S Chinese Physical Society

DOI: 10.7498/aps.65.028902

XN SR A 7 AR 7 A T AR B AR R AL H
RIS 52 2% X 2% 1) () 2D O 24T EL e Bl 24 1)
78 o501 H X 22 J2 0 286 (1 ) 2 U AR A9 % 1461,
SRR IR 2% 5 L TR F R U 19X 2 22— SR [4] 48
BT A 58 A (R R I 2% i R TR — 2% T A
BRI R IEAE Y, JF5 8 TR ARG T
AR R D). 230k [4] J8 K, ARSCHETE T3
— IR B IEM S RIFE R, ML RS
LY A S Y R AR EE I S 2 T R,
MBI E A% T T R A AR T R A K, T —
LAt T MR TFD RE D 5 A R AR A 5
FENERERRR. PRI, 84 1
R ITE A, & 1 R 2D fE 0 A 5141 jl 2 1)
(2= B A 5 SR AN R 28 1) J2 AR B s BE AT %, 5
a1 L 22T ) TR i B AT R MO k. B AR

http://wulizb.iphy.ac.cn

028902-1



Y18 Z R  Acta Phys. Sin.

Vol. 65, No. 2 (2016) 028902

b, R ARG o EL B IS I, W25 9 [F] 2 fiE 11X
52 R A 9 A 5%, 1T 24 1T R 18] B T
Ao L LRSI, 2% I [RE e I S 1 L
AR RS SR A 0%, J14h, B KIFE D
A FR, T R 2 AR A O R 2 PR A iR
X IR 2% (R TR 20 RE A 2. BSR4 )= A
0 P LSRN, T P R 06 AR T 2 i R 4
IR REF, TS ROE oS RO TR 2 R RS A
5H8 58 (1 N 2 A5 R 45 1) [R] 20 e 022 58 T 24 4
LAV J2 B AR 4 0 B LU g I, 79 i 2 TR
J2 TEIAR B 9 B 3G 0 2 18 5 W 2% (R [R] 2 e D, 19
K 2 AR £ 9 JRE AT TR R TR 2 T8 R A 0
G A W 2% (KR e 2258, #E—2, 45
R TR] AR 2 )2 P 4 o B S = P AN R 7 R
SRPEARARIE DL, 45 A BOE O FOAR I T 3k 5% AT R
TR, Fa, WR4E BA TR M 28 AR T M 45 1)
HAT o015 s R E, X5 PR BA John BE W 28 1EAT
HUA O E, 53 5M R BRI IEH KUK S5 L.

2 & AR

MR % o4 55 K JE 5 05 R I3 S0 2 7
FIDPY

N M
#f =f@f) +ax Y whI@f) + ) dfrh),
ji=1 L=1

(1)
HP1<i< N, 1<K<M; 2K e &5
KEF N REREZLE; f. 2" - 2™ 21
RIB T2 a NEE K IEHJE NS G 9L,
WE = (wf) e BN R KRR E R,
RASTRG6 A J)HE, Aol =1 BMwf =0;
H

N
whk = — Z wf.
j=Lj#i

LK = —axWE 2% K 2 Laplace fiff. aXr
BKEME L BRSNS AR,
= (dFLy € @M M R 1 Laplace %8 FF,
ST 2671 RURR) J2 AR S D P BB BR AL

4 L Fm M EM 41 Supra-Laplace 4 [, £
A 2 ] Supra-Laplace 4 [, LY & 2 I Supra-
Laplace 4G 10 45

L=L"+Lo" (2)

=
D
r

4 LR IR 41 2 18 /) Laplace £ F%, M) 2 6] )
Supra-Laplace 4[5 L' 7] %5 K

ﬂ:ﬂ@ﬂ (3)

Hrp ®7’J Kronecker i, I NHAIFEFE. JEN
Supra-Laplace 45[F L% %R N

Lo --- 0
2
L_ 0L2.-.. 0
o0 ...LM
M
= P L~ (4)
K=1

Hil < K < M, LK B K EM%] Laplace
KERE.
SIFE 0] A, B WA N x N5, W

A B
—|A+ B||A- B|. (5)

3 TERE

AR 3 e R 0y v 8 A (1) Y 1) 25
BE I 1 £ BAEZ e/ NRFAEAE Ao MR KRR IEE Amax
e, R (2) X, Lot RLT HE] UL 455
TR T S22 B T 0 238 1) R o8 A P51 2 TR Y
22 18] 4 45 5 2 AN )RR =] I 9 1) 2% 1) [0 28 8 0

.

3.1 FUHRMHFHRZENEEHEE
58 E AN ERYIER

2% S BLZ 257 RV N N R TR 2
J2 1) F2 HR RO 4T i 5 O S I R R —
— OF L RO R A% PR 2% )T R B
J1EFWm ()X M =200, ERMEREN
a1 = az = a, TN R A S G R E 2 do,
M R B R RS RESd, L. 4=
WG RE N a) = ax = 1, F0TT 5 Z 8 )2 (5]
A R ST do, M R TE I JE B R A 5
d = O, BISAZ2E3CHR [4] AR O A5
O R B — SRR .

i (2) A1, P E M2 1) Supra-Laplace HiFF N

028902-2



32 % R Acta Phys. Sin. Vol. 65, No. 2 (2016) 028902
(N—-1a+dy —a —a —dy 0 0
—a a+d--- 0 0 —d 0
—a 0 a+d 0 0 —d
L= (6)

—dp 0 0 (N—1la+dy —a —a
0 —d 0 —a a+d 0

0 0 —d —a 0 a+d

ST /LM R E £ I NN — L] = A2, 4

AN —a)N 2N —a - 2d)V2(\ — Na)(A —a —

2d) (A — 2dg) — (N — 1)a(\ — 2d)), MURFAEAE M0,
a, -+ ,a,a+2d,--- ,a+2d, Na, (2dy+2d+ Na —
N-2 N-—-2

VvV (Na —2d + 2dg)? + 8a(d — do))/2, (2do + 2d +

Na+/(Na—2d+ 2dy)? + 8a(d — dp)) /2.

é\

/\1 =(2d0 + 2d + Na

—/(Na — 2d + 2dy)2 + 8a(d — do))/2,
1T S BR P4 5 8 R AE R K,
N > a,d,do i, TG RIS
{ 2d0 +2d
Nall

¢<1

A LA B

2d0 —2d\* 8
+ = +

)

1 2d0 +2d \/ 2(2dy — 2d)

§Na |:1 + — 1+ T

1 2d0 + 2d (2dy — 2d)

2Na 1+ -1+ Na )
=2d.

AL =(2d0 +2d+ Na
+V/(Na — 2d + 2dy)? + 8a(d — dy))/2,
ZMRITEA M\ = Na+2dg. # N2 = min{a, 2d},
Amax = Na + 2dg.
N T IT G, $ZR25 O T SR F R
ﬂ%, 4% )\2 *u r= /\max/)\Z uﬂélj‘]j"jﬁ 1.

ay

a a

1 WEEEMLE, EAMERES SN a1, a2, TO
TR B Z ARG SRR do, MT0 R IR 2 RS A
S d

Fig. 1. A two-layer star networks. The intra-coupling
strengths are a1, ag, respectively, the inter-coupling
strength between hub nodes is dy and that between

leaves nodes is d.
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Table 1. Change of N, a, do, d for A2, 7 = Amax/A2.
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Fig. 2. (a) A2, (b) 7 = Amax/A2 changes with the interlayer coupling strength between the leaf nodes of the

two-layer star networks d, respectively.
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Fig. 3. (a < 2d). (a) A2, (b) r = Amax/A2 changes with the interlayer coupling strength between the hub

nodes of the two-layer star networks dg, respectively.
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Fig. 4. (a) A2, (b) » = Amax/A2 changes with the interlayer coupling strength between the hub nodes of the

two-layer star networks dg, respectively, a > 2d.
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Fig. 5. (a) A2, (b) 7 = Amax /A2 changes with the intralayer coupling strength of the two-layer star networks a, respectively.
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Abstract

From the study of multilayer networks, scientists have found that the properties of the multilayer networks show
great difference from those of the traditional complex networks. In this paper, we derive strictly the spectrum of the
Supra-Laplace matrix and the synchronizability of two-layer star networks by applying the master stability method.
Through mathematical analysis of the eigenvalues of the Supra-Laplace matrix, we study how the node number, the
inter-layer and the intra-layer coupling strengths influence the synchronizability of a two-layer star network. We find
that when the synchronous region is unbounded, the synchronizability of a two-layer star network is only related to the
intra-layer coupling strength between the leaf nodes or the inter-layer coupling strength of the entire network. If the
synchronous region of a two-layer star network is bounded, not only the inter-layer coupling strength of the network and
the intra-layer coupling strength between the leaf nodes, but also the intra-layer coupling strength between the hub nodes
and the network size have influence on the synchronizability of the networks. Provided that the same inter-layer and intra-
layer coupling strengths are concerned, we would further discuss the optimal ways of strengthening the synchronizability
of a two-layer star network. If the inter-layer and intra-layer coupling strengths are far less than unity, changing the
intra-layer coupling strength is the best way to enhance the synchronizability no matter what the synchronous region
is. While if the coupling strengths are the same as, less than or more than unity, there will be different scenarios for
the network with bounded and unbounded synchronous regions. Besides, we also discuss the synchronizability of the
multilayer network with more than two layers. And then, we carry out numerical simulations and theoretical analysis
of the two-layer BA scale-free networks coupled with 200 nodes and obtain very similar conclusions to that of the two-
layer star networks. Finally, conclusion and discussion are given to summarize the main results and our future research

interests.
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