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Finite Time Inter-Layer Synchronization of Duplex
Networks via Event-Dependent Intermittent Control

Changjiang Song™, Jin Zhou™, and Jinshui Wang

Abstract—This brief is devoted to the finite time inter-layer
synchronization of duplex networks by means of intermittent
control. Different from most previous works, the intermittent
control scheme devised is an event-dependent type, which relaxes
the strict constraints of control time. To be specific, the work
time of intermittent controller is no longer set in advance, and
determined by the relation between the designed Lyapunov func-
tion and two preset boundary functions. Based on the proposed
intermittent control mechanism, a sufficient condition is given
to guarantee the finite time inter-layer synchronization of the
duplex networks. Finally, numerical examples are presented to
illustrate the validness of theoretical results.

Index Terms—Duplex networks, inter-layer synchronization,
finite time, intermittent control, event-dependent.

I. INTRODUCTION

N THE past decades, complex networks have received

considerable attentions due to its ubiquitous existence in
the real world, such as social networks [1], communication
networks [2], neural networks [3], and epidemic spreading
networks [4]. As one of the most important collective behav-
iors of complex networks, the synchronization problem has
always been a hot issue in the research of complex networks,
see [5]-[7].

Generally speaking, few complex networks can realize syn-
chronization by the self connections of nodes. Therefore, in
order to achieve synchronization, external controllers are often
added to networks. Many effective control methods have been
proposed in the literature [8]-[10]. And these controls can
be divided into continuous controls and discontinuous con-
trols based on their characters that whether the controllers
work continuously or not. A typical example of discontinuous
control is the intermittent control, where the time is decom-
posed as the rest time and the work time, and the control is
only active in the work time. The synchronization problem
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in different scenes have been addressed via intermittent con-
trol. For example, in [11], aperiodically intermittent controllers
with adaptive strategy were utilized to synchronize the coupled
network. In [12] and [13], outer synchronization of complex
networks was investigated via periodically and aperiodically
intermittent control, respectively.

The synchronization considered above is the asymp-
totic synchronization, whose synchronization time is infinite.
However, in reality, the networks might be expected to achieve
synchronization as quickly as possible, particularly in engi-
neering fields. To achieve faster synchronization of networks,
finite time control technique is introduced in [14]. Combining
with the intermittent control scheme, finite time synchroniza-
tion, whose convergence time can be predicted, has been
studied in [15]-[17].

It is well known that many real complex networks, including
transportation networks and smart grid, have two-layer even
multi-layer connections, where networks interact with other
networks. Therefore, synchronization on multi-layer networks
deserves more attentions. Fortunately, there are of increasing
interest on the study of synchronization phenomena on two-
layer networks (duplex networks) [18]-[20]. However, to the
best of our knowledge, there are no results on the synchroniza-
tion of duplex networks by intermittent control. More studies
are expected to improve our understanding of duplex networks
and reveal the complex phenomena in nature. Fig. 1 is an
example of a duplex network with unidirectional connections.

From another point of view, the intermittent control strat-
egy in the aforementioned studies is time-dependent. That is
to say, the work time of the intermittent controller is pre-
set and meets quite restrict conditions, which is not easily
implemented in practice. To overcome this disadvantage, a
novel intermittent control named event-dependent intermittent
control was proposed in [21]. In the proposed intermittent con-
trol, whether the controller is working depends on the relation
between the designed Lyapunov function and non-negative real
regions. Such control can further save resources compared with
the time-dependent intermittent control, yet few authors con-
sider finite time synchronization on duplex networks via the
new method.

Motivated by the above discussions, this brief investi-
gates the finite time synchronization problem of duplex
networks via event-dependent intermittent control. In addi-
tion, time delay and parametric uncertainties are taken into
consideration, since these two factors are inevitable in prac-
tice and may lead to the failure of synchronization on
networks.

Notations: Let R" and R"*" be the sets of n-dimensional
real vectors and n x m-dimensional real matrices respectively.
The identity matrix is denoted by 1. M > 0(M < 0) represents
a positive definite (negative definite) matrix. diag(- - -) repre-
sents a block-diagonal matrix. The superscript T stands for

1549-7747 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Wuhan University. Downloaded on November 07,2023 at 09:28:31 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0002-3495-0202
https://orcid.org/0000-0002-8607-8268
https://orcid.org/0000-0001-6693-2108

4890

\/

/\

Fig. 1. A diagram of a duplex network, whose nodes are the same in the
two layers. The inter-layer link is from each node in the upper layer (called
drive layer) to its counterpart in the lower layer (called response layer). The
solid and the dashed lines represent the intra-layer and the inter-layer links,
respectively.

. . , T
the transposition of vectors or matrices. A* = 454 denotes
the symmetrical part of matrix A and ® denotes the Kronecker

product.

II. NETWORK MODEL AND PRELIMINARIES

Consider a directionally-coupled duplex network as shown
in Fig. 1, in which each layer is consisted of N identical nodes
described by

N
k(1) = Axi(t) + Bf (it — 11 (1) + ) cjig(xi(0)

j=1
+Zd h(xi(t — 12(D)), i=1,2,...,N, (1)
_ _ N
3ilt) = Ayi(t) + Bf it — 11 (1) + Y _ cig (1))
j=1
+Zd h(yj(t — (1) +ui(), i =1,2,...,N, (2)

where x;(t) = (x;1(0), x2(0), ..., xin(®)" € R and y;(r) =
it (), yio (@), ..., yin(®)" € R" are the state variables of
the ith node in the drive and the response layer respectively.
f(-) € R" is a nonlinear vector valued function describing the
dynamics of nodes with time-varying delay 7;(7). g(-) € R"
and () € R" are the nonlinear coupling functions. The cou-
pling delay 7,(r) among different nodes is also time-varying.
A=A+ AA®() € R™™ and B = B + AB(f) € R™" stand
for the parametric uncertainties. For k = 1,2, C* € RN*N and
D* € RN*N are the coupling conﬁguration matrices which
reflect the fundamental topology structure of each layer in the
duplex network. If there is a connection between node i and
node j(i # j), then cg- > 0 and dl]-‘j > 0; otherwise, cg =0

and d{; = 0. The diagonal elements of matrix C* and DF

are defined as ¢k = Zjv 1jki cl and df = jv 1jki df;
ui(t) e R" is the event de /Pendent 1nterm1ttent controller to be
designed. Furthermore, C* and D are not necessarily assumed
to be symmetric.

To obtain the main results, the following definitions,
assumptions and lemmas are needed.

Definition 1: Let e;(t) = y;i(t) — xi(f) be the inter-layer
synchronization errors. The drive layer (1) and the response
layer (2) are said to achieve finite time inter-layer syn-
chronization if there exists a setting time 7™ such that
lim; 7+ ||e;(¢)|]] = 0 and |le;()|| = O for all t > T*.

Definition 2: For 68 € R", r > 0, the signal function sign(-)

and | - |" are defined as
sign(0)

= diag(sign(0y), sign(60y), ..., sign(6y,)),
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Assumption 1: Time-varying delay t1(f) and t2(f) are
bounded differential functions with 0 < 71(f) < ‘L’l*, 0 <
@) <ty and 71(1) <y < 1, 2(t) <y < 1 forall ¢,
where ‘L’l*, ‘L’z* and y are some positive constants.

Assumption 2: Nonlinear vector functions f(-), g(-) and A(-)
are Lipschitz functions, i.e., there exists positive constants Ly,
L,, Lj, such that for all u, v € R",

101" = (111", 162",

If () =fWIl < Ll — vl
llg() =gl < Lglim = v,
IA() — W) < Lyl — vl

Assumption 3: Uncertain parameter matrices AA(f) and

AB(t) are assumed to be
[AA(7), AB(1)] = MF(1)[Ny, N2],

where M, N; N, are known real matrices, F(¢) is an unknown
time-varying real matrix satisfying F ' ()F(r) < I.

Lemma 1 [15]: If X and Y are real matrices, then the
following inequality holds for any ¢ > 0

1
X'Y4+Y'X<X'X+ EYTY.

Lemma 2 [22]: Let z € R", 0 < r < s. The following norm
equivalence property holds:

Lemma 3 [23]: Assume that the positive Lyapunov function
V(x) is defined on a neighborhood U of the origin, and

V) < —pVi(x),
where p > 0, 0 < g < 1, then V(x) =0 for all r > T(xp) and

VIZ(xp)
p(l—q) *

the settling time 7 (xg) <

III. MAIN RESULTS

In this section, we will give the event-dependent intermittent
control scheme and the finite time synchronization criterion.
According to system (1) and (2), the error state equations is
written in the compact form

é(n) = (Iy ® Ae(r) + (Iy ® B)F(e(t1))
+ (C®1,)G(e(d) + (D Q I,)H(e(12)) + u(®), (3)

where e(t) = (e[ (1), ¢; (0., .... ey ()", flei(t) = filt —
71(0)) — fxi(t — 11 (1), Fle(1)) = (" (e1(t1), £ (ea(11)),
s @) T, glei®) = g () — gl (1), Gle() =
(8" (e1(M), g (e2(1), ... gT(en() T, hei(r2)) = h(yi(t —
72(1))) —h(xi(t— fz(t)), H(e(2) = (k' (e1(r2)), h' (e2(12)),

. hT (eN(rz))) ,C=C>-C',D=D?—-D"and u@t) =
W] (1] @),y 0)T.

There usually exist serious constraints on work time or rest
time in pervious time-dependent intermittent control papers,
which is unrealistic in the applications. To reduce the control
cost, the developed intermittent controller is designed as

u (), it V() = Vi),
u@®) = { u*@), if Vo) < V(@) < Vi), ()]
0, if V(1) < Va (1),

u'(t) = —Ee(t) — %Sign(e(t))le(f)la

Authorized licensed use limited to: Wuhan University. Downloaded on November 07,2023 at 09:28:31 UTC from IEEE Xplore. Restrictions apply.



SONG et al.: FINITE TIME INTER-LAYER SYNCHRONIZATION OF DUPLEX NETWORKS

A V(t)

Fig. 2. Tllustration of the proposed event-dependent intermittent mechanism.
Ty and T, represent the setting time of V{(¢) and V,(f) respectively.

I+o
e(t)

o M ! T )2
- (- d
2 (1 —y /[_nm ¢ WeWds |

I+o

of m [ 4 ) e(t)
- ds)  —=, (5
2<1—y/”2me We@ds | oo ©

where &, n; and np are the positive control strengths, o
and o are tunable positive constants with 0 < o <
1. V(r) is a given Lyapunov function and Vi(#), Va(¢)
are two non-negative continuous functions to be designed.
t~ indicates the previous instant of time f. From (4), it
is easy to see that the work time of controller u(z) is
decided by the time-varying relation between V(f) and
Vi)y(i = 1,2). In this sense, the developed intermittent
control scheme can be classified into event-dependent inter-
mittent control. For brevity, take § = H'T" Vi(?) is then
given as

Vit = (ko) P et = pe—1)) T, i=1.2,

where «; and k are positive scalars satisfying o > ar > o
and 0 < k < 1, respectively.

Based on the relation between V(r) and V;(¢), the event-
dependent intermittent mechanism is described as:

o If V(¢) > Vi(¢), then the controller u(f) = u*(¢) is active

at instant ¢ and continuously working.

o If V(f) < V(¢) < V1(¢) and the controller u(t) = u*(¢) is
working at the instant #~, then the controller u(¢) = u*(f)
is continuously working after the time 7.

o If V() < V() < Vi(¢) and the controller u(r) = 0 is
working at the instant =, then the controller u(¢) = 0 is
continuously working after the time z.

o If V() < V,(2), then the controller u(f) = 0 is active at
instant ¢ and continuously working.

A graphical illustration of the proposed event-dependent inter-
mittent mechanism is shown in Fig. 2.

Remark 1: The existence of the two boundary functions
is necessary. Otherwise, suppose there is only one boundary
function V(¢) in the control process, then the controller (4) is
degenerated into

u* (), if V() = Vi(),
M”:{Q it V(1) < Vi (0).

In this case, the controller may switch rapidly between u(f) =
uw*(t) and u(f) = O with the trajectory of V(¢) touching the
boundary function Vi (¢) from V(¢) > Vi(¢) to V() < V1(t) or
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from V() < Vi(¢) to V(¢) = V1(¢), which usually gives rise
to the chattering phenomenon and Zeno behavior. Compared
with the methods in [8] and [10], our method can eliminate
Zeno phenomenon by only introducing another boundary func-
tion V5 (?), since the nonempty region V,(f) < V() < Vi(¢)
provides a dwell time when the trajectory of V(f) reaches
boundary function from V(¢) > Vi(¢) to V(¢) < Va(¢) or from
V() < Vo(t) to V(¢) = Vi (¢). If the scalars o, ap, B and k are
well defined, the size of region V,(r) < V(¢) < Vi (¢) that cor-
responds to the switching frequency of the controller between
u(t) = u*(¢) and u(t) = 0 will be larger. Generally, such switch
frequency can be decreased by enlarging the values of oy — .

Remark 2: The event-dependent intermittent control
proposed is based on the Lyapunov function, where the
designed controller contains two integral terms to deal
with time-varying delay. Therefore, the designed Lyapunov
function must also contain two integral terms related to
time delay. Furthermore, it is necessary for the real-time
calculation of the Lyapunov function to obtain its explicit
analytical form, which limits the selection of the Lyapunov
function.

Next, we give the finite time synchronization criterion with
the Lyapunov function V(¢) designed as follows:

t
/ el (s)e(s)ds
Y Ji—11()
n2

t
+ f e (s)e(s)ds.
-y t—1(1)

Then the finite time synchronization criterion is given.

Theorem 1: Suppose that Assumptions 1-3 hold, there exist
tunable positive constants &, n1, 72 and any positive constants
s1,...,S85 such that:

1) ¥ <0,

2) 5317 + 53 Lihmax(Ny N2) —m1 <0,

3) 5Ly —m <0,
where W = 2pax(A%) + (s1 + 53))Lmax(MMT) +
S5 L2 4 57 Amax(NTND + $22max(BBT) + $4max(CCT) +
$5max(DDT) + % — 2&. Then the subnetworks (1) and (2)
with the event-dependent intermittent control scheme (4)
and (5) will be synchronized in a finite time 7, and 7 <

_ &V@o)'*
Tl - al(i)_ﬂ) +t0. ) )
Remark 3: There are many results including [15]-[17] dealt

with the finite time synchronization problem via intermit-
tent control approach, in which the control time is time-
dependent and determined artificially. The work time of
controller in the proposed method, however, is no longer set
in advance, and determined by the dynamic relation between
the designed Lyapunov function and the two boundary func-
tions. Besides, compared with the event-dependent intermittent
control in [21], the proposed method has been improved to
study the case of finite time synchronization from asymptotic
synchronization.

Proof: Differentiating V(f) along the solution of error
system (3) gives

V() = e (el +

V(n) < 2¢T (e + l’i—lyeTme(t) —me' (me(n)

e e = meT ().
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Based on the error equation (3) and the control scheme (4)

and (5), it is obtained that

2eT (1)é(t) = 2¢ (1)(Iy @ A)e(®) + 2¢ ' () (Iy ® B)F (e(11))
+2¢T(N(C® I,)Ge(®) + 2 (1)(D ® I,)H(e(12))
—28e" (Ne(t) — ae (D)sign(e(n)le()|”

I+o

t 2
— oz( n f eT(s)e(s)ds)
11—y t—11 (1)

, S
— (x( " / e’ (s)e(s)ds)
11—y t—1(f)

Furthermore, by Lemma 1, one has the following estimation
2T (1) (Iy ® A)e(r) + 2¢T () (Iy ® B)F(e(t1))
<2e"((Uy @ Ae(t) +sie' (1)(Iy @ MM )e(r)
+ sy eIy ® N Np)e(r) + sze" (1) (Iy ® BB )e(r)
+ 55 'FT(e(r1))F(e(t1)) + s3e (1) (Iy ® MM ")e(r)
+ 55 ' FT(e(r)) Uy ® N; No)F(e(t1))
< (2Amax(AS) + 51 hmac (MM ) + 57 Amax (N NY)

¥ $phmac(BBT) + S3)\max(MMT))eT(t)e(t)
+ (57117 + 57 LA NI N2) )T (z0e(m).
Similarly, we have the estimation for another term:
2¢"T(H(C ® I,)G(e(1) + 2¢ " (1)(D @ L,)H (e(12))
< 54T (N(CCT ® I)e(®) + 5, G (e(1))Gle())
sse’ (DD ® Iy)e(t) + 55 H' (e(12))H(e(12))
< (542ar(CCT) + 5712 + 550 (DDT) )T (De(0)

+ 55 ' LieT (m)e(n).

(6)

(N
It follows from Definition 2 and Lemma 2 that
—aeT Dsign(e) e = —aleT Wllel” < a(eTMe®) ©
Together with (6) and (7), it results in

V(o) = weT e + (551 = m)eT (w)e(n2)

+ (531 + 57 LA VT N2) = 11 )T (z)e(m)

l+o

jers ‘ o
—a(eT(t)e(t)) 2 —a<1'11y/ ()J(s)e(s)ds> i
—1(t

Ito

t 2
— a( " / eT(s)e(s)ds>
L=y Ji—n

Then, it follows from Lemma 2 that

+o

140 t
V) < —a(eT(t)e(t)) 2 —a<1’fy / ()J(s)e(s)ds> ’
11—ty (¢

I+o

12 ! T 2 8
—a| ——— e (s)e(s)ds < —aVP (). ()
-y t—1(1)
Integrating (8) from 7y to ¢, one gets

1
V@ = (Vo) —al = pia—1) "7

Note that 0 < k < 1, V(t9) > Vi(tp). The controller
u(t) = u*(¢) is activated at fy. Since @ > «, the convergence
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rate of V(¢) is faster than that of the boundary function V| (%),
and there exists an instant #; when the trajectory of V(¢)
touches V| (#). Based on the proposed control mechanism, the
controller u(f) = u*(¢) is still active after #; and the trajec-
tory of V(r) will enter the region Vo(r) < V(1) < Vi(¢).
Further, owing to o > «p, there is an instant #; such that
the trajectory of V(¢) touches the boundary V,(#), as well the
controller u(t) = 0 is activated at r = ¢1. If there exists another
instant 7, such that V(¢) touches the boundary Vi (r), the con-
troller u(f) = u*(¢) is activated again and the trajectory of
V(t) touches the boundary V,(#) and activates the controller
u(t) = 0 once again. Repeating the same operation, one gets
the active instant series fp, and the stop instant series 2,41
determined by the relation between V(#) and V;(¢), where
m=0,1,2,...,L

Based on the discussion, there may be an instant #; > T =
to + (12/2((:?—)7)‘)1’ such that the trajectory of V(f) touches the
boundary V(2), i.e., V(#;) = Vi(#). For t € [1;, T1), V() stays
in the region V(t) < Vj(¢). Thus, the following inequality
holds naturally:

1
V) = Vi) = (Vo))" —an(1 = B —10)) " 1z

It yields directly ||e(z‘)||2 < V() < Vi(t), t = 1. Therefore, by
Lemma 3, one obtains that the error system (3) is finite time
stable with the setting time 7 < T, thus layer (1) synchronizes
with layer (2). ]

Remark 4: If the controller u(r) = u*(¢) works at the initial
time, V(t) will converge at a rate related to o and 8. V(¢)
may never touches the boundary function V{(¢), even though
V(t) converges faster than V(). The reason lies in the fact

that Ty = 1o+ L7090 > 7y = g+ QUL provided with
kV(tg) < V(tp). Actually, the intermittent mechanism does
not occur in this case. The finite time synchronization is then
achieved with the controller u(f) = u*(r) working continu-
ously. This can be avoided if the boundary function Vi (¢) and

Va1 (¢) are appropriately designed.

IV. NUMERICAL EXAMPLE

In this section, numerical examples are provided to demon-
strate the effectiveness of our theoretical results. Consider the
duplex network composed of four nodes. Nonlinear vector val-
ued function f(-) in both of the subnetworks is described by
fz®) =z @+ 1| — |z1() — 1], 0, 0)T, the nonlinear inner
connecting functions and the time-varying delays are taken as
g() = h(-) = tanh(-) and 71(1) = 12(t) = %5 respectively.
Clearly, Ly =2, Ly = Ly =1, y = 0.25. Take

[—0.1 =03 0 03 0.1 02
A=|02 —-0201[,B=| 0 -020.1][,
L 0 01 0 —-02 0 02
[—0.1 01 0 0 ] [—03 0.1 0.1 0.1
c_| 0 0202 0| ,_ |0l <0502 02
01 0 -01 0 | 02 0 -02 0 |
L 0 01 0 —0.1] L 0 03 0 -03]
[—02 01 0 0.1 [—05 0.1 03 0.1
pl_ |01 =02 0 01| , |04 06 01 01
01 0 -02 01 0.1 0 -03 02
L 0 01 0 —0.1] | 02 03 0 -05]
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Fig. 3. (a). Evolution of synchronization error ||e(¢)|| in the absence of
control. (b). Evolution of Lyapunov function V(#). The green dashed line
and red dashed line represent the instant when the intermittent controller is
active and stopped respectively. Besides, 7; = 0.051, 7, = 1.442, 73 = 2.301,
74 = 8.180, 75 = 11.592. It should be noted that 7y = 0 is the first active
instant of the controller. (c). Evolution of synchronization error ||e(7)|| under
event-dependent intermittent control.

It is clear that Assumption 3 holds for M = N| = N, =
I, F(t) = diag(0.8, sin(t), cos(t)). Following the presented
design scheme, one takes s; = 1(i = 1,...,5) and other tun-
able parameters as § =10, n1 =8, nx =1, 0 =0.6, ¢ =5,
a1 = 0.6, ap = 2.5 and k = 0.9. By computation, 8§ = 0.8
and the conditions in Theorem 1 are verified. Moreover,
the initial values are set as x(f9) = (0.04i,0.02i,0.03i)7,
y(to) = (=0.2—0.2i, —0.5—0.3i,0.8—02) ", (i=1,...,4).
It is shown in Fig. 3. (a) that the synchronization error
lle(?)|| diverges when the network is in the absence of con-
trol. Fig. 3. (b) and Fig. 3. (c) display the evolution of the
Lyapunov function V(¢) and the synchronization error |le(?)]|,
respectively. Obviously, |le(f)|| approaches to zero with set-
ting time 7 = 11.592, i.e., the response layer (2) and the
drive layer (1) achieve finite time inter-layer synchronization
finally. Besides, the whole work time of the proposed control
isT =15 —lu+13—1h +1 — g = 4.322.

V. CONCLUSION

Finite time synchronization of duplex networks via a new
type of intermittent control has been investigated in this brief.
Compared with similar work, the work time or the rest time in
our intermittent control is unnecessarily preset, and determined
by the relation between the designed Lyapunov function V(¢)
and the boundary functions V() and V(). A criterion has
been proposed to guarantee the synchronization within a finite
time 7. Numerical simulations show that the control scheme
in this brief is of good performance. Future works include
other intermittent control schemes and network models with
time-varying topology.
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