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Introducing a New Edge Centrality Measure:
The Connectivity Rank Index

Jin Zhou , Yanqi Zhang , Jun-an Lu , and Guanrong Chen , Life Fellow, IEEE

Abstract—A new edge centrality measure, connectivity rank
index (CRI), is proposed based on the effect of an edge on
the network algebraic connectivity. Compared with the existing
indices, the CRI can determine the importance of a present
edge as well as an absent edge. For large-scale networks,
the algorithm based on original CRI definition has high-time
complexity. Therefore, an approximation algorithm is designed
using the eigenvector elements corresponding to the second
smallest Laplacian eigenvalue. This algorithm can identify the
most influential edges and the least influential ones easily, which
reduces the time complexity from the exhaustive searching
scheme with O(N5) to O(N3) in a network of size N. Some
examples are shown to verify the effectiveness of the algorithm
and the theoretical results.

Index Terms—Algebra connectivity, complex network, edge
centrality, eigenvalue, eigenvector.

I. INTRODUCTION

COMPLEX networks provide an efficient framework for
describing complex systems. A network structure is

described by nodes and edges. Finding which nodes or edges
are the most influential, referred to as node centrality and
edge centrality respectively, is an important task for studying
disease spreading [1], network synchronization [2], [3], [4],
attack prevention [5] and failure diagnosis [6]. Various node
centrality indicators have been proposed, such as degree
centrality [7], closeness centrality [8], betweenness centrality
[9], PageRank [10], k-shell [11], eigenvector centrality [12],
ControlRank [13], [14], etc.

Node centrality emphasizes on the influence of a node by
itself, while edge centrality considers a node and its neighbors.
As the most popular index, betweenness centrality of an edge
is proportional to the number of shortest paths passing it [15].
In [16], the edge betweenness centrality is generalized to k-
path edge centrality, which is proportional to the number of
l (l ≤ k) paths passing it at random. Relative effectiveness
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of an edge is measured by the decrease of the maximum
Laplacian eigenvalue due to edge removal [17]. All these
edge centrality indicators rank the importance of the present
edges in a network. It should be noted that the edge centrality
in a network includes two aspects, namely, the importance
of the edges (abbreviation for the present edges) and that of
the absent edges. For examples, to defend against a network
attack, it is necessary to identify the most essential edges in
the network and protect them; while to accelerate the diffusion
through a network by adding edges, one should identify the
most influential absent edges and add them into the network.
This article investigates the edge centrality in both situations
by introducing a new measure, called connectivity rank index
(CRI).

Algebraic connectivity, characterized by the second smallest
Laplacian eigenvalue [18], bridges the topology and the
dynamics of a network. It has been verified that many
dynamical properties of a network are directly related to
its second smallest Laplacian eigenvalue, such as synchro-
nizability [19], [20], [21], diffusion rate [22], stability and
robustness [23], distributed consensus [24], [25], [26], and
the dynamical behaviors of many distributed algorithms
[24], [27].

The proposed CRI applies the increase or decrease of
the algebraic connectivity caused by edge addition or edge
removal in a network. Further, for large-scale networks, the
time complexity of calculating the variation of the second
smallest eigenvalue is high. Therefore, an approximation
algorithm is designed to simplify the calculation of the
CRI, with rigorous theoretical analysis. The edge central-
ity computed by the approximation algorithm is measured
by the eigenvector elements corresponding to the second
smallest Laplacian eigenvalue. By using this algorithm, the
time complexity of calculating all the edges in a network
with N nodes is reduced from the exhaustive searching
scheme with O(N5) to O(N3). Some examples are shown to
verify the effectiveness of the algorithm and the theoretical
results.

The remaining parts of this article are organized as fol-
lows. Section II-A presents some mathematical preliminaries
and Section II-B introduces the CRI. Section III-A ana-
lyzes the variation range of the second smallest Laplacian
eigenvalue caused by deleting or adding an edge in the
network; Section III-B designs an approximation algorithm
for calculating the CRI of large-scale networks. Section IV
shows some examples. Finally, Section V concludes this
article.
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II. CONNECTIVITY RANK INDEX

A diffusively connected, unweighted and undirected
network with N nodes is considered throughout this
manuscript. Let the original network, the original Laplacian
matrix, the network and the Laplacian matrix after deleting
(adding) edge εij be G, L, G− (G+) and L− (L+), respectively.
For simplicity, G− is assumed to be connected. Notationally,
G− = G − εij, G+ = G + εij, λ2(L)x2(L) = Lx2(L), where
λ2(·) and x2(·) are the second smallest eigenvalue and the
corresponding eigenvector of a matrix, respectively.

A. Mathematical Preliminaries

To establish the main results, some lemmas are first
prepared.

Lemma 1 [18]: For an undirected, unweighted and con-
nected graph G, the second smallest Laplacian eigenvalue
satisfies

λ2(L) = min
z⊥1,‖z‖=1

zTLz = min
z⊥1,‖z‖=1

∑

εmn∈G

(zm − zn)
2 (1)

where 1 is a column vector with all the components being 1,
and zm is the mth component of vector z.

Therefore, the calculation of λ2(L) can be regarded as
an optimization problem of minimizing the sum of some
quadratic terms by distributing each component of z.

Lemma 2 [28]: If a graph G1 ⊆ G2, then λ2(L1) ≤ λ2(L2),
where L1 and L2 are the Laplacian matrices of graphs G1 and
G2 respectively.

Lemma 3 [18]: If L is the Laplacian matrix of graph G,
then λ2(L) ≥ 0, with equality if and only if G is disconnected.

It is seen from Lemma 3 that if deleting an edge render the
network G− disconnected, then this edge must be the most
influential in the network, due to λ2(L−) = 0.

B. Connectivity Rank Index

Define the variation of the second smallest Laplacian eigen-
values as

	λ−
ij = λ2

(
L−) − λ2(L) (2)

and

	λ+
ij = λ2

(
L+) − λ2(L) (3)

respectively, where 	λ−
ij (	λ+

ij ) represents the decrease
(increase) of the second smallest Laplacian eigenvalue caused
by deleting (adding) edge εij in the network.

The second smallest Laplacian eigenvalue is referred to as
the algebraic connectivity of a network, which connects the
topology and the dynamical properties [19], [20], [22]. Based
on the algebraic connectivity, a new measure called CRI is
defined to characterize the edge centrality in a network.

Definition 1 (CRI of an Edge): For any εij ∈ G, the CRI of
edge εij is

I−
ij = 	λ−

ij∣∣∣∣ min
εmn∈G

	λ−
mn

∣∣∣∣
(4)

where I−
ij = 0 if minεmn∈G 	λ−

mn = 0.
Definition 2 (CRI of an Absent Edge): For any εij /∈ G, the

CRI of absent edge εij is

I+
ij = 	λ+

ij∣∣∣∣ max
εmn /∈G

	λ+
mn

∣∣∣∣
(5)

where I+
ij = 0 if maxεmn /∈G 	λ+

mn = 0.
According to Lemma 2, if an edge is deleted from (added

into) a graph, λ2(L) will not increase (decrease). As a result,
	λ−

ij (	λ+
ij ) and thus I−

ij (I+
ij ) are nonpositive (nonnegative)

real numbers. Therefore, when the denominator of (4) is 0,
it means that 	λ−

ij caused by every edge εij ∈ G is 0. As
mentioned in Definition 1, just let every I−

ij be 0.
The index CRI is normalized, so its value is between −1

and 1. The closer the absolute value of the CRI of an edge
(absent edge) is to 1, the more important it is.

III. APPROXIMATION OF CONNECTIVITY RANK INDEX

This section is divided into two subsections. Subsections
A presents the range of 	λ−

ij (	λ+
ij ) caused by edge εij,

respectively. In Section III-B, for large network size N, 	λ−
ij

(	λ+
ij ) is approximated by its lower (upper) bound given in

Section III-A; and an approximation algorithm is designed for
computing the CRI.

A. Variation Range of the Second Smallest Laplacian
Eigenvalue

In this section, the lower (upper) bound of the decrease
(increase) in the second smallest eigenvalue caused by the edge
removal (edge addition) is derived. First consider the edge
addition case.

Theorem 1: Let L (L+) be the Laplacian matrix of a
network (the network by adding edge εij). Then

	λ+
ij = λ2

(
L+) − λ2(L) ≤ (

x2i(L) − x2j(L)
)2

where x2i(L) and x2j(L) are the ith and jth components of the
unit eigenvector x2(L) corresponding to the second smallest
Laplacian eigenvalue λ2(L) respectively.

Proof: Denote x∗ as the unit vector orthogonal to 1, which
belongs to the set

� =
⎧
⎨

⎩x̄

∣∣∣∣
∑

εmn∈G

(x̄m − x̄n)
2 = min

z⊥1,‖z‖=1

∑

εmn∈G

(zm − zn)
2

⎫
⎬

⎭.

Obviously, the existence of λ2(L) guarantees the existence of
x∗. Based on Lemma 1 and the definition of x∗, one gets

λ2(L) = x∗TLx∗ =
∑

εmn∈G

(
x∗

m − x∗
n

)2 (6)

and

λ2
(
L+) = min

z⊥1,‖z‖=1

∑

εmn∈G+
(zm − zn)

2 ≤
∑

εmn∈G+

(
x∗

m − x∗
n

)2
.

(7)
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On the one hand, from G+ = G + εij and (6), one has

λ2
(
L+) ≤

∑

εmn∈G+

(
x∗

m − x∗
n

)2

=
∑

εmn∈G

(
x∗

m − x∗
n

)2 +
(

x∗
i − x∗

j

)2

= λ2(L) +
(

x∗
i − x∗

j

)2
. (8)

On the other hand, left multiplying (6) by x∗ shows that x∗ is
the unit eigenvector of L corresponding to λ2(L).

Replacing x∗
i and x∗

j in (8) with x2i(L) and x2j(L) respec-
tively, one can rewrite (8) as

λ2
(
L+) ≤ λ2(L) + (

x2i(L) − x2j(L)
)2

.

This completes the proof.
For the case of edge removal, the following result can be

similarly obtained.
Theorem 2: Let L (L−) be the Laplacian matrix of a

network (the network by deleting edge εij). Then

|	λ−
ij | = λ2(L) − λ2

(
L−) ≥ (

x2i(L) − x2j(L)
)2

where x2i(L) and x2j(L) are the ith and jth components of the
unit eigenvector x2(L) corresponding to the second smallest
Laplacian eigenvalue λ2(L) respectively.

Proof: Let x∗ be the same vector as that in the proof of
Theorem 1. Note that G− = G−εij. Similarly to the derivation
of Theorem 1, one gets

λ2
(
L−) ≤

∑

εmn∈G−

(
x∗

m − x∗
n

)2

=
∑

εmn∈G

(
x∗

m − x∗
n

)2 −
(

x∗
i − x∗

j

)2

= λ2(L) −
(

x∗
i − x∗

j

)2
. (9)

Thus, one obtains

λ2(L) − λ2
(
L−) ≥ (

x2i(L) − x2j(L)
)2

.

This completes the proof.
From the perspective of algebraic connectivity, the follow-

ing corollary gives a criterion to judge the least important
absent edge.

Corollary 1: Let L (L+) be the Laplacian of a network (the
network by adding edge εij). If the ith and jth components of
the unit eigenvector x2(L) are equal, then λ2(L+) = λ2(L).

Corollary 1 is derived easily from Theorem 1 and Lemma 2.
It implies that if two or more components of x2(L) are equal,
then adding the corresponding edges makes no difference to
the second smallest Laplacian eigenvalue. The conclusion is
consistent with the results of [29, Th. 3.1].

Now that the least variation of λ2(L) is 0 by adding an edge
into a network, it is interesting to find the largest variation of
λ2(L) by adding or deleting an edge. Consider adding edge
εij into a network. On the one hand, it is clear that 	λ+

ij ≤
(x2i(L) − x2j(L))2 based on Theorem 1. On the other hand,
graph G can be regarded as G = G+ − εij and so 	λ+

ij ≥

(x2i(L+) − x2j(L+))2 according to Theorem 2. Similar result
can be obtained for edge removal.

Corollary 2: For a given network, the variation range of
λ2(L) by adding or deleting an edge εij is

(
x2i

(
L+) − x2j

(
L+))2 ≤ 	λ+

ij ≤ (
x2i(L) − x2j(L)

)2

(
x2i(L) − x2j(L)

)2 ≤ |	λ−
ij | ≤ (

x2i
(
L−) − x2j

(
L−))2

.

Corollary 2 reveals that the components of the unit eigen-
vector corresponding to λ2(L) contribute to its variation range.

B. Approximation Algorithm for Large-Scale Networks

Definitions 1 and 2 present a CRI-based method to rank
edges by calculating the variation of the second smallest
Laplacian eigenvalues. The exhaustive searching time com-
plexity of calculating the eigenvalue variation induced by
deleting (adding) each edge (absent edge) is O(N5). Thus, for
a large-scale network, it is necessary to improve the com-
putational efficiency of CRI-based method. The approximate
calculation method of second smallest eigenvalue changes is
proposed below, so a more efficient calculation algorithm of
approximate CRI is obtained.

Theorem 3: Given a network with sufficiently large size
N. Let L (L+) be the Laplacian matrix of the network (the
network by adding edge εij). Then

	λ+
ij = λ2

(
L+) − λ2(L) = (

x2i(L) − x2j(L)
)2

where x2i(L) and x2j(L) are the ith and jth components of the
unit eigenvector x2(L) corresponding to the second smallest
Laplacian eigenvalue λ2(L) respectively.

Proof: For εij /∈ G, ignoring the same elements in L �
(dij)N×N and L+, one has

L =

⎛

⎜⎜⎜⎜⎝

dii 0

0 djj

⎞

⎟⎟⎟⎟⎠
, L+ =

⎛

⎜⎜⎜⎜⎝

dii + 1 −1

−1 djj + 1

⎞

⎟⎟⎟⎟⎠
.

Introduce a positive semi-definite matrix that has only 4
nonzero elements

P =

⎛

⎜⎜⎜⎜⎝

N −N

−N N

⎞

⎟⎟⎟⎟⎠
.

It is obvious that L+ = L + (1/N)P. Assume that
{

λ2
(
L+) = λ2(L) + 1

N λ′
2

x2
(
L+) = x2(L) + 1

N x′
2.

(10)

Substituting (10) into λ2(L+)x2(L+) = L+x2(L+), one obtains
(λ2(L)+ 1

N λ′
2)(x2(L)+ 1

N x′
2) = (L+ 1

N P)(x2(L)+ 1
N x′

2). Expand
the equation and left multiply it by xT

2 (L), then

1

N
xT

2 (L)λ′
2x2(L) + 1

N2
xT

2 (L)λ′
2x′

2

= 1

N
xT

2 (L)Px2(L) + 1

N2
xT

2 (L)Px′
2. (11)
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Note that

xT
2 (L)λ′

2x′
2 − xT

2 (L)Px′
2

= NxT
2 (L)

(
λ2

(
L+) − λ2(L)

)
x′

2 − NxT
2 (L)

(
L+ − L

)
x′

2

= NxT
2 (L)λ2

(
L+)

x′
2 − NxT

2 (L)L+x′
2

= N

(
xT

2

(
L+) − 1

N
x

′T
2

)
λ2

(
L+)

x′
2 − N

(
xT

2

(
L+) − 1

N
x

′T
2

)
L+x′

2

= −x
′T
2 λ2

(
L+)

x′
2 + x

′T
2 L+x′

2. (12)

Ignoring O(1/N2) terms in (11), one gets

λ′
2 = xT

2 (L)Px2(L)

xT
2 (L)x2(L)

.

Since x2(L) is a unit vector, one has

λ′
2 = xT

2 (L)Px2(L) = N
(
x2i(L) − x2j(L)

)2

and so λ2(L+) = λ2(L) + (x2i(L) − x2j(L))2. This completes
the proof.

The conclusion is consistent with the numerical algorithm
in [30], which is illustrated in a supergradient way.

Remark 1: Theorem 3 can be understood from the perspec-
tive of optimization. Let x2(L) be the unit vector orthogonal
to 1, which minimizes

∑
εmn∈G(zm − zn)

2. Then x2(L) is
potentially the vector that minimizes

∑
εmn∈G+εij

(zm − zn)
2 =∑

εmn∈G(zm − zn)
2 + (zi − zj)

2 for sufficiently large N, because∑
εmn∈G(zm − zn)

2 is the dominance. Based on Lemma 1, one
obtains λ2(L+) = λ2(L) + (x2i(L) − x2j(L))2.

Theorem 1 gives an upper bound (x2i(L) − x2j(L))2 of
	λ+

ij , while Theorem 3 shows that 	λ+
ij is close to the bound

when the network size is sufficiently large. Analogously, the
following Theorem reveals that −	λ−

ij is close to the lower
bound presented in Theorem 2 for a large-scale network.

Theorem 4: Given a network with sufficiently large size
N. Let L (L−) be the Laplacian matrix of the network (the
network by deleting edge εij). Then

	λ−
ij = λ2

(
L−) − λ2(L) = −(

x2i(L) − x2j(L)
)2

where x2i(L) and x2j(L) are the ith and jth components of the
unit eigenvector x2(L) corresponding to the second smallest
Laplacian eigenvalue λ2(L) respectively.

Proof: Similarly to the proof of Theorem 3, L− = L −
(1/N)P. Letting

{
λ2

(
L−) = λ2(L) − 1

N λ′
2

x2
(
L−) = x2(L) − 1

N x′
2

and ignoring O(1/N2) terms, one obtains

λ2(L)x′
2 + λ′

2x2(L) = Lx′
2 + Px2(L)

and further obtains

λ′
2 = xT

2 (L)Px2(L) = N
(
x2i(L) − x2j(L)

)2
.

Therefore, λ2(L−) = λ2(L)−(x2i(L)−x2j(L))2. This completes
the proof.

Based on the theorems, an approximation to the CRI in a
large-scale network is proposed as follows.

Algorithm 1 CRI Algorithm
Step 1: Given the Laplacian matrix L of graph G with N nodes
and an all-zero matrix P with the same dimension as L.
Step 2: Calculate the eigenvector x2(L) corresponding to second
smallest eigenvalue of L.
Step 3: For any i ∈ [1, N − 1], j ∈ [i + 1, N], if the element in
row i and column j of L is not equal to 0, then let the element
in row i and column j of P be −(x2i(L) − x2j(L))2. Else let
the element in row i and column j of P be (x2i(L) − x2j(L))2.
Step 4: Find the maximum xmax and minimum xmin values in P.
Step 5: Divide all numbers greater than 0 in P by xmax and all
numbers smaller than 0 in P by xmin.

Definition 3 (CRI of an Edge): For εij ∈ G, an approxima-
tion to the CRI of edge εij is

I−
ij = −(

x2i(L) − x2j(L)
)2

max
εmn∈G

(x2m(L) − x2n(L))2
(13)

where I−
ij = 0 if maxεmn∈G(x2m(L) − x2n(L))2 = 0.

Definition 4 (CRI of an Absent Edge): For εij /∈ G, an
approximation to the CRI of absent edge εij is

I+
ij =

(
x2i(L) − x2j(L)

)2

max
εmn /∈G

(x2m(L) − x2n(L))2
(14)

where I+
ij = 0 if maxεmn /∈G(x2m(L) − x2n(L))2 = 0.

Remark 2: In a large-scale network, one can easily find
the most influential edges by considering {εi∗j∗ ||x2i∗ − x2j∗ | =
maxij |x2i − x2j|}, and identify the least influential edges by
{εi∗j∗ ||x2i∗ − x2j∗ | = minij |x2i − x2j|}.

Remark 3: Under certain circumstance, the unit eigen-
vector(s) corresponding to the second smallest Laplacian
eigenvalue may not be unique. Without loss of generality,
let x1

2(L), . . . , xM
2 (L)(M ∈ [1, N − 1]) be the unit eigen-

vectors corresponding to λ2(L). In this case, −(x2i(L) −
x2j(L))2 in Definition 3 is not unique. From Theorem 2,
mink=1,...,M{−(xk

2i(L) − xk
2j(L))2} is the closest value of 	λ−

ij

among the M values. Analogously, the closest value to 	λ+
ij is

mink=1,...,M{(xk
2i(L) − xk

2j(L))2}. Therefore, an approximation
to the CRI in a large-scale network is redefined as

I−
ij =

min
k=1,...,M

{
−

(
xk

2i(L) − xk
2j(L)

)2
}

max
εmn∈G

max
k=1,...,M

{(
xk

2m(L) − xk
2n(L)

)2
}

I+
ij =

min
k=1,...,M

{(
xk

2i(L) − xk
2j(L)

)2
}

max
εmn /∈G

min
k=1,...,M

{(
xk

2m(L) − xk
2n(L)

)2
}

where I−
ij and I+

ij are both equal to 0 if the denominator
equals 0.

Accordingly, the approximation algorithm based on
Definitions 3 and 4 is proposed.

Obviously, for a network with N nodes, this algorithm
reduces the time complexity of CRI-based method from O(N5)

to O(N3). At the same time, according to Theorems 3, 4 and
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Fig. 1. (a) Network with 6 nodes and 8 edges. (b) Network after deleting
edge ε12 from (a). (c) Network after adding edge ε13 into (a).

the explanation at Section IV-B, there is no excessive loss of
CRI accuracy. As a result, the approximation to the CRI of
all the edges (including the present and the absent edges) in
a large-scale network can be calculated by using the elements
of x2(L) or those of the auxiliary eigen-matrix simultaneously.
The CRIs allow us to rank the edges and the absent edges
from the perspective of algebraic connectivity.

IV. EXAMPLES

In this section, some examples are shown to verify the
effectiveness of the theoretical results.

A. Calculation of CRI

Take the network in Fig. 1(a) as an example. The network
after deleting edge ε12 is depicted in Fig. 1(b). The second
smallest Laplacian eigenvalue of the network in Fig. 1(a)
and that in Fig. 1(b) are 1.4384 and 0.7639 respectively.
So, 	λ−

12 = 0.7639 − 1.4384 = −0.6745. Repeating the
above operation for the remaining seven edges, one obtains
| minεmn∈G 	λ−

mn| = 0.6745. By Definition 1, the CRI of edge
ε12 is −1.

Consider the network after adding edge ε13 as shown in
Fig. 1(c). Its second smallest Laplacian eigenvalue is 1.7857.
It is clear that 	λ+

13 = 1.7857 − 1.4384 = 0.3473. Repeating
the same operation for the other absent edges, one obtains
| maxεmn /∈G 	λ+

mn| = 1.5616, and the CRI of the absent edge
ε13 is 0.2224.

Other CRIs of the edges and absent edges shown in Fig. 1(a)
can be obtained similarly. All the CRI values are shown in
Table I. From the table, the most important edges in Fig. 1(a)
are ε12, ε16, ε34, and ε45, because their CRIs are −1. Whereas
the most important absent edge is ε14, and the least important
edges are ε26 and ε35. It is clear that the CRI values of the
edges are negative and those of the absent edges are positive.
The influence of an edge or an absent edge is proportional to
the absolute value of CRI.

B. Comparison of the Approximations With the Precision of
CRI

1) Network With 13 Edges: To compare the approximation
with the exact CRI intuitively, a strongly symmetrical network
with 12 nodes and 13 edges is considered, as shown in Fig. 2.
According to Definition 1 and Definition 3, the exact and the
approximate CRIs of all the edges are compared in Table II
(as seen in the second and fourth columns respectively).
Based on the CRIs, the exact and approximate ranks of
edge centrality are shown in the third and fifth columns of

TABLE I
CRI OF ALL THE EDGES IN Fig. 1(a)

Fig. 2. Strongly symmetrical network with 12 nodes and 13 edges. Edge
centrality in the network with exact or approximate CRIs.

TABLE II
EXACT AND APPROXIMATE CRIS OF THE EDGES IN Fig. 2

Table II, respectively. The absolute values of CRI reveal the
connectivity rank of edges. The results of edge centrality in
Table II are visualized by Fig. 2, where the deeper color the
edge is represented, the more influential of the edge is.

Remark 4: It can be observed that the approximate I−
ij and

the exact one have a distinct difference due to the small size
of the network. Interestingly, even so, the approximate rank of
the edges is consistent with that of the exact one. This shows
that it is reasonable to evaluate the edge centrality by using
the elements of x2(L).

When it comes to the importance of the absent edges,
similar results are obtained.

Results of more than 100 stochastic simulations suggest that
although the edge rank based on the approximate CRIs is not
always precisely consistent with the exact edge rank as shown
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Fig. 3. Edge centrality based on the exact and the approximate CRIs of
all the edges in (a). Network in (c) and that in (a) are complementary. The
deeper color the edge (absent edge) is represented, the more influential of
the edge (absent edge) is. (a) Original network with 39 nodes and 170 edges.
Importance of the edges by the exact CRIs. (b) Importance of the edges by
the approximate CRIs. (c) Importance of the absent edges by the exact CRIs.
(d) Importance of the absent edges by the approximate CRIs.

by this example, these ranks have a very high correlation,
which will be illustrated in the coming subsection.

2) Network With 170 Edges: A network with 39 nodes and
170 edges is shown in Fig. 3(a). The result of edge centrality
according to the exact and the approximate CRIs are shown
in Fig. 3. The network in Fig. 3(c) and that in Fig. 3(a) are
complementary. The edges in one is the absent edges in the
other, and vice versa. The deeper color the edge (absent edge)
is represented, the more influential the edge (absent edge) is.
Fig. 3(a) and (b) display the importance of the edges by the
exact and the approximate CRIs, respectively; Fig. 3(c) and
(d) show the importance of the absent edges by the exact and
the approximate CRIs, respectively. It is clear that the edge
centralities by the two kinds of CRIs are highly positively
correlated. It is worth mentioning that edge centrality here
is based on the algebraic connectivity, accordingly the most
essential edge removal (edge addition) has the most influence
on the network connectivity.

The exact and the approximate CRIs of all the edges in the
network are demonstrated in Fig. 4. Whereas the dots in
the first quadrant (or, the third quadrant) show the exact and the
approximate CRIs of the absent edges (or, edges). Overall
the approximate results calculated by Definitions 3 and 4
are very close to the exact results. By performing Spearman
rank correlation analysis and hypothesis testing on the data
in the first and third quadrant, respectively, it was found that
the Spearman rank correlation coefficients of the exact and
the approximate CRIs are 0.9980 and 0.9960, respectively.
This accounts for the highly positive linear correlation between
the exact and the approximate CRIs. Therefore, for a large-
scale network, it is appropriate to rank the edge centrality
based on algebraic connectivity by applying the approximate
CRIs, which greatly reduces the time complexity of the
algorithm.

Fig. 4. Comparison of the approximate CRIs with the exact CRIs of all the
edges in Fig. 3(a).

Fig. 5. Actual social network with 500 nodes and 10437 edges. The data is
obtained from the website [31].

C. Application of CRI Indicator and Further Discussion

An actual social network with 500 nodes and 10437 edges
is shown in Fig. 5 [31]. The network was generated using
email data from a large European research institution. There
is an edge (u, v) in the network if person u sent person v at
least one email. The e-mails only represent communication
among institution members (the core), and the dataset does not
contain incoming messages from or outgoing messages to the
rest of the world. By performing Spearman rank correlation
analysis [32] and hypothesis testing on the exact and the
approximate CRIs, it was found that the Spearman rank
correlation coefficients of them are 0.9947. It accounts for the
highly positive linear correlation between the exact and the
approximate CRIs.

Diffusion on social networks refers to the process where
opinions are spread via the connected nodes. The independent
cascade model (IC model) is a widely adopted diffusion model
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Algorithm 2 Independent Cascade Algorithm
Step 1: Given the graph G, probability p and collection of
activated nodes vi(i ∈ [1, . . . , m]).
Step 2: Traverse all inactive nodes. For each inactive node,
traverse its neighboring nodes. If the neighboring node is active
and the generated random number between 0 and 1 is less than
p, then the current node is activated and the current traversal
ends.
Step 3: Repeat the second step until no new active nodes are
generated.

TABLE III
NUMBER OF ACTIVE NODES AFTER CUTTING OFF THE EDGE BETWEEN

NODES i AND j OF NETWORK IN FIG. 5

in social networks where a node is assumed to be activated
independently by any one of its neighbors [33]. Take the email
network as an example. Assume that an opinion appears in
the email network and the active node spreads the opinion.
The opinion can spread from the active node to the inactive
node with a certain probability. Therefore, when the diffusion
process reaches a steady state, the number of active nodes
reflects the degree of connectivity of the network generally.
It is interesting to observe the impact of cutting off different
important edges estimated by CRI on network connectivity.

As shown in the second column of Table III, the impor-
tance of edge ε414−449, ε370−414, ε414−479, ε370−427 and ε0−1
increase progressively one by one. And accordingly, the
number of active nodes by cutting off edges between node
pair 414–449, 370–414, 414–479, 370–427 and 0–1 are shown,
respectively, in the fourth column of Table III. It is clear that
the number of active nodes by cutting off the corresponding
edge is in agreement with the sequence of edge importance of
CRI.

In the third column of Table III, the edge betweenness
centrality of edges is shown. It is seen that the approximated
CRIs are consistent with the edge betweenness centralities. In
addition, the running time of different indicators is compared
in Table IV. To ensure consistency, we uniformly calculated
various indicators of existing edges on the network in Fig. 5.
It is seen that CRI is accurate but has a high-time complexity,
1535.12 s. The running time of edge betweenness centrality

TABLE IV
RUNNING TIME OF DIFFERENT INDICATORS BASED ON THE

NETWORK IN FIG. 5

and the approximate CRI are 2.18 s and 0.53 s, respectively.
Compared to traditional indicators for measuring the impor-
tance of edges, the approximate CRI has a neat form and a
better understandability from the aspect of dynamics. At the
same time, it can be used not only to measure the importance
of existing edges in the network, but also to calculate the
importance of absent edges in the network.

V. CONCLUSION

This article has proposed a new index to measure edge
centrality in a network: CRI. The CRI of an edge is normalized
by its effect on the second smallest Laplacian eigenvalue.
Compared with the other existing indices, CRI determines
the importance of a present edge as well as an absent edge.
An approximation algorithm has been designed, which can
reduce the time complexity in calculating the CRIs of all the
edges in a network of size N, from O(N5) to O(N3). Based
on the eigenvector(s) corresponding to the second smallest
Laplacian eigenvalue of the network, the approximation algo-
rithm performs well. Particularly, in a large-scale network,
one can easily find the most and the least influential edges
by maximizing and minimizing |x2i − x2j|, respectively. Some
examples have verified the highly positive correlation between
the exact and the approximate CRIs. The proposed edge
centrality measure can be applied to network synchronization,
pinning control, information diffusion, epidemic spreading,
route planning, attack survivability, and so on.
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