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Abstract We study the linear stochastic fractional heat equation
Ut ) = —(=A)Zu(t,z) + W(t,z), t>0, zeR,

where —(—A) 2 denotes the fractional Laplacian with o € (1,2). The driving noise W is a centered

Gaussian field that is white in time and has the covariance of a fractional Brownian motion with

Hurst parameter H € (2;”‘, 2) We establish exact asymptotics for the solution as both temporal

and spatial variables tend to infinity, and derive sharp growth rates for the Holder coefficients. The
proofs are based on Talagrand’s majorizing measure theorem and Sudakov’s minoration theorem.
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1 Introduction and main results

Consider the following linear stochastic fractional heat equation (SFHE, for short):

9(18(7;):5)::0 —(=A)Su(t,z)+W(t,z), t>0, zeR, (11)

Here, —(—A)? denotes the fractional Laplacian with a € (1,2), W (t, ) is a centered Gaussian
field with the covariance given by

B[ (1, )W (5, )] = 5 (5 7 0) (2 + g2 — |z — y") (12)
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for some H € (0, %) Equivalently, the covariance of the noise W (t,z) = San 18

E[W (L)W (s,y)| = dolt = 9)A (@ — ),
where A is a distribution, whose Fourier transform is the measure u(d¢) = cg|&|'~2# d¢ with
1
cy = 2—F(2H + 1) sin(nH). (1.3)
m

When a = 2 and H = 1, Equation (1.1) reduces to the classical stochastic heat equation
(SHE, for short) driven by space-time white noise. In this case, it is well-known that the
stochastic heat equation admits a unique mild solution [11, 27]. The study of stochastic partial
differential equations driven by fractional Brownian motion (fBm, for short) or other general
Gaussian noises has developed rapidly in recent years. For an overview, see, e.g., [4, 6, 12,
15, 17, 20-22, 26] and the references. Among these works, Balan and Tudor [6] gave necessary
and sufficient conditions on the Hurst index for the existence of solutions to the stochastic heat
equation driven by the following Gaussian noises:

o fractional noise in time with Hurst index H € (1/2,1);

« spatially correlated noise with covariance given by Riesz, Bessel, or Poisson kernel func-
tions.

Herrell, Song, Wu, and Xiao [13] investigated the sample path regularity of solutions to the
stochastic heat equation driven by fractional-colored Gaussian noise.

The global spatial behavior of solutions to the SHE driven by space-time white noise and
colored noise has been studied by Conus, Joseph, and Khoshnevisan [9, Theorem 1.2] and by
Conus, Joseph, Khoshnevisan, and Shiu [10, Theorem 2.3]. Recently, Hu and Wang [16] extended
these results to spatial rough noise with covariance structure given by (1.2). Specifically, for the
SHE driven by Gaussian noise that is white in time and spatially fractional with Hurst index
He (ﬁ, %), they established the precise asymptotic behavior of solutions as both temporal and
spatial variables tend to infinity. Furthermore, Hu and Wang [16] established sharp estimates
for the domain-size dependence of the Holder coefficients. Very recently, Liu, Hu, and Wang
[22] investigated analogous properties for solutions to the stochastic wave equation in arbitrary
spatial dimensions, considering additive Gaussian noise with both temporal and spatial fractional
structure.

In the present work, we extend the research program initiated in [16] to the fractional
Laplacian framework for Equation (1.1). Specifically, our investigation focuses on two aspects:

 the asymptotic behavior of solutions to Equation (1.1);
e the sharp growth rates of the Holder regularity coefficients.

We introduce the following key function that characterizes the space-time scaling in our
analysis:

L
U(t, L) ::1—}—\/Iog2 <t1/‘¥ \/1), t>0, L>0. (1.4)

This function plays a critical role throughout our work, particularly in establishing the precise
relationship between spatial and temporal variables.

First, we estimate sharp bounds for E [SupostsT,—Lgst u(t,z)] and E [sup_, < u(t, z)]
as T and L tend to infinity.

@ Springer



No.x C. Liu, et al.. GROWTH RATE FOR THE HOLDER COEFFICIENTS OF FSHE 3

Theorem 1.1 (a) There exist some positive constants ¢; 1 and ¢; o such that for any T

and L > 0,
T W(T,L) <E | sup u(t,z)| <cioT % W(T,L). (1.5)
TS

(b) There exist some positive constants ¢; 3 and ¢ 4 such that for any L > ta > 0,

2H4a—2

crat B ‘I/(t,L)glE{ sup u(m)]<c1,4t2”332\1:(t,L). (1.6)

—L<z<L

Next, we investigate the asymptotic behavior of the solution under the following three
scaling regimes:

(1) temporal and spatial domain size T', L — o0;
(2) spatial domain size L — o0;
(3) spatial variable |z| — co.
For any 7' > 0 and § > 0, let
Y(T,8) := [0,T] x [—T%,T%ﬂ . (1.7)
We have the following asymptotics results.
Proposition 1.2  (a) For any § > 0,

0 su u(t,x
61,1\[ < lim inf pg;ggm) (t,z)
a  Tow T log, T

(t.2) (1.8)
Sup (¢ . u(t, x 1)
< limsup p(ztglfii(T’&) < 6172\/7, a.s.
T—0 T 2a 4 /10g2 T «
(b) For any t > 0,
2Hta=2 .. SUPgel—r,1) u(t, x)
t 2 <1 f :
v e Vieea I (1.9)

su u t’ T o
< hmsup pgge[*LvL] ( ) 2H4o—2

<
L v/logy L ’

(¢) For any t > 0,

t .
lim sup b)) V2t 5T as, (1.10)

where
CHy 2H+a—2 2—2H
Wl = 2 o [ . 1.11
ol S ta—2 ( a ) (1.11)
Here, the constants ¢y ;,72 = 1,--- ,4 are the constants given in Theorem 1.1.

Remark 1.3 Proposition 1.2(b) extends Theorem 1.2 of [9], which concerned the SHE
with space-time white noise, to the more general case of the SFHE driven by spatially rough
noise. Proposition 1.2(c) further unifies Theorem 2.3 of [10] and Equation (6.3) of [19] within
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this same rough-noise framework. For example, when o« = 2 and H = 1/2, (1.10) recovers the
following result of Khoshnevisan, Kim, and Xiao [19, (6.3)]:

) u(t, x) t i
limsup ———— = /2 () ,  a.s.
lz|>0 4/log |z] @

Next, we investigate the precise domain-size dependence of the spatial Holder regularity
coefficient. Denote
Apu(t,x) :=u(t,z + h) — u(t, x). (1.12)

Theorem 1.4 For any 0 < 6 < 22£2=2 there exist some positive constants ¢; 5 and ¢y
such that

cslh|TETU( L) S B osup Awult,m)| < cigtt 3w |h|PW(t, L), (1.13)

—L<z<L

for all L > t= and 0 < |h| < Zt=.

sie 2H+a—2 3 4L
Proposition 1.5 (a) For any 0 < 0 < 2£2=2 and 0 < |h| < Gt=,

2H+oa—2 SUP_r<z<L Ahu(t,x)

ci5lh|” 2 < liminf
’ L— A/1 L
” ©82 (1.14)

. SUp_r< <L Ahu(t ZL‘) 2H4a—2-20
< limsup td L <t = |BY as.,

Lo v/log, L =

where ¢; 5 and ¢; ¢ denote the constants given in Theorem 1.4.

(b) For any t > 0 and 0 < |h| < Zt=,

Apu(t
lim sup Anult, z) = V2| Apu(t, 0)] 20, as. (1.15)
|| 0 log ||
Remark 1.6 By Lemma 2.3 below, there exist some positive constants c¢; 7 and c¢; g such
that for any ¢ > 0 and 0 < |[h| < 27,

o Apu(t
cl,7|h|2H+2 < limsupM

<
lz|>0  4/log |x] ’

Finally, we establish sharp bounds for the domain-size dependence of the temporal Holder

regularity coefficient. Denote
Dyu(t,z) :==u(t+7,2) — u(t, z). (1.16)

Theorem 1.7 For any 0 < 0 < %, there exist some positive constants ¢y ¢ and ¢y 10
such that

2H4+a—2 0 2H+a—2—afb

cro7 2 U(t,L)<E| sup Dru(t,z)| <ciior2t” 2= U(t, L), (1.17)
~L<z<L
for all L >t and 0 < 7 < (%)at.
Proposition 1.8 (a) For any 0 < < 2842=2 and 0 < 7 < (3—?’2)& t,
2H to—2 SUp_p <, <1 Dru(t, z)

C1,9T 2« < lim inf

L— 1 L
” V3082 (1.18)
< lim sup SUP_ <2< D.,-’LL(t, .CL')
b L—o0 V 10g2 L

where ¢y 9 and c¢;,19 denote the constants given in Theorem 1.7.

0 2Hta—-2—ab
<017107'2t 2a , a.s.,
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(b) Forany t >0 and 0 <7 < (%)at,

D u(t
lim sup 7Tu( ) =

\/§“D7-u(t,0)HL2(Q), a.s. (119)
|| — 0 log |z|

Remark 1.9 By Lemma 2.3 below, there exist some positive constants ¢; 11 and ¢; ;2 such

that for any t > 0 and 0 < 7 < (%)at,

2Hta—2 . DTU(t,$) 2H+ta—2
1T 2+ < limsup 2a a.s.

———= < ¢ 12T ;
ol 4/log |z
The precise asymptotics and sharp growth rates for Hoélder coefficients established in our
main theorems are theoretically significant. Moreover, these results provide valuable tools for
constructing power-decay functions, which have direct applications to the well-posedness analysis

of nonlinear stochastic heat equation driven by rough noise, as demonstrated in [16]. Specifically,
building upon the foundational work of Hu and Wang [16], Qian and Wang [23] established the
well-posedness of solutions to a nonlinear fractional stochastic heat equation in one spatial
dimension:

au(ta fl?) = _(_A)a/2u(tv x) + U(ta z, u(tv .QZ))W(t, .TC), (120)
where W denotes a space-time noise that is white in time and fractional in space with Hurst
index 22* < H < 1 and 1 < o < 2. Compared with the earlier work of Liu and Mao [20], the
technical assumption ¢(0) = 0 is removed in [23].

To construct a suitable decay weight function, it is necessary to derive lower bounds for the

following semi-norm, which quantifies the local variability of u(t, ),

Ni_gu(t,z) = (JR lu(t, z + h) — ult, x)|2|h|2H2dh> ' . (1.21)

Proposition 1.10 For any fixed ¢t > 0, there exists a positive constant ¢; depending on ¢
such that for any L > t=,

E[ sup /\/?_Hu(t,a:)] > ¢;logy(L). (1.22)
—L<a<L °*

Note that when a = 2, the above estimates reduce to those obtained by Hu and Wang [16]
for the stochastic heat equation with rough noise.

The remainder of the paper is organized as follows. In Section 2, we review foundational
properties of solutions and establish sharp moment bounds. In Section 3, we present the proofs
of the main results, while technical lemmas are provided in the appendix.

2 Moment estimates for the temporal and spatial increments

2.1 Stochastic integral and well-posedness of the solution

Let us recall some notations from [14] and [16]. Let D(R) be the space of real-valued in-

finitely differentiable functions with compact support on R. The Fourier transform of a function
f € D(R) is defined as

Ff€):= J}R e f(x)dx.
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3
2

The Green kernel associated with the operator —(—A)z, where « € (1, 2], is denoted by G, and

defined via its Fourier transform
(FGa(t,))(€) =", ¢eR, t>0. (2.1)

See, e.g., [2, 7, 8].

Let (2, F,P) be a complete probability space and let D(R, x R) denote the space of real-
valued, infinitely differentiable functions with compact support in R, x R. The noise W is a
zero-mean Gaussian family {W(¢), ¢ € D(R, x R)}, whose covariance structure is given by

(3,0 =E[W(o)W(4)] = CHJ Fo(s, &) F (s, €)' deds, (2.2)
R+ xR

where H € (0,1), cy is given in (1.3), and F¢(s,€) is the Fourier transform of ¢(s,x) with

respect to the spatial variable x.

Let H be the completion of D(R; x R) with the inner product {:,-)3. The mapping
© — W (p) can be extended to all ¢ € H, which is called the Wiener integral.

Definition 2.1 ([3, Definition 4.1]) The random field {u(t,z); (¢t,z) € Ry x R} defined by

u(t, ) f f — s,z —y)W(ds,dy) (2.3)
is called a solution of Equation (1.1), provided that the stochastic integral on the right-hand
side of (2.3) is well-defined. That is, for every ¢ > 0 and z € R, the function

Gro = Galt =2 =)oy
belongs to the space H.

According to Balan [3, Remark 5.4], the existence of a solution to Equation (1.1) can be
stated as follows.

Proposition 2.2 Equation (1.1) admits a unique solution {u(t, z); (¢t,z) € Ry x R} of the
form (2.3) if and only if
He(1-5.1).
2

In this case, for any ¢t > 0 and z € R,
lu(t, HL2(Q) = Ca, Ht2H+a 2, (2.4)
where the constant ¢, g is given by (1.11).

Proof Using (2.1), for any £,z € R and ¢ > 0, we have
(FGa(t,x —))(§) = e, (2.5)
y (2.2), (2.5), and the change of variables n = 2(t — s)&*, we obtain that for all z € R,

E [Ju(t, z) —QCHJ f 2t=9)IE1" || 12H ge s

t
= CH g2 f T 1d77f (t—s)"a ds (2.6)
o 0 0
sniams (2 —2H ’ 2n-2
= G g F( >~f(t—s)Ha ds.
@ « B
Note that the last integral converges if and only if H > 1 — 2. In this case, (2.4) holds. The
proof is complete. o
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2.2 Holder continuity of the solution

In this part, we give a sharp moment estimate for the increment

di((t,2), (s,9)) = (IE [|u(t,x) — u(s,y)\z])5 . (2.7)

Lemma 2.3 There exist some positive constants ¢z ; and ¢z such that for any (¢, z),
(s,y) e Ry xR,

62,1d1((t7 .CE), (37 y)) < dl((t,%‘), (87 y)) < 62,2(21((ta iU), (87 y))7 (28)

where
2H4+a—2 2H+a—2 2H4+a—2

di((t,2),(s,9) =z —yl~ = A(tas) = +]t—s] =

Proof Without loss of generality, we assume ¢t > s > 0. By (2.3), we have

u(t,x) —u(s,y) = LS JR Go(t =12 —2) — Go(s — 1,y — 2)| W(dr,dz)

t
+ J J Gt —r,x — 2)W(dr,dz)
s JR
=: Il + IQ.
The independence of the stochastic integrals over the time intervals [0, s] and [s, t] gives
E Uu(t,ac) — u(s,y)|2] =E [112] +E [122] ) (2.9)
As in the proof of (2.6), we obtain

2H4a—2

E[L] =cant—s)" = . (2.10)
By (2.2) and (2.5), we have

E[If] =cu f f |FGalt — ryw = )(€) = FGals —r,y — (O |- dédr
0o Jr
—cy fsf e—2(s—m)[€]” [1 + e 2(t=9)IE]% _ 9,—(t=s)[¢" cos(§(m _ y))] |€|172Hd§d7, (2'11)
0o JR

Q0
:cHJ (1— 6*255") [1+ e 298" _ 9= (=9)E" og(¢ (0 — y))] &2 e,
0

Next, we derive matching upper and lower bounds for the above integral.
Upper bound. By (2.11), we have

ve]

E [Juls.a) = u(s, )] =2ei [ (1) [ cos(elo — )] €2

0

<2en " 11— cos(e(@ — )] €20 e (2.12)

0

'3 —2H —
_ZCH(2H+04—2a) cos ((H + % — 1) 7r) |z — gy He2,

Here, the following identity is used in the last step: for any v € (0,1) and £ € R,
11— NG
J COS(&Z) dZ — ( ’7) cos (%7) ’5’7 (213)
0 v

Z1ty

See, e.g., [5, Lemma D.1].
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By (2.9), (2.10), (2.11), and the change of variables n = (¢t — s)£%, we have
E [lu(t, 2) - u(s, 2)|°]
2H+a—2

o]
—CHJ (1—67285a) (1—e —(t=s) ) grede f ey gt —s) =
0

.
<cn f (1— e ) @ 2Hm0de ey (b —5) 0 (2.14)
0

2H+a—2 2H+a—2

o0
C 2—2H 2«
—5(25—5) a f (1—6777)7’] o dn+coau(t—s) =«
0

Chg 2—2H 2H+a—2
= r orr | (E—8)" & .
<2H—|—a—2 ( a )“’H)( 2

Using the Minkowski inequality, (2.4), (2.12), and (2.14), there exists a constant co 3 > 0
such that

dl((tv 27), (3>y)) < dl((3> x)’ (57 y)) + dl((t’ l‘), (37 x))

2
<eng (Jo—yl"FT A STET 4 (1 - )T,

which is the upper bound in (2.8).
Lower bound. By (2.11) and the change of variables £ := |z — y|£, we have

E [112] >cy JOO (1 - e_QSfa) [1 — e =98 cos(é(x — y))]2 gl2H—age
0

_ @ 2550‘
— _ 2H+a—-2 | 1 — ex . N
s [ a2 )

: ll —exp (—W) Cos (5)] gi2H—age
e R B

2nm+% Tr— y‘

where the last inequality holds because cos(§) < 0 on the interval [2n7r + 5, 2n7m + 37”]
Next, we derive a lower bound of the above series. For convenience, we consider the following
two cases:
1 1
|z —y| < s= and |z —y| > s=.

Case 1. When |z — y| < s=, we have

2n7'r—‘,—377r

[1—2] cule —y ’2H+o/ 2 ZJ (1 _6—250‘)61—2H—ad€. (2.15)

2n7r+ us

Here, the series is convergent because o + 2H > 2.
Case 2. The case |z — y| > s= is a little complicated. Denote

. T 7l —yl
= inf 2nm+ - = — . 2.1
ng := in {neN n 5 2 5 41/ } (2.16)
Then,
m |z —y| T _mlz—y
— < — —
5 elja S 2noem + 5 S5 Ji/a + 2m. (2.17)
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No.x C. Liu, et al.. GROWTH RATE FOR THE HOLDER COEFFICIENTS OF FSHE 9

Since for all £ > 2ngm + 7,

zsga —a,_«
1— exp (—W) > 1-— exp(—21 T ),

we have

2nmw4 28 7 o
[12] cH|x |2H+a 2 Z J [ — exp <_|x2i£y]a)] gl—ZH—adg

P
n=ngo V2nT+%

3
2n7r+7"

i (1= exp(—2'77)) |z — y[2H+o=2 Z f gl-2H-age (2.18)

n=ng 2nm+Z 3
71—) 2—2H—«
)

2Hta—2
= 02,4‘37 - Z/’ t (211071' + 3

where the last inequality follows from the monotonicity of £€1722~% on (0, o0), and

o cu(l—exp(=217"77))
2T 202H +a—2)

When |z —y| > s=, by (2.17), we have
77)2—2H—a

E [112] > g ylw — y[PHo2 (Qnow + 5

T |:[/' _ y| 2—2H—«
> coulr — y[He? < : + 27r>

2 Sl/a

9H—a 2.1
Tl 1\ (2.19)
= C _ — [
P\ s T ey
5o\ 2 2H-e
ZCo4 <2) s
Putting (2.9), (2.10), (2.15), and (2.19) together, we have
2H+a 2 2H4+a—2 2H+a—2
di((t,2), (5,9)) > e (o =y “F7 A s"FT 4 (1 - 9)"F7) |
which is the lower bound in (2.8). The proof is complete. o

2.3 Moment bounds for the spatial increment

Recall the operator A defined by (1.12) for the spatial increment. We now give the sharp
bounds for its natural metric:

dotn(z,y) == (E HAhu(t,m) — Ahu(t,y)ﬂ)% ) (2.20)

Lemma 2.4 (a) (Upper bound) For any 0 < 6 < %, there exists a positive constant
2,6 such that for all {,h > 0 and z,y € R,

oanle,) < cagh? (o — g T ) 221
(b) (Lower bound) There exists a positive constant ¢ 7 such that for all |z — y| > t= and
1
. - o 1
hémln{m|x—y‘,4(loz2) ta}’
dayn(z,y) = co 7h2H+a . (2.22)
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10 ACTA MATHEMATICA SCIENTIA Vol.xx Ser.B

Proof The upper bound in (2.21) follows directly from (1.12), Lemma 2.3, and the
Minkowski inequality. Let us prove the lower bound in (2.22).
Assume |z — y| > t« and h < 2|z —y|. By (2.2) and (2.5), we have

&, (z.) =ch0 fR|fGa<t st h—)(E) — FCalt - s,z — )(€)

“FGa(t— s,y +h— )(€) + FGalt — s,y — )OI 6] deds

t 2.23
:ch j e 2(t=s)[€]* ‘1 _ 6—ih§’2 ‘1 _ e—i(ﬂi—y)ﬁ‘2 |§|1_2ded8 ( )
0 Jr
:40Hj (1 —e ") [1 — cos(hé)] [L — cos(|z — y[€)] 1722 de.
R
wlz—y| T o« 1
Note that for any £ > ©5% and h < (1O§2> ta,
2te” 1
1 —exp <— ¢ > = -
|z —yl*) "~ 2
The elementary inequality
2
1 —cos(z) = % for |z| < g, (2.24)

lz—y|m

implies that for any 0 < £ < =517,

h h22
1—cos< £ )2 3 5
|z —yl 4|z -y

Therefore, by (2.23) and the change of variables € := |z — y|€, we have
2tE” hé

dg,t,h(xv Y) =4CH’95 - y‘gHJ’a_QJ 1 —exp —7€a 1 — cos $

R, |z —y| |z —y|
. [1 — cos (5)} le*ZH*”‘df~
* hé (2.25)
> 2CH|.T _ y|2H+a2J |:1 — coS < >:| [1 _ COS(&)]§172H7Qd€

\

e F
|lz—y|m
c B 2h oH—o
= 7Hh2]x — gy et - [1 — cos(&)]€32Hd¢.
Define

. 6k + 1)m x —y|r
k}O::lnf{]{?EZ+i( 3 ) 2‘ 4h’ },

(6k+5)7m |z —y|r
ki = keZ, : < .

! SUP{ € Lt 3 2N
Equivalently,

3lz—y| _ 1 3lz—y| _ 5
o= | 2|41, k= |22

When h < & |z — y|, we have ko < k;. Define
<(6kz+ 1) (6k+5)7r]
Ik = .

3 ’ 3
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Then,

@hgpiﬂﬁnimy
k=ko

Consequently, we have

lz—y|m

2h
lz—y|m
4h

k1
(1—cosg)* 2 de = 3 f (1 — cos€)e3~2Ha g
k=ko Y1k

k1
1 3—2H—-«
>3 > L ¢ d¢ (2.26)
k=ko ¥ 1k
1 (6k1+5)7
> - 53—2H—o¢ dé.

4 ) (rg+1)x
3

Here, the fact that 1 —cos& > % for £ € I, is used in the second inequality, and the monotonicity
of £372H=a ig5 ysed in the last step.

From the definitions of ko and ki, when h < 2|z — y],

(Bko+1) o=yl 5 11|:v—y|’

3 4h 32h
(6k1 +5) - |z —y _os 13|:I:—y\.
3 2h 32h

Consequently, we have

g2hods = 1 l((le n 5)77)42Ha ) ( 6k + )HHT

(6k1+5)™

(6kg+1)m —2H — « 3 3
: (2.27)
7T4_2H_a 13 4—2H—a 11 4—2H—« |ZI,' - y| 4—-2H—«
> - | = - = = .
T |(m) =) |50
From (2.25), (2.26), and (2.27), we obtain (2.22). The proof is complete. =

2.4 Moment bounds for the temporal increment

Recall the temporal difference operator D, defined in (1.16). In this part, we establish
sharp bounds for its canonical metric defined by

ds.(,y) = (E [|D;ult,z) — Drult,y)2]) ", (2.28)

where x,y € R represent spatial coordinates and t,7 > 0 denote time parameters.

Lemma 2.5 (a) (Upper bound) There exists a positive constant ¢y g such that for all
0<f< 2o g yeRand 0 <7<t

dS,t,T (SC, y) < 62,87'% (|I . y| 2H+a—2-00 A t2H+(12;2,O‘9>

(2.29)
(b) (Lower bound) There exists a positive constant ¢y g such that for all |z — y| > t= and
0<7< (%)a |z — yl|*,

2H4a—2

daiq-(T,y) = coor 20 . (2.30)

Proof The upper bound in (2.29) follows immediately from Lemma 2.3 and the Minkowski
inequality. Now, we prove the lower bound (2.30).
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Using the Fourier representation (2.2) and (2.5), along with the independence of stochastic
integrals over [0,t] and [t,t + 7], we have
| 1

t+7
d3, . (z,y) =E f J Go(t+T7—s5,0—2)—Go(t+7—s,y—2)] W(ds,dz)
¢ Jr

t+1
=cy J f |1 _ el’(ﬁ*y)ﬁf e 2(t+T—9)[¢]" \§|172Hd§ds
¢ R

ZQCHJ [1 _ 6—275“] [1 _ COS(f‘JJ - y|)] fl_QH_adf
Ry

orE™ 1 - o (231)
= QCH‘I‘ — y|2H+a2f 1— exp —L [1 _ COS(f)} 5172H7ad§
Ry |z —yl*
ks
1/ e
> QCH‘Q} _ y’2H+a—2 |:1 — exp (_‘7—6’)] [1 _ COS(E)] 61_2H_ad£
|lz—y|m r—y «
271/
lz—y|m
1/
= 2CH (1 — exXp (_21—Ot,n.a)) |.’E o y’QH-‘rOc—Q [1 _ COS({)] é~1—2H—o¢d£7
l[z—y|m
2r1/a

where the change of variables £ — 5 /lx — y| is used in the third-last step, and the elementary
inequality
[z —y|r

2 «
1 —exp <_|3UT£> = 1—exp (_217a7ra) N orl/e

is used in the last step.
For any £ € [‘;—fjlf, ‘ﬁ}ﬂ”}, by (2.24), we have
7_1/o¢£ - T2/a£2
2l —yl) ~ 16]z —y*’

121—cos<

Consequently, when 7 < (%)a |z — y|*, it holds that

lz—y|x lz—y|n

1/ 1—92H—a 1 2 -2 i/ . 3—2H—«a
JW (1 —cos(&)) ¢ d{)ET |z — y| jm (1 —cos(§)) € dg (2.32)

21/ 271/
2H+a—2
=>cpq0T o |x—

y|272H7a’

where ¢2.19 > 0, and the last inequality follows from (2.26) and (2.27).
Combining (2.31) and (2.32), we obtain (2.30). The proof is complete. D

3 Proof of main results

3.1 Proof of Theorem 1.1

Proof [Proof of Theorem 1.1] The proof follows the strategy of [16, Theorem 1.1]. It
hinges on two key probabilistic tools: Talagrand’s majorizing measure theorem (Theorem A.1)
for the upper bound, and Sudakov’s minoration theorem (Theorem A.2) for the lower bound.

For brevity, let

T:=[0,7] and L:=[-L,L].

Upper bound. We begin by constructing a dyadic partition of the parameter space T x L. For
each integer n > 1, we define
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e Temporal partition:

22"t g
0.77=|J [j~2*2"’1T, (j+1)-2*2”’1T). (3.1)
=0
e Spatial partition:
22" g
.= |J [k 2L (k1) 272 L) . (3.2)
k:722n72

For any (¢,x) such that
27T <t < (4127 T, k2 T L<e < (k+1)27% L
we define
An(t,z) = [jr?”’lT, G+ 1)2*2"”1T) x [/cr?”’zL, (k + 1)2*2"’2L>.

By Theorem A.1, we have

E

0
sup u(t,x)| <cs31 sup Z 2" 2diam (A, (t, x)), (3.3)
(t,x)eTxL (t,z)eTxL

where diam(A,(t,z)) denotes the diameter with respect to the metric d; defined in (2.7).
By Lemma 2.3, we obtain the following uniform bound for all ¢ € [0,7] and z € R:

diam(An(t, a:‘)) < Co9 [(27(2H4r2&*2)2n72L2H+20—2> R TzH-;:—2 n 27(2H;r£72)2n—1T2H-2¢—:—2:| . (34)

We proceed by considering two distinct cases, depending on the relationship between the
spatial and temporal scales:

L<T' and L>T""
Case 1. When L < T, by (3.3) and (3.4), we have

E

(t,x)eTxL

sup u(t,a:)] <03’2T2H;:_2. (3.5)

Case 2. When L > Ti, let

w2 Ta 1
NO:—inf{n>2:22 ‘< A}

I (3.6)
= inf{n >2:2"2 > log, (1 v 2)}
T
y (3.4) and the definition of Ny, we have
Q0
D1 28 diam (A, (¢, 2))
n=Np+1
= n (M) .on—2 2H+a 2 & ﬂ 2H+a 2>2n 1__2H4o—2
< C2.2 Z 22 . Z 2 .97 T 2a
n=Np+1 n=No+ (3.7)
2H+ —2 = 22”0 2 —2H+20 2 0 2H4o—2 1
st | $ow () o B ot
n=~Ngo+1 n=Ng+1
2H4+a—2
< 03,3T 2o
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By the definitions of U(T, L) in (1.4) and Ny in (3.6), we have

2% <28 Q(T, L). (3.8)
This, together with (3.3) and (3.7), implies that
E| sup u(t,m)}
(t,x)eTxL
No e}
<c3p  sup 22 diam (A, (t,2)) +c31  sup 2 2% diam (A, (t,z)) (3.9)
(t,z)eTxL ;—, (t,x)e’]I‘x]LnZNo+1 :

2H4a—2

< 2\/5 (\/5 + 1) 03710272T2H;§72 2% + 037103’3T 2o
< <2%\/§ (\/5 + ].) C3,1C22 + C3716373> T2H;r§‘72 \IJ(T, L)

From (3.5) and (3.9), we obtain the upper bound in (1.5).
Lower bound. When L > T'=, we consider the sequence {u(T, x;),i=0,1,--- ,i[L/TéJ},
where

z; = jT%, for j=0,41, - ,ilL/T%J.
By (2.8), we have that for any ¢ # j,

2H+a—2

dl((Ta Ii)a (Ta ‘7"])) = 62,1T R

Applying Theorem A.2 yields

E| sup u(t,z)| =E sup u(T, x;)
(t,2)eTxL —[L/TiJSile/TéJ (3.10)
1 o
> —careon T 3 W(T,L).

2
When L < T=, by (2.8) and Theorem A.2, we have

E| sup wu(t,x)

(t,z)eTxL
From (3.10) and (3.11), we obtain the lower bound in (1.5).

The proof of (1.6) is identical to that of (1.5) with the necessary modifications, and is
omitted. This completes the proof. o

T 2H4a—2
>E {u (2,0> v u(T,O)} > cyqc01T el (3.11)

3.2 Proof of Proposition 1.2
Proof [Proof of Proposition 1.2] (a) Recall Y (7, J) given by (1.7) for any T',6 > 0. Define

f(T):=sup wu(t,z),
(t,2)€X (T,5)

g(T) =T (1 + 4 [log, (Téi)) .

Given € > 0, we choose a subsequence T'(n) = n” for some 8 > % By (1.5) and (2.4),

we have

Aaa(n) :=E [f (nﬁ)] =119 (nﬁ) ,
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and

oyam)i=  sup  E[Ju(t, )] = cagn T
(t,z)eY (nh,6)

By Borell’s inequality (Theorem A.3), we obtain that for any ¢ > 0,

P(f (") ~E[f (n7)]| 2 £ [f (27)]) <2exp (‘W)

2 2
Bs €1,1¢

‘2 Tog 2
<2n @ Cca,H log .

By Borel-Cantelli’s lemma, we have almost surely

g 1 () —ELf ()]
n—00 E[f (n)]
The monotonicity of the functions f and g allows us to derive (1.8) via standard interpolation
techniques, using the bounds provided in (1.5) and (3.12).
(b) For any ¢ > 0, we consider a subsequence L (n) = n? for some § > 2elos2

2
€ 3€

<e. (3.12)

and denote

L?(n) := [-n",n"].

sup u(t,x)l > 0173t2H§572 (1 + 4/log, (nﬁ/ti)> .

z€LB (n)

By (1.6), we have

E

The result (1.9) follows by adapting the proof of (1.8), with minor modifications. Details are
omitted for brevity.
(c) We prove part (c) by verifying the conditions in Theorem A.4.
Let p1(x,y) denote the correlation function between u(¢, z) and u(t,y), that is
Elu(t, z)u(t, y)]

pr(z,y) = VE[u(t,z)?] - Elu(t, y)?]

By the spatial stationarity of {u(t,z)}er, p1(z,y) has the following representation in terms of

L% increments:

lu(t, ©) —u(t,y)l|7 (0
2E[u(t, x)?]

Combining Lemma 2.3 with (3.13) yields, for any 0 < |z — y| < 1/,

pr(z,y)=1— (3.13)

C%,l
2{u(t, 2) |70

1— 63—72
2[u(t, 2)[72 0

This verifies Condition (1) in Theorem A.4.
By (2.2) and (2.5), we obtain the following representation for the correlation function:

_ CH ( —2t|§\a) —i(z—y)€| ¢|1—2H—a
T,Y) = 75— 1—e e d
pi{e:) 2““(15’@’)”%2(9) J;{ g :

(&7 J‘OO (1 _ e_gtga) 61—2H—0t cos (£|£L' _ ,y|) dE

a Hu(t,x)HZB(Q) 0

|z — y|PHe2 < py(z,y) < 1— |z —y|?e20 (3.14)

(3.15)

Let

h(§) = (1— e_Ztga) 2= for ¢ > 0.
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We claim that

| @costele = sdg =0 (jo - )"7) ., as fo—s] > on. (3.16)

0

This asymptotic estimate verifies Condition (2) in Theorem A.4. The proof of (3.16) will be
presented later; we first address the estimate in (1.10).

For a fixed parameter A > 0, consider the function

oa(x) = m for z > 0.

Let I(¢)) denote the integral defined in (A.4). We can prove the following dichotomy:

o If A > 2, then I(¢)) < o0;

o If A <2, then I(¢,) = 0.

An application of Theorem A.4 consequently yields (1.10).

It remains to verify the claim (3.16). To do this, we divide the integral into two parts:

[ " () cos (€l — ) de

0

jo—yl~4 » (3.17)
= [ @ eostelo—ahde+ | n@cos(ele g
0 le—y| ™=
= J1 + JQ.
Using the elementary inequality
l1—e® <z forany z >0, (3.18)
we have
o™t ; .
< 2t THHdE = — z 1
n<u| e = p—y (3.19)
Using the integration by parts formula and (3.18), we have
0
=le=y " [ @il o)
lo—y|™=
0 0
=|z —y|™ lh(g) sin(&lx — y|) ok —f _sin(§|z — y|)d(h(E))
r=y| 4 lo—y| "1
1 B (3.20)
<le—y|™! [h(u—yw) - f 1 |h’<s>|d«s]
le—y| ™%
2H-5 «©
<ofo—y T oyl | W@
le—y|™%
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Using the change of variables 1 := 1/2t£%, we have

| wea
le—y|™%

0 o0
< Qtaf ) e—%f“g—”dg +(2H +a — 1)J 1 (1 _ e—zt&“) g2t =0 ge

o ot (3.21)

2H+42a—1 2H4a—1 «© 2 2— 4H «© ’
<27« e f ey “dn+ (2H +a —1) Emode
0 lz—y| %
2H+a—1 1 —_— 2H 2H4+a—1
S e R

By (3.17), (3.19), (3.20) and (3.21), we have
| #@rcos e~ ol e

0
—1 t _§ 2H+a1 1—-2H
: (1_H+2t!x—y| 14 (2t) F( - >! x—y

which implies (3.16). The proof is complete. o

3.3 Proof of Theorem 1.4

Proof [Proof of Theorem 1.4] The proof of Theorem 1.4 follows the approach of Theorem
1.2 in [16] and Theorem 1.1. It relies on Talagrand’s majorizing measure theorem and Sudakov’s

<z —

minoration theorem. The main steps are outlined below.
For a fixed L > t'/®, consider the partition of [~ L, L] introduced in (3.2). Using (2.21), the
diameter of A, (x) under the metric ds ¢ ,(z,y) defined in (2.20) satisfies

diam (A4, (¢, 2)) < ¢z, 6h0 (( 277/_2L)2H+a§2729 A tzHﬂélrze)
Let
n—2 toz 1
" ::inf{HZ SER 2} (3.22)

Applying Theorem A.1 in the same way as in the proofs of Theorem 1.1 and (3.8), we obtain
that for all § [0, L;—?]

[sup Apu(t, m)] < c3,18up 2 2% diam (A, (¢, 2)) + c3.1 sup Z 2% diam (A, (t,z))

zell xe]L zel n=N;+1

2H+a—2—-26

2H+a—2-2 2N1 -
<63 1C2, Gh tT e 2Hio-2-26 Z 22 + Z 2 (22n > ) (323)

n=Nj+1
2H+a—2-26 Ny
<03 4h9 2o .9273
2H+a—2-26
<23y h TN W(L L),

Consider the interval [—L, L] with L > t'/*. We select the grid points
xj=jt"* for j=0,+1,..., +|L/t""].
Applying Theorem A.2 as in (3.10), we obtain the lower bound for all 0 < h < %tl/“,

2H+a 2

1
E| sup Apu(t,z)| > Scace, 7h U(t,L). (3.24)

—L<z<L
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Combining the upper bound (3.23) with the lower bound (3.24) yields the desired result (1.13).
The proof is complete. o
3.4 Proof of Proposition 1.5

Proof [Proof of Proposition 1.5] The result follows the argument outlined in the proof of

Proposition 1.2; the key steps are summarized below.
203,2 log 2

Step 1. Fix an arbitrary ¢ > 0 and suppose that 8 > . Denote LA(n) := [—nﬁ,nﬁ].

By (1.13) and (2.8), we have that for any 0 < h < Zt=,

2 2
CI,SE

E

a- B
sup Ahu(t, l‘) = Cl,5h2H+2 ’ 1+ 10g2 <”f) )
z€lLB(n) tl/e

and
sup E [|AhU(t,x)|2] < C%’2h2H+a,2.

z€elB (n)

Consequently, combining Borell’s inequality (A.3) with the Borel-Cantelli lemma and applying
the estimate (1.13), we establish (1.14).
Step 2. Let pa(x,y) be the correlation function between Apu(t, z) and Apu(t,y), that is,
E[A u(t, 2)Apu(t,
,02(37,:1/) — [ h ( ) h ( y)] )
VERRu(t, )] - E[Apu(t, y)?]

Proceeding similarly to the proof of (3.14) and applying Lemma 2.4, we can find some
positive constants ¢35, ¢3¢ and ¢z 7 such that for all 0 < |z — y| < ¢35h,

€36 2H+a—2 3,7 2H+a—2
1— T — < po(z,y) <1 -— T — .
This verifies Condition (1) in Theorem A.4.
By (2.2), (2.5), and (3.16), we have
_ CH —at|e|® ) 1—2H—c . .
e [ (1= 2167 1 = conny) - costefe
|Apu(t, ) ”%2(9) R
dcg JOO —2t£™\ ¢1-2H—
< 1o ) €120 s el — y)d
[t My o )

:O(|x—y|%), as |z —y| — o0.

This verifies Condition (2) in Theorem A.4. The same argument as in Proposition 1.2(c) gives
(1.15). The proof is complete. =

3.5 Proof of Theorem 1.7

Proof [Proof of Theorem 1.7] The proof of Theorem 1.7 follows the strategy of Theorem
1.1 and [16, Theorem 1.3], combining Talagrand’s majorizing measure theorem with Sudakov’s
minoration theorem. The main steps are outlined below.

For a fixed L > 0, consider the partition of [—L, L] introduced in (3.2). Under the metric
ds - (z,y) defined in (2.28), the diameter of A, (x) is bounded via Lemma 2.5 as follows:

s

2Hta—2—af 2H+a—27049)

diam (A, (t, 7)) < cag73 ((2*2"_2L) RN
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For 0 < 7 < t, we apply Theorem A.1 in the same way as in Theorem 1.4 together with the
bound from (3.8) to obtain

Ny 0
E [sup DTu(t,:c)} < c31sup Z 22 diam (A, (t,2)) + c3,1 sup Z 2% diam (A, (¢, z))
xel xelL n=0 xelL n=N,+1
Ny o 22N1—2 2H+a—2—af
6 2H+a—2—ab n n
<c3aCa8Tt ™ Z 22 4 Z 22 (22n2 ) (3.25)
n=0 n=N;
<C3 87_% 2H+o;;2—cxe 2%

where N, is given by (3.22).
Following the argument in the proof of (3.10) and applying Theorem A.2, we obtain that
forall 0 < 7 < (%)at,

1 2H4a—2
E| sup Dyu(t,z)| = =carcont 2o W(t, L). (3.26)
—L<a<L 2
Combining (3.25) and (3.26), we have (1.17). The proof is complete. =

3.6 Proof of Proposition 1.8

Proof [Proof of Proposition 1.8] The proof follows the structure of Proposition 1.2; only
the key steps are presented here.

2
Step 1. For any ¢ > 0, assume 3 > chfglzfg. Denote L?(n) = n®. By (1.17) and (2.8), we have
that for any 0 < 7 < (3—?’2)&75,
2H4a—2 nB
E | sup Dyu(t,x)| =197 2= 1+ 4 [log, <1/> ’

z€eLB (n) tt/«

and
sup E [|D7u(t,a:)|2} <cl 27%
€L (n) ’

Using Borell’s inequality (A.3) and the Borel-Cantelli lemma with (1.17), we obtain (1.18).
Step 2. To prove (1.19), we verify the conditions of Theorem A.4. The correlation function
between D, u(t,z) and D, u(t,y) is given by

E[D-u(t, x)D-u(t, y)]

p3($7 y) = \/E[D-,—U(ty 1-)2] . E[Dru(t? y>2] .

Applying the approach of (3.14) through Lemma 2.5, there exist some positive constants
€3,9, C3,10, and ¢z 11 such that for all z,y with 0 < |z — y| < ¢39h,

1— C3,10
|Dru(t, ) H2L2(Q)

a— C3,11 2H+a—2
|z — y[PH T < ps(,y) < 1— |z —y :
| Druft, 55)“%2(9)

where || Dyu(t, )| 72 g, does not depend on z; see (2.14).
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By (2.2) and (2.5), we have

_ cH _ote® (1 ool 2l
%@W”‘zpm@mn;m%&{@ ) (1) (1 )]
€] P cos(é |l — yl)dE

0

CH lf (1 o e—th“) 51—2H—o< cos(f\x _ y])df

< 2
|Druft, x)HL2(Q) 0

+ fw (1 — e_ZTga) = cog(élr — y|)d§]

0
=0 (jo—y"), as -yl -,
where (3.16) is used in the last step.

Having verified the conditions of Theorem A.4, the estimate (1.19) follows in parallel to the
proof of Proposition 1.2(c). This completes the proof. o

3.7 Proof of Proposition 1.10

Proof [Proof of Proposition 1.10] To prove (1.22), we adapt the approach of [16, Propo-
sition 3.11] and apply the Sudakov minoration theorem.

Consider the probability density function defined as

Q(h) = 03,12 (|h|7%7%1{|h|<1} + |h|2H721{|h‘21}) ,

-1
where c3 15 = 271 (ﬁ + ﬁ) . Using the Cauchy-Schwarz inequality, we have

JRAhu(t,x)g(h)dh‘ < <L\Ahu(t,x)|2 : \hPH—th)é : UR 92(11)|hy?—2b’dh>é (3.27)

1
=c3 13N _pgu(t,z),

where c3 13 = 20%712 (# L ) This, together with Jensen’s inequality, implies that

6 6H o | 1 2A
2
( sup fA;m(t,x)g(h)dh) ]
—L<z<L JR

> 313 (E[ sup fRAhu(t,:c)g(h)thQ.

—L<z<L

E { sup Nf_Hu(t,:c)} > c3 3K
—L<a<L °? ’
(3.28)

Denote

u,(t, x) = f Apu(t,x)o(h)dh.
R
By stochastic Fubini’s theorem (see, e.g., [18, Corollary 2.9]), we have
t
Up(t,x) = j f (f Go(t—s,2+h—2)—G,(t— s,z — z)}g(h)dh) W(ds,dz).
0o Jr \Jr
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By (2.2) and (2.5), we have

2

E [u(t,z)] =cn |E|' 2 deds

_CHLOOL

_CHL (1—e) (fR(l - cos(h&))g(h)dh)Q ¢tede

o0
<4CHJ (1 _ e—QtE“) 51—2H—ad£.

0

F([6utt st = Cutt = Natirin) ¢

2

€|~ deds

J o~ (t=)[€[*—i(a+h)E _ e—(t—s>|s|a—m&} o(h)dh
R

The last integral is convergent since a+2H > 2, which guarantees that u,(t, z) is a well-defined
Gaussian random field.
Next, we establish the lower bound for the canonical metric d; ,, which is defined by

di = (E [|ug(t,m) - ug(t,y)|2]>% for |z —y| = t=. (3.29)

The argument follows the approach used in (3.10).
Using (2.2) and (2.5), we obtain

df,g=cHLtL f(JR[Ga(t—s,x—kh—-)—Ga(t_s,g;_.)

_Ga(t_57y+h_’)+Ga(t_say_ )}Q(h dh ‘ |§|1 QHdgds

¢ 2 (3.30)
_CHJ f f e~ (t=9)Ig|" p—ixg (1 _ e—i(y—fﬂ)f) (e—ih£ _ 1) o(h)dh

0 JR [JR

&' 2" dgds
:4CHL (1- e*%ga) (1 — cos(|z — yl€)) <L (1— cos(hf))g(h)dh) gr2i—age,

When ¢ > 1, by (2.24), we have

1

f (1 = cos(h&))e(h)dh = cmf (1 — cos(hé))h~ %~ dh

0 0

3
=y 0l T J (1 —cos(h))h=2 "%dh
0

1
> 03267 TE f (1 —cos(h))h~ %~ %dh (3.31)
0

€312 ,H o
> T€ 31
_ C3,12

12 —-2H — «

This, together with (3.30), implies that

h~E =i 2d]

+2-1

17 2 S S
vl o =

2 4CHC§,12 oy @© e
> T (=) | eos(le —ylee g
dencs s o I L (3.32)
= m (1 —e ) |z —y|" T2 flmyl(l —cos(§))¢ 27 1ge.
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Define

2 —yl— %
=24 .
ks { o + (3.33)

Then, there exists a positive constant cz 13 such that

© 0 2kmt3E
| a—estene itz B | T et e
\

z—y| k=ks 2kn+ %
0 —H—2_1
3 2
=2 <2k:7r + )
e 2 (3.34)
_H—<
3 2
= C3.13 <2]€37T -+ 2ﬂ—>

Zeza3 (|l —y|+ 377)_H_% )
where the second inequality holds because cos(&) is negative on the intervals [2k7r—|— 55 2km + 37”]
and £77=271 is a decreasing function on (0, 0).
Combining (3.34) with (3.32), we have that for any |z — y| > t=,

d2 > 4CHC3,136:23712 (1 B 72t) 1 H+35
b7 (12 — 2H — a)? L+
1 is (3.35)
< 4CHC3’136525’12 (1 _ 7215) to
~ (12 -2H — a)? t& 4 37

For the interval [—L, L], where L > t'/® we define a set of grid points
x; =gt/ for j=0,+1,...,+|L/t""].

Using (3.35) and Theorem A.2 as in (3.10), there exists a positive constant ¢; depending on ¢
such that

E[ sup fAhu(t,ac)Q(h)dh > c44/log, L. (3.36)
R

—L<z<L

Combining with (3.28) and (3.36), we obtain (1.10). The proof is complete. =
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Appendix

Let T be an index set and {X, }sr a centered Gaussian process. Define the canonical metric
d by
d(t,s) = VE[|X; — X%

Theorem A.1 (Talagrand’s majorizing measure theorem, [25, Theorem 2.4.1]) There ex-
ists a constant ¢ > 1 such that

¢ 'infsup Z 2% diam (A, (1)) < E[sup Xt} < cinfsup Z 2% diam (A, (1)), (A1)
A teT n>0 teT A teT n>0
where the infimum is taken over all increasing sequence A := {A,,,n =1,2,---} of partitions of

T such that #A4, < 22" (#A denotes the number of elements in the set A), A, () denotes the
unique element of A,, that contains ¢, and diam (A4,,(t)) is the diameter of A, (t) with respect to
the metric d.
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Theorem A.2 (Sudakov’s minoration theorem, [25, Lemma 2.4.2]) Let {X;,,i =1,--- ,n}
be a centered Gaussian family with natural distance d and assume that

Vp,q<n, p#q=d(tyt,) =0

Then, we have

E [ sup Xti] = ca.104/logy(n), (A.2)

1<ign
where c4 1 is a universal constant.
Theorem A.3 (Borell’s inequality, [1, Theorem 2.1]) Let {X;};er be a centered separable

Gaussian process on some topological index set T with almost surely bounded sample paths.
Then E [sup,er X¢] < 0, and for all A > 0

“

where 02 := sup,. E [X?].

Theorem A.4 ([24, Theorems 1.1, 2.1 and 2.2]) Let {X(¢)},cr be a real-valued separable
stationary Gaussian process with E[X (¢)] = 0 and Var[X(¢)] = 1. Assume that its correlation
function p(s,t) = E[X (s)X(t)] is continuous and satisfies the following conditions:

teT teT

supX; — E [sup Xt}

2
> )\> < 2exp (—2)\2> ) (A.3)
o

(1) There are some positive constants d,ca2,ca3,T, and « € (0,2] such that

1 —caoh® <p(t,t+h) <1—cazh®, forall 0<h<9, t=T;

(2) There exists a constant v > 0 such that

p(t,t+h)=0(h™"), as h— o0.
Then, for every positive non-decreasing function ¢(t) : [a,0) — Ry,
IP(EItO(w) >a:X(t) < o(t) forall t> to(w)> =1 or 0,
according as the integral
a0
10)i= | oty exp (o7 /2) i (A4)

converges or diverges.
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