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Uncover the Relation Between Consensus and Topology of Directed
Network: The Minimum Node In-Degree of Directed Cycles

Jin Zhou @, Qinrui Dai

Abstract—Directed networks widely exist in industrial, social,
and natural networks, the consensus of which is characterized by
the convergence rate. In this article, a quantitative analysis for
the inhibitory effect of directed cycles on the consensus of di-
rected network is provided. Specifically, directed cycle necessarily
inhibits network consensus when there is at least one node with
in-degree of 1 on the cycle, and the more the nodes with in-degree
of 1, the greater the inhibition. The inhibition induced by multiple
disjoint directed cycles is only determined by the directed cycle
with the minimum node in-degree, independent of other directed
cycles. Generally, the more intersected directed cycles, the smaller
the convergence rate. Accordingly, to improve the consensus or
synchronizability of a directed network, it is necessary to avoid the
generation of multiple intersected directed cycles, especially those
with a large number of in-degree 1.

Index Terms—Complex network, consensus, directed cycle, di-
rected network, synchronization.

I. INTRODUCTION

Complex networks have played important roles in various fields such
as bioscience [1], [2], disease transmission [3], [4], and engineering
technology [5], [6]. The consensus of a network with a spanning tree
is characterized by the minimal real part of the nonzero Laplacian
eigenvalue, which is called the convergence rate [7], [8]. According
to the directionality of edges in the network, complex networks can be
divided into directed networks and undirected networks.

However, most existing results of the consensus performance are
derived from undirected networks rather than directed networks [9],
[10], [11], [12]. For instance, adding an edge to an undirected network
increases the convergence rate [13], [14], and hanging a node decreases
the convergence rate [15]. It is thus natural to consider the impact of
edge-adding and hanging node operations on the consensus perfor-
mance of directed networks. Directed acyclic network is a directed
network that does not contain directed cycles [16], [17], [18], such as
directed chain, directed star-chain, and directed binary tree. Recently,
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the dynamic analysis of directed acyclic network has been extensively
explored via edge-adding operations, mainly involving synchronization
or consensus. For example, Zhang et al. [19] investigated the effect of
adding a reverse edge on the dominant convergence rate of directed
chain and directed grid, and found that the reverse edge decreases
the convergence rate. Subsequently, based on [19], Hao et al. [20]
considered the impact of adding two reverse edges on the consensus
performance of directed chain, and the effect of adding a reverse edge
across a stem in a directed acyclic network is discussed in [21]. These
existing results indicate that a reverse edge has a significant inhibitory
effect on the convergence rate of directed acyclic network, since the
new network becomes a directed cyclic network. Nevertheless, there is
currently little literature exploring whether more complex edge-adding
operations for general directed networks still possess this property,
or what the underlying reason for this inhibitory effect might be.
Directed cycles in directed networks can be seen as being formed
by adding directed edges to directed acyclic networks. Accordingly,
the main problem of this article is to investigate how directed cycles
determine the consensus performance of a directed network from the
perspective of adding edges to a directed acyclic network. It is found
that the minimum in-degree of nodes on the directed cycles determines
the convergence rate of the new networks, and the convergence rate
decreases with the increase in the number of nodes having minimum
in-degree on the cycle, whereas it increases with the number of other
nodes. In addition, the impact of multiple disjoint directed cycles on
the convergence rate is only determined by the directed cycle with
the minimum node in-degree, and the convergence rate decreases
as the number of intersected cycles increases. Furthermore, we apply
our results to a class of directed star-chain networks.

The rest of this article is organized as follows. In Section II, some
definitions of directed networks and preliminary lemma are given. In
Section III, we investigate the effect of edge-adding operation on the
convergence rate of directed acyclic network, and conclude that directed
cycles suppress the consensus performance of directed network. In
Section IV, several numerical examples are provided to verify the
validity of the theoretical results. Finally, Section V concludes this
article.

Il. PRELIMINARIES AND MODEL DESCRIPTION

This article focuses on the effect of directed cycles on directed net-
work consensus. For this purpose, we first provide the basic definitions
of directed networks as below.

Definition 1: A node is called the root node (or leader node) of a
directed network if it does not receive information from other nodes.
For each directed edge of the network, the start node is called the head
node, and the end node is called the tail node.

Definition 2: For adirected network, the in-degree of node 7 refers to
the number of directed edges pointing toward node ¢ from other nodes.

Definition 3: Adding anode and a directed edge pointing toward this
node from other existing nodes is called a forward hanging operation.
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Fig. 1. Third-order Laplacian and its corresponding subgraphs.

Definition 4: A directed cycle of length p is defined as a directed
closed loop containing p nodes {n1,ns,...,n,} and p directed edges
{(n1,n2), (n2,m3),...,(np,n1)}

Definition 5: For a directed network with a spanning tree, the
minimal real part of the nonzero Laplacian eigenvalues Re(1») is called
the convergence rate.

Definition 6: For [ intersected directed cycles, if any two directed
cycles have shared nodes, this pattern is called full intersection, other-
wise it is called nonfull intersection.

Generally, to obtain the characteristic equation of the Laplacian for
a directed network, an ordering of the nodes needs to be given in
advance [19], [20], [21], [22]. However, due to the low fault tolerance,
this traditional method is inconvenient for high-dimensional networks.
To efficiently get the convergence rate of a directed network, Lemma 1
is employed.

Lemma 1 ([23]): For an n-order square matrix () corresponding to
a flow graph G, the determinant of () is given as follows:

P
detQ =" (-1)"*"@;
=1

where p represents the number of subgraphs for (7, each consisting of
noncontact loops of n nodes. n; and GG; are the number of directed
loops and the product of the connection gains of each edge in the ith
subgraph(z = 1,..., p).

Lemma 1 is actually a method for calculating the determinant of a
square matrix, and its novelty lies in associating the determinant with
the flow graph. An n-order matrix determines a graph of n nodes, and
the elements in the matrix represent edges weights between the nodes
in the graph. Therefore, Lemma 1 illustrates the transformation of the
determinant of a square matrix into the calculation of the connection
gains of noncontact loops corresponding to the flow graph. As long as
we know the in-degree of all nodes and the distribution of directed cycles
of the network, it is easy to obtain the Laplacian characteristic equation
using Lemma 1. For example, Fig. 1 shows a third-order Laplacian and
its corresponding flow graph, as well as all types of subgraphs.

Consider a dynamical directed acyclic network containing a span-
ning tree as follows:

j=1

where z; € R represents the state of node 4; b;; € R is the coupling
strength between nodes ¢ and j. If there is no directed edge from node j
tonode %, b;; = 0; otherwise, b;; = 1fori,j = 1,2,...,n. Define the
whole state of nodes by = [z1, za, . .., x,,] and the Laplacian matrix

by L, then (1) can be reformulated as follows:
z(t) = —Lx(t). 2)

Clearly, L has a simple eigenvalue O with the corresponding eigenvector
1, =(1,...,1), and the other n — 1 eigenvalues have positive real
parts, which is denoted as 1, (L) (¢ = 1,2,...,n),and 0 = Re(r1) <
Re(rz) < -+ < Re(ry).

I1l. CONSENSUS IN DIRECTED NETWORK

In this section, we first consider the dynamics of general directed
acyclic networks, then further investigate the impact of directed cycles
on the dynamics of directed cyclic networks by adding specific directed
edges.

A. Directed Acyclic Network

Assume that the directed acyclic network contains a spanning tree
and that there is at least one node with in-degree of 1. The general
property on the convergence rate of a directed acyclic network is given
by the following lemma.

Lemma 2: The convergence rate of a directed acyclic network is
determined by the minimal nonzero in-degree of nodes, i.e., Ao = 1.
Moreover, forward hanging operation maintains the convergence rate
of the network.

Proof: For a directed acyclic network with m nodes, define the
number of nodes with in-degree {k1, ks, ..., kp} as {j1,Jj2,.. ., Jp}
where 1 =k < ks <---<kpand ji +jo+---+jp, +1=mn.By
Lemma 1, due to the absence of directed cycles in the directed acyclic
network, its characteristic polynomial of Laplacian L only contains one
term, given as follows:

P
=Ll =a]] (= ki)

i=1

and Ao = k1 = 1, which shows that the convergence rate of the network
is determined by the minimum in-degree of all nodes. Forward hanging
operation on the directed acyclic network will not form a directed cycle,
so the new network still has a directed acyclic graph, and the Laplacian
characteristic polynomial is a single term, as shown below:

P
|}\] _ Lforw;\rd’ — )"()\' _ kl)jl+1 H ()\ _ kl)]z

=2

and AP™ad =k, =1, implying that the forward hanging operation
does not change the convergence rate.

Lemma 3: For a directed acyclic network, if the newly added di-
rected edges do not cause the generation of directed cycles, then the
convergence rate of the network remains unchanged even if the number
of edges is sufficiently large.

Proof: The new network is still a directed acyclic network contain-
ing a directed spanning tree and having one node with in-degree of
1, so adding directed edges without creating cycles will not affect the
convergence rate of the network.

It is generally accepted that a reverse edge of directed chain can
result in a directed cycle, so the characteristic polynomial becomes the
sum of two terms, causing a decrease in the convergence rate. More
generally, directed cycles may be formed by the addition of multiple
edges (see Fig. 2). Therefore, what we are concerned with is the effect
of added directed cycles on the convergence rate of the directed acyclic
network; that is, the effect of directed cycles on the directed network
dynamics.
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Fig. 2. Schematic diagram of adding edges to a directed star-chain

network.

B. Directed Cyclic Network

In what follows, we first investigate the effect of a new directed cycle
on the convergence rate of the directed cyclic network, and then extend
it to multiple directed cycles.

Case I: A single directed cycle. For convenience, the following
lemma on a polynomial equation is given in advance.

Lemma 4: For the polynomial equation

q1 q2
P)tao[[@+d+D)" [[@+h)9 =1 @)
i=1 j=1
withintegersco > 1,q1,q2 > 1, w;,c; > 1,d;,h; > 1,0 =1,...,q,
andj =1,...,q2, one has

1) Equation (3) has a unique positive real root x = z; € (0,1);

2) The real part of the other roots of (3) is smaller than the positive
real root xq;

3) The positivereal root 21 depends on co, d;, w;, h;, and c;, explicitly
denoted as follows:

xl(CO7D7VV7H7C)

with D = [dh e 7dq1], W = [wl, e ,wa},H = [hl7 e 7hq2]’
and C = [cq, ..., Cq,], which is a strictly increasing function in
o, and decreasing function in d;, w;, hj, and ¢; with all other
arguments fixed.

Proof: To prove Claim 1). It is easy to check that P(0) =0 < 1
and P(1) = []{%, (di +2)"* [Tj2, (h; +1)% > 1. Since P(z) isa
continuous function, (3) has at least one positive real root in (0,1). On
the other hand, P () is a strictly increasing of = over [0, +00), implying
that there is a unique positive real root x = z; € (0, 1) for (3).

To prove Claim 2). Suppose that z = a + bi is another root of (3),
where a,b € R, and i is the imaginary unit. When b = 0, since (3) has
only one positive real root zy, it is clear that a < 0 < z;. For b # 0,
we have

|P(z)] =1

q1
[](a+0bi+di+1)

i=1

= [(a+bi)*|

lq_[ a+bi+ hj)

Hence, if a < 0, then clearly @ < 0 < ;. Otherwise, one has

q1 q2
=[(a+bi)®[([] (a+bi+di+ 1) | |]] (a+bi+hy)~
i=1 j=1
q1 q2
>la||[[(a+di+1)" | |]] (@ = P(a).
i=1 j=1

Since P(z;) = 1 and P(x) is strictly monotonically increasing of z,
one has a < x.
To prove Claim 3). Define

S :xl(607D7W7H7C)7 T1 :xl(CO+Z7D7W7H7C)

ro = x1(co, Dy wr, ..., w. +1,...,wy, ,H,C)
T3 :$1(007D7VV7H7017'“,C*+l7"'7cq2)
T4 :xl(co,dl,...,d*+l,...,dql,I/V,H,C)

T5:CI,‘1(C(),D,VV,hl,...,h*+l, hQQ,C)

One needs to check that r; > s, 175 < 5,73 < 8,74 <s,and r5 < s
for any integer [ > 0. Thus, we have

lq—[ s+ hyj)

q1

s H(erd +1)"

i=1

CO+lH 7”1+d +1

i=1

q2
H T1+h

4

q1 q2 1
r [T+ di+ ) [T+ 1y) =

r
i=1 j=1 1

>1

q1

r(ry +do+ D" ] (e di+ 1)
i=1,ik%

q2
H T2+h

I
q1

rgon(rg—i—d +1)"

i=1

e 1
Hr2+h =——<1
i} (ro +d,+1)

q2

I[I ts+h)v =

q1
0 (rs +h)S T [ (rs + di + 1)

i=1 j=1,j#*
(3
q1 q2 1
TCO (T3+d +1 T3+h 7<1
s 1l U (rs + h.)'
q1 q2
st do A1) T (ratdit ) [ (ra+ by =
i=1,iFx Jj=1
I
q1 q2 w.
¢ w; . T4 + d* + 1 ’
ri [T (ratdit 1) T (ratehy)™ = (7) <1
b iy rat+d.+1+1
q1 q2
(s + ho + D) [[ s +di + )% T (s +hy) =
i=1 j=1,j57#%*
i3

q1 q2 r + h Cyx
co 5 *
r rs+d; +1)" 5 + hy) o <1
5 i1 ( 1;[ Ts + h* + l
where * represents the index of a certain parameter. Since P(z) is
strictly monotonically increasing with respect to = over [0, +00), it is
evident that r; > s, and r, < s, 13 < 8, 4 < s, and r5 < s; that is,
1 increases in ¢y and decreases in d;, w;, h;, and c;, respectively.
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For a directed acyclic network with n nodes, suppose that adding m
directed edges causes the generation of a directed cycle with p (p > m)
nodes, where the nodes on the new network can be divided into three
types as follows:

Type 1.A m nodes on the cycle as tail nodes of m directed edges.
Define w; nodes with in-degree of d; + 1, satisfying Y /', w; = m,
and1 <d; <---<d,, and 1 < ¢; < m. See purple nodes in Fig. 2.

Type 1.B p — m nodes on the cycle, which are not the tail nodes
of m directed edges. Define ¢; nodes with in-degree of h;, satisfying

icg=p—myand 1 < hy < <hy,and0<go <p—m.
Here, ¢o = 0 means that there are no Type 1.B nodes. See green nodes
in Fig. 2.

Type I1. The remaining n — p nodes which are not on the directed
cycle. Define e, nodes with in-degree of gy, satisfying > {2, e, =n —
p,and0=g; < g2 < -+ < gp_p, 1 < g3 < n — p. See blue nodes in
Fig. 2.

Note that ¢4, g2, and g3, respectively, represent the number of in-
degree types for Type LA, Type 1.B, and Type II.

Then, we define ho=min{hi,d; +1} and ‘g =
max{h,_n, d,, + 1} as the minimum and maximum node in-degree
of the cycle, and ¢ and ¢y, as the number of nodes with in-degree hg
and A,. Notice that

o= dwn ho=di+1l  feq,
0 1, hO hl > Cmax

hmax = dm +1
hmax = hp—m~

Cqz»

Furthermore, we obtain the effect of this directed cycle on the conver-
gence rate of the network in the following theorem.

Theorem 1: For the n-sized directed acyclic network with an added
directed cycle having m Type I.A nodes, p — m Type 1.B nodes, and
n — p Type Il nodes, one has

1) Only p eigenvalues of the Laplacian are changed and the other
n — p eigenvalues remain unchanged;

2)ifp=manddy =dy =---=dg =dhold,ordy +1=---=
dg, +1=hy =--- = hg, = d+ 1 holds, then the convergence
rate remains unchanged, i.e., Ao = min{d, g2 };

3) the p changed eigenvalues is determined as follows:

q1 q2

[[@+1=0“T](h;—2% =1 O]

=1 j=1

that always admits a simple real root Ay, € (ho — 1, hg), which
depends on cg, d;, w;, and h;, ¢; and can be explicitly denoted as
)\min (Co, D, W, H, C),
4) Amin(co, D, W, H,C) is a strictly decreasing function of ¢y and
increasing function of d;, w;, hj, and c;, respectively.
5) A2 = min{Ayin, g2 } is the convergence rate of the new network. In
particular, Ay = A, is the convergence rate when hg = hy = 1.
Proof: By Lemma 1, the characteristic equation of Laplacian L in
original directed acyclic network can be obtained as follows:

[16-—a)y“I[6-

i=1

q3
H A=gn)* =0 (5

and A (L) = min{dy, h1, g2 }. After adding a directed cycle, the char-
acteristic equation of new Laplacian L, is given as follows:

q1 q2 a3

—di = )" [T 0= hy)” TT O = gi)

i=1 Jj=1 k=1

q3
+ (_1)2n*p+1 H ()L _ gk)ek 17 =
k=1

namely,
q3 q1 q2
[T g0 |TT@+1-2"T](h; =29 —1| =0. (©)
k=1 i=1 j=1

For Claim 1), comparing (6) with (5), we find that (6) has e, multiple
eigenvalues at g, for ZZ?’:l er = n — p, which are the same as (5), and
the remaining p eigenvalues are determined as follows:

q1 q2
[J@+1=20“]] (-0 =1 (7)
i=1 j=1
For Claim 2), if p=m and dy =dy =---=dy =d hold, or
di+1=---=dy, +1=hy =--- = hyg, =d+ 1holds, then (7) is

rewritten as follows:

(d+1-21)P=1. )

All roots of (8) on the complex plane can be represented as A(k) =
d+1—cos 2’”’ 1sm2k—” fork =0,1,...,m — 1. Hence, the root
with the smallest nonzero real part is A(0) = d, implying that under
this case, the convergence rate is Ao (L1) = min{d, g2}, which is same
as that of the original directed acyclic network.

For Claims 3)-5), define

.T:ho—)n,di :di—ho,ﬁj :hj —ho.
Equation (7) is equivalent to
a w22 o
ol[@i+1+2)" [ (R +2)7 =1
i=1 j=2
when hg = hq, and
a w, B2 .
o [[di+1+2)" [ (b +2)7 =1
i=2 j=1

when hg = d; + 1, both which satisfy Claims 1)-3) of Lemma 4.
Therefore, (7) has a simple real root Ay, € (ho — 1, hg), which is
a strictly decreasing function of ¢y and increasing function of d;,
w;, ¢;, and h;. Moreover, Ay = min{Amin, g2} is the convergence
rate of the new network. When ho = 1 and A5 = A, € (0, 1) is the
smallest nonzero real root with algebraic multiplicity one; that is, the
convergence rate.

Remark 1: For uniformity, it is specified that m = 0, p = 0, and
ho = 0 for directed acyclic networks. Theorem 1 indicates that a
directed cycle may maintain or decrease the convergence rate of a
directed acyclic network when the new network still has a root node.
This directed cycle does not change the convergence rate of the directed
acyclic network if and only if all its nodes have the same in-degree or
the minimum in-degree of nodes outside the cycle is less than that of
nodes on the cycle.

By Theorem 1, the conditions for the directed cycle to decrease the
convergence rate are given by the following corollaries.

Corollary 1: A sufficient condition for a directed cycle to decrease
the convergence rate of a directed acyclic network is that there exists
one node with in-degree of 1 on the cycle.

Corollary 2: A necessary and sufficient condition for a directed
cycle to decrease the convergence rate of a directed acyclic network
isgy > hg(orn=p+ 1)and hy <d;.

Remark 2: The more nodes with in-degree of 1 on the directed cycle,
the smaller the convergence rate, while the more nodes with in-degree
greater than 1 on the cycle, the greater the convergence rate, but the
variation in convergence rate induced by this directed cycle is less than
1. Thus, to enhance consensus performance in directed networks, it is
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necessary to avoid forming directed cycles, especially those with a large
number of in-degree 1.

Example 1: For adirected chain with node numbers 1 to n, if adding
one reverse edge from node j tonode i (1 < ¢ < j < n), then Ao is the
simple root of smallest real part for the following:

1-2)7""2-1) =1

and only depends on j — 7. Moreover, A5 is strictly decreasing in j — <.

Case II: Multiple disjoint directed cycle. Now, we present the effect of
¢ disjoint directed cycles on the convergence rate of directed networks.

Define the number of nodes on the xth directed cycle as p,;, and the
number of added edges as m,, for k = 1,..., £. For the xth cycle, one
has

Type 1.A m,, nodes on the xth cycle as tail nodes of m, added
directed edges. Define w,;; nodes with in-degree of d,;; + 1, satisfying

qul Wi = My, and 1 S dnl S e S dan and 1 S qr1 S my.

Type I.B p,, — m,, nodes on the xth cycle, which are not the tail nodes
of m,, directed edges. Define c,; nodes with in-degree of h,;, sat-
isfying ;’“21 Crj =DPr — My, and 1 < hygy <o < By, —m,) and
0 < g2 < px. — my. Here, g2 = 0 means that there are no Type I.B
nodes for the «th cycle.

Type Il. The remaining n — Zf;:l p, nodes which are not on
any directed cycle. Define e, nodes with in-degree of gy, satisfying

B ek=n—" ptn—pad0=g <go< < g,
and1 < g3 <n-—p.

We obtain the influence of ¢ disjoint directed cycles on the conver-
gence rate in Theorem 2.

Theorem 2: Suppose that adding edges forms ¢ disjoint directed
cycles, then we have the following conclusions:

1) Only Zf;:l p,, eigenvalues of the Laplacian are changed and the
other n — Zﬁzl P, eigenvalues remain unchanged;

2) the convergence rate is only determined by the directed cycle with
the minimum node in-degree hy,,, and is independent of other
directed cycles when ga > hpiy.

Proof: To prove Claim 1). The characteristic equation of the new
Laplacian is as follows:
A)rd— 1> =0.

q3 £ qr1 qr
[T =g ]1 (H (et 12" [T (he
)

k=1 k=1 \i=1 j=1
For the derivation details of (9), the reader is referred to the Part I of Sup-
plementary Materials (https://qinruidai.github.io/files/Supplementary_
Materials.pdf). Comparing (9) with (5), only Zf;:l Py, eigenvalues of
the Laplacian are changed, which is the same as the number of nodes
on these ¢ disjoint directed cycles.

To prove Claim 2). When g2 > huyin, the convergence rate of the new
network is determined by the minimal real root of the following:

£ Akl )
11 (H (dwi + 1= 2) [T (hj = 1) = 1) =0. (10

r=1 \i=1 j=1

By Theorem 1, the convergence rate iS A2 = Amin € (Amin — 1, Aumin)»
in which Ay, = mm {hno} and h,.o = _nl1in Z{d,ﬂ +1,he1}

is the minimum node 1i1 &egree of the sth cycle. Thus, the convergence
rate is only determined by the directed cycle that has the minimum node
in-degree hyy. [ |

Remark 3: When more than one directed cycle has the minimum
node in-degree, define R as the ratio of the number of nodes with
minimum in-degree to the number of nodes with the maximum in—
degree on a directed cycle, i.e., R = o
generally determined by the directed cycle with larger R.

Example 2: For a directed chain with node numbers 1 to n, if adding
two nonintersected reverse edges from node j to node 7 and node k
tonode ! (1 <i < j <!l <k <mn), then the dominant equation is as
follows:

(=272 -2) - 1[(1 -

Further, X, is the simple root of smallest real part for the following:

V2 - -1 =0.

1-0%2-x1)=1

with S = min{j — i,k — }.

Case I11: Multiple intersected directed cycle. The simplest type of
intersected directed cycles is full intersection. For nonfull intersection,
there may be some disjoint directed cycles, making it difficult to
describe the characteristic equation. To investigate the effect of ¢, fully
intersected directed cycles on the convergence rate of directed networks,
Lemma 5 is given below.

Lemma 5: For the polynomial equation

q1 q2

[[e+d+1)™ [[@+hr)% =0

i=1 j=1

P(z) £ 2% (11)
with integers co > 1, qd1,92 >1, W;, Cj >1, di,h]’ >1, 61 > 2,1 =
1,...,q1,and j = 1,...,¢qo, one has
1) Equation (11) has aunique positiverealrootz = x; > 0. Specially,
x ==z €(0,1) when [[{L, (24+d:)" [T}, (L+hy)Y >4
andx =21 > Lwhen [T{L, (2+d;)™ [[52, (14 hy)™ < L;
2) the real part of the other roots of (11) is smaller than the positive
real root xq;
3) x1(¢;)isastrictly increasing function in #; with all other arguments
fixed.
Proof: To prove Claim 1). P(x) is a strictly increasing con-
tinuous function of z over [0, +o0) with P(0) =0 < ¢y, P(1) =
2+ d)" T2, (14 hy), and Tl_l)r_&oP(ac) = 4o00. When
P(1) > ¢, is true, we have z = z1 € (0,1). When P(1) < ¢; holds,
it indicates that x = x; > 1.
To prove Claim 2). Suppose that z = a + bi is another root of (11),
where a,b € R. If b = 0, since (11) has only one positive real root =1,
it is clear that a« < 0 < z1. For b # 0, one has

|P(z)] = &

a1
H(a—|—b1+d +1)*

=1

q2
= |(a+ bi)™| H (a+bi+ hy)

Hence, if a < 0, then clearly a < 0 < z;. Otherwise, we have

q1 q2
6 = [(a+ )] ] (a+bi+di+1)" | |]] (a+bi+ hy)*
=1 j=1
q1 q2
> o] |[[(a+di+ 1) | |]] (a = P(a).
=1 j=1

Since P(z1) = ¢; and P(z) is strictly monotonically increasing of z,
one has a < x.

To prove Claim 3). Define s = x1(¢;) and r; = x1(¢; +1). One
needs to check that 7y > s for any integer [ > 0. Thus, we have

ﬁ8+h 61

q1

s¢ H(erd +1)”

1=1

OHH (ri+d; +1)*

i=1

g2
H (ri4hy)7 =l +1> .
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1k ' ' ' ' ' ] (I) Directed chain network
—x—hy (a) :
h No directed cycle |
051 . I N N
0 50 100 150 200
0 02 ¥
0 ! : . . ' ! 3 L 0.1 One directed cycle |
2 0 5 10 15 20 25 30 35 40 0 , : } :
r<s Co Or Cpax = 150 200

Fig. 3. () Amin gradually decreases as the increase in ¢y (for fixed 3
nodes with in-degree 4, and 4 nodes with in-degree 2 on the cycle),
while it increases as the increase in cmax (for fixed 5 nodes with in-
degree 1, and 4 nodes with in-degree 2 on the cycle) when there is a
single directed cycle. (Il) Anmin gradually decreases as the increase in the
number of intersected cycle (for fixed 5 nodes with in-degree 1, 4 nodes
with in-degree 2, and 3 nodes with in-degree 4 on each cycle).

Since P(z) is strictly monotonically increasing with respect to x over
[0, +00), it is clear that 71 > s. Hence, x1(¢;) is a strictly increasing
function in ¢; when all other arguments are fixed. |

Then we obtain the influence of /7 intersected directed cycles on the
convergence rate in Theorem 3.

Theorem 3: Suppose that adding edges forms ¢; fully intersected
directed cycles, and each directed cycle contains p; nodes and the
corresponding nodes have the same in-degree, then the following
conclusions are true:

1) Only p; eigenvalues of Laplacian are changed and the other n — p;
eigenvalues remain unchanged;

2) The more intersected cycles there are, i.e., the larger /1, the smaller
the convergence rate with all other arguments fixed.

Proof: To prove Claim 1). The characteristic equation of Laplacian
is as follows:

q3
I1¢— g0
k=1

q1

[](d+1-2)" ]_2[ (hj =2)9 =6Q() | =0

i=1 j=1
(12)
where
a1 g2
T (s 1= T (b =20
QM) =2 o ,
TL @ 1= T (' =2

in which w; and c; represent the number of nodes for all cycles with in-
degrees d; + 1 and h;, respectively; w;” and ¢;’ represent the number of
nodes onacycle with in—degrees d;' 4+ 1and h;’, respectively, satisfying
qu LW+ Z] 1 ¢; = p1; ey, is the number of nodes, which are not
on any dlrected cycle, having in-degrees g;.. For the derivation details
of (12), the reader is referred to the Part II of Supplementary Materials.

Comparing (12) with (5), it shows that p; eigenvalues of Laplacian
are changed and the other n — p; eigenvalues remain unchanged.

(o
o
| o
S
iz
o
S

' " (0 ]
Two disjoint directed cycles |

150 200

(d]
Two intersected directed cycles |

L L

150 200

(ON
No directed cycle |

150 200
® 1

One directed cycle |

150 200
(8 1

Two disjoint directed cycles |

0 50 100 150 200
T T T oF

Four intersected directed cycles|

0 50 100 150 200

Fig. 4. (I) Consensus of a directed chain with 60 nodes versus time
t, where e; = z; — z1, and z; is the state of node 7 (1 < i < 60): (a)
Directed chain without directed cycle; (b) directed chain with a directed
cycle of 15 nodes; (c) directed chain with two disjoint directed cycles of
15 and 22 nodes; (d) directed chain with two intersected directed cycles
of 15 and 22 nodes. (Il) Consensus of a directed star-chain with three
chains and 40 nodes on each chain versus time ¢, where e; = z; — z1,
and z; is the state of node i (1 < ¢ < 121): (e) Directed star-chain without
directed cycle; (f) directed star-chain with a directed cycle of 9 nodes
located on one of the chains; (g) directed star-chain with two disjoint
directed cycles of 48 and 9 nodes, where the nodes of the large cycle
are distributed on three chains, with 16 nodes on each chain, and the
small cycle is located on a certain chain; (h) directed star-chain with four
intersected directed cycles of 48, 9, 9, and 9 nodes, where the nodes of
the large cycle are distributed on three chains, with 16 nodes on each
chain, and three small cycles on the three different chains.

Furthermore, p; changed eigenvalues are determined as follows:

4y , a5 )
[J@ +1-0"" T[ (' -0 =ta. (13)
i=1 j=1
To prove Claim 2). Define
@ =ho—Ad; =dj — ho,h; = h; — ho (14)
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where hg = min{h/, d} + 1} is the minimum node in-degree of these
4 cycles, the corresponding number of nodes c,.
Then, (13) becomes

0 A ,

i=1 j=2
when ho = h/, and

! !
91 ) ,

i=2 j=1

when hg = d} + 1.
By Lemma 5, the minimum real root of (13) is Aymin € (ho — 1, ko)

when [T7, (2+d:) " TI02, (hy + 1) > €1, and A < ho — 1

when H;il 2+ Jz)wl Hg/il (i’LJ + 1)Cj < /1. Moreover, As = Amin
is the convergence rate when g2 > h holds. Thus, the more intersected
cycles there are, the smaller the convergence rate. |

Remark 4: For a network with other types of intersected directed
cycles, its characteristic polynomials are more complex. For example,
when the number of nodes for each directed cycle in Theorem 3 is

different, the characteristic equation of Laplacian becomes

H (A —g)™* [H (di +1—2)" H (h; = 1)

k=1 i=1 j=1

€1
- Z QH ()‘) =0

k=1
where @, (1) is similar to @ in the proof of Theorem 3, representing the
remaining part of polynomial [[{L, (d; +1 — )" T[52, (h; — )%
after removing the polynomial associated with «th directed cycle.

Example 3: For a directed chain with node numbers 1 to n, if adding
two intersected reverse edges from node j to node ¢ and node k to node
1 (1<i<l<j<k<n),thenthe dominant equation is as follows:

2-220 -t 2-na -0t
—(1=-nF =1

Remark 5: In an undirected connected network, cycles increase the
convergence rate of the network, and the more cycles there are, the
greater the convergence rate [15], which is contrary to the conclusions
for a directed network. Furthermore, adding more long-range edges
improves synchronizability or propagation in the undirected network,
while adding long-range reverse edge into directed network inhibits the
network consensus.

Remark 6: For a weighted directed network with directed cycles, the
form of its characteristic equation is the same as that of the unweighted
network, except for differences in certain coefficients. Therefore, the
methodology of this article can be extended to analyze consensus in
weighted directed networks.

IV. NUMERICAL SIMULATION

In this section, we take several directed networks as examples to
verify the validity of the theoretical results.

For a directed acyclic star-chain, if adding m edges forms a di-
rected cycle of p nodes, then when p > m, the convergence rate
A2(p,m) is the simple root of the smallest real part for equation
(1 —2)P"™(2 — A)™ = 1, which only depends on p and m. Moreover,

A2(p,m) is strictly decreasing in p and increasing in m, respectively.
Fig. 2 shows one example of the star-chain networks, where the directed
cycle decreases the convergence rate, i.e., Ao = 0.38196 (p = 6 and
m = 3). The variation in the convergence rate of directed star-chains is
only determined by the number of added edges and nodes on the directed
cycle, independent of the position of added edges and the number of
nodes in the star-chain.

Fig. 3(I) shows that fixing other arguments for a directed cycle,
Amin gradually decreases as the increase in the number of nodes with
minimum in-degree hy on the cycle, and increases as the increase
in the number of nodes with maximum in-degree hu,. In addition,
Amin decreases as the number of intersected directed cycles increases
[see Fig. 3(ID]. Fig. 4 shows the consensus profile for directed chain
and directed star-chain. It is seen that directed cycles weaken the
synchronizability of these directed networks and cause the generation
of cluster during the synchronization process. The inhibition caused
by two disjoint directed cycles is determined by the large cycle, while
multiple intersected directed cycles enhance the inhibitory effect on the
consensus.

V. CONCLUSION

This article has investigated the influence of directed cycles on
the consensus of directed networks. The main conclusions can be
summarized as follows. First, it has been found that the convergence
rate of the network is only determined by the in-degree of nodes on
directed cycles, particularly those with in-degree of 1. Second, unlike
in undirected networks, the directed cycle exerts an inhibitory effect
on the convergence rate of any directed network. The more nodes on
the cycle with in-degree of 1, the stronger the inhibition exerted by
the cycle on the convergence rate. Conversely, a higher number of
nodes with in-degrees exceeding 1 weakens this inhibitory effect. We
have established a necessary and sufficient condition under which a
directed cycle reduces the convergence rate. In addition, the impact of
multiple directed cycles is analyzed. The influence of disjoint cycles
on the convergence rate of directed networks is only determined by the
cycle with the minimum node in-degree, and is independent of other
cycles. However, the greater the number of intersected directed cycles,
the slower the convergence rate becomes. Finally, some numerical
examples are presented to verify the validity of the theoretical results.
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